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ABSTRACT

In this study, we revisit the concept of classical capacitor theory-and derive possible new explanations to
the definition of capacitance, charge stored in a capacitor. We introduce the capacity function with respect
to time to describe the charge storage in a classical capacitor and a fractional capacitor. Here we will
describe that charge stored at any time in a capacitor say q(t) as ‘convolution integral’ of defined

capacity function c(t) of a capacitor and voltage stress v(t) across it i.e. q(t) = c(t) *v(t) . This approach

however is different to the conventional method, where we multiply the capacity and voltage functions to
obtain charge stored i.e. q(t) = c(t)v(t) . This new concept is in line with the observation of charge stored

as a step function and the relaxation current in form of impulse function for ‘ideal geometrical capacitor’
of constant capacity when an uncharged capacitor is impressed with a constant voltage stress. Also this
new formulation is valid for a power-law decay current that is given by ‘universal dielectric relaxation
law’ called as ‘Curie von-Schweidler law’, when an uncharged capacitor is impressed with a constant

voltage stress i.e. i(t)oct™; 0<n<1 .This universal dielectric relaxation law gives rise to fractional

derivative relating voltage stress and relaxation current that is formulation of ‘fractional capacitor’. A
“fractional capacitor’ we will discuss with this new concept of redefining the charge store definition i.e.
via this ‘convolution integral’ approach, and obtain the loss tangent value. We will also show how for a
“fractional capacitor’ by use of “fractional integration” we can convert the fractional capacity a constant
that is in terms of fractional units of Farad / sec'™ ; to units of Farad . From the defined capacity function,
we will also derive integrated capacity of capacitor. We will also give possible physical explanation by
taking example of porous and non-porous pitchers of constant volume holding water and thus, explaining
the various interesting aspects of classical capacitor and fractional capacitor that we arrive with this new
formulation. We note that circuit theory with classical calculus and fractional calculus remains unaltered
with this new approach of defining charge storage via ‘convolution integral’.

Keywords: convolution integral, fractional derivative, fractional integration, Curie-von Schweidler law,
fractional capacity, geometrical capacity, time varying capacity function, integrated capacity, loss tangent.



1. Introduction

The classical geometric capacitor or a constant capacitor (that we are used to since our school days)
having constant value of Farad means that it has constant value at all the frequencies from DC value of
zero Hertz to infinite Hertz. This is ideal capacitor as though the dielectric used is having loss less relative

permittivity ¢, and is a constant (i.e. a purely real number with loss tangent value as zero) at all the

frequencies. The capacity in this classical sense is given as C, = g,¢, A/ d i.e. by using geometric factor

of ratio of area to the electrode separation. This we have learnt in textbooks. The ideal capacity that is
constant at all the frequencies is called geometric capacity. This constant value C, in frequency domain is

actually an impulse function in time domain i.e. C,d(t) . A general practical capacitor, which is not a

constant in frequency domain, is having a function in time domain and we call it as capacity function in
time, representing asc(t) .Where the frequency domain representation is via Laplace transformation i.e.

L {c(t)} =C(s). We will derive that charge stored in capacitor, as a function of time is not usual

multiplication operation of capacity function and voltage stress i.e. q(t) = c(t)v(t); instead, the charge is
‘convolution integral’ of the two i.e. q(t) = c(t) *v(t) . Where the convolution is described as integral i.e.

q(t):J._twc(r)v(t—r)dr . However, the charge described in frequency domain as a function of

frequency is multiplication operation of frequency domain functions of capacity-function and voltage-
function, i.e. Q(s)=C(s)V (s). We will revise this concept of capacitor in the paper, and derive various

interesting concepts.

The Curie-von Schweidler law relates to the relaxation current in dielectric when a step DC voltage is
applied and is given byi(t)0t™, where t>0and the power (exponent) i.e.n is called relaxation

constant or decay constant, where 0 <n<1 [1]-[4], [12], [21], [22]. We note thatn is non-integer. This
relaxation law is taken as ‘universal law’, for dielectric relaxations. The Curie-von Schweidler behavior
has been observed in many instances, since late 19" Century, such as those shown in dielectric studies
and experiments [3] [4], [12], [13]-[17], [21], [22]. This power law relaxation of the ‘non-Debye’ type

i.e. i(t)0t™ is interpreted as a many-body problem but can also be formulated as an infinite number of

independent relaxing bodies meaning infinite number of relaxation rates varying from near zero to infinity
[4], [5], [6], [22]. The power law relaxation is observed in the experiments with super-capacitors [7]-[11].
These studies [7]-[11] with non-Debye relaxation function (i.e. power-law relaxation) also indicate the
use of fractional calculus as constituent expression to describe super-capacitors. The Electrical Circuits,
that is composed of fractional order elements as circuit components are analyzed by Fractional Calculus
[23]-[26].

The use of empirical power law i.e. Curie-von Schweidler Law of relaxation of current to a step input of
voltage to get constituent relation with fractional derivative was proposed in [12] [21], by taking the
concept of charge stored at any time as usual product of capacity function and voltage stressed i.e.
g(t) = c(t)v(t) . We will revise the concept of capacitor in classical theory and apply the new concept of
charge stored at any time as convolution integral of capacity function and the voltage stress i.e.
q(t) =c(t)*v(t) and apply this concept in capacitors with observed Curie-von Schewdler relaxation

current, and obtain same results as in [12] and [21]. We will also point out the differences with this new
approach to the earlier approach in finding the capacity function and loss-tangent.

The paper is organized as Sections and Sub-Sections. The Section-2 is about Ideal Capacitor, what the
classical textbooks say-i.e. the geometrical capacitor. Here we revise the classical loss-less capacity (and
Loss Tangent), and introduce the charge function in time, as convolution integral of the defined capacity



function in time with the voltage stress function-for ideal text book capacitor. Section-3 deals with
revising the charge storage formulation that we introduced as convolution integral, for the classical (ideal)
geometric capacitor. We demonstrate in this section the relaxation current as delta function for ideal
capacitor when a constant voltage stress is applied to it, by using the new formulation of convolution
approach for charge storage. This section generalizes the convolution approach for charge storage for any
time varying voltage stress and derives impedance function for classical geometrical capacitor. The
Section-4 deals with the appearance of fractional derivative in constituent expression for capacitor, that
relaxes with current as decaying power-law function (instead of delta function), when constant voltage
stress is applied. This is origination of fractional capacitor based on Curie-von Schwedler law. Section-5
is deriving the charge function as convolution integral of capacity function and voltage function, when the
capacitor is a fractional capacitor-that follows power law current decay as impulse response function.
Section-5 deals with this new formulation of charge storage and gets a new look at the capacitor break
down mechanism. Here in this section, comparison of earlier literature & results on this aspect is done
vis-a-vis with this new formulation of charge storage concept.-giving similarities and differences.
Section-7 deals with devising method to have conjugation of Fractional Capacity with classical capacity,
and how the fractional units in terms of Farads/sec'"be converted to usual unit of Farads, for the
cases of fractional capacitor. The Section-8 deals with appearance of fractional derivative in fractional
capacitor employing this new formulation of charge storage-i.e. in terms of convolution integral; with
noting the similarity and differences of earlier researches. In Section-9, we give the example of a pitcher
with porous walls holding water, and draw similarity with a fractional capacitor holding the charge. Here
we demonstrate that charge is infinity at infinite time when the fractional capacitor is placed at a constant
voltage. In this Section, we define concept of integrated capacity function from defined time varying
capacity function that we used for describing the new formulation of charge storage via convolution
integral. Section-10 gives some experimental and analytical results about use of fractional calculus in
capacitor or dielectric relaxation theory. In Section-11, we summarized all the expressions obtained in
our paper for classical as well as fractional capacitor with this new formulation of charge storage i.e. with
convolution approach; this is followed by Conclusion and References.

2. A brief about ideal capacitor
2.1: Ideal Loss less capacitor & Loss Tangent

What we know about geometric capacitor or a constant capacitor of say value Cis a constant value of
Farad at all the frequencies from DC value of zero Hertz to infinite Hertz. This is ideal capacitor as
though the dielectric used &, is lossless and is constant at all frequencies; and the capacity is given as
C,=¢,6,Aldi.e. by using geometric factor of area to electrode separation ratio. This ideal capacity is

constant at all the frequencies is called geometric capacity. Therefore, if we say Sas complex frequency
(Laplace variable) then this constant capacity is given as following function

C(s)=C, s=iw i=v-1 C(w)=C, 1)

The Laplace complex frequency is written in Eq. (1) as S =i for writing sinusoidal or steady state
frequency domain analysis [12], [19], [21].

From Eq. (1) we see that C(w) = Re[C(@)]—iIm[C(@)]=C, —i(0) has only real part with imaginary

Im[C ()]

part as zero at all frequencies. That gives loss tangent as tan¢g = Re[C ()]

=0 Thus; ideal capacitor Eq.



(1) is a loss less capacitor. The dielectric loss is expressed as loss tangent for a complex dielectric
Im[&, (0)]

quantity given as &, (@) = Re[¢, (w)]—ilm[e, ()] where loss tangent is given astan ¢ = rele (o]

2.2: Representation of time varying capacity function as delta function for a loss-less ideal
capacitor

Since the inverse Laplace transform of function ie. F(s)=1gives time function i.e.
f(t)=L*{F(s)}=46(t) ie a Dirac delta function at t=0 , we say the ‘time varying capacity
function” call it c(t) of geometric capacitor (ideal-capacitor) is following Eq. (2) by taking inverse
Laplace transform of Eq. (1), i.e.c(t)=L "{C(s)}. We write the following expression for a time
varying capacity function for ideal loss-less capacitor

c(t) = C,o(t) @)

Therefore, we say that a constant ideal capacitor has a ‘capacity function’ c(t) as Dirac delta function.
For example if the capacity of a capacitor is a function of frequency say as C(s)=C,s™" ; then the time

varying capacity function c(t) for this capacitorc(t) = L ™ {C(s)} is following

Cn imt.
c(t)—(m_l)!t . t>0 3)

If the capacity function is constant c(t) =C,for t>0only if the frequency function isC(S) =COS‘1.
Therefore, we say c(t)=C,, t=0is not a constant capacitor or a lossless capacitor. This capacitor
with capacity function c(t)=C,, t=0 in frequency domain in complex notation is
C(w)=0-iw'C,, i= =1 with loss tangent as infinity.

2.3: The charge function in time is convolution integral of capacity function and voltage
function

When we apply a voltage function v(t)to an uncharged capacitor we write the charge stored at any time
as convolution integral as follows

q(t) = c(t)*v(t)

t t 4
~ [ (et=x)(vo0)x= [ (c(y))(vit—y))a “

This is against conventional way of writing the charge i.e.
a0 =cv®; o)=Y ©

v(t)
This argument in Eq. (4) we will explain in the subsequent section.
In reality the capacity of a capacitor, say of 1luFmeans this value is at particular frequency of

measurement standard is at 1kHz (also depends on application) [12]. Practically due to losses in &, the

value of capacity of capacitor is varying in frequency; therefore in reality we have time varying capacity
functionc(t) describing a capacitor.



3. Reviewing concept of charge storage in constant capacitor in the classical
theory

3.1: Impedance Function in Laplace domain for a ideal capacitor

We have standard expression of ‘impedance of a capacitor’ i.e. Z(S) expressed in frequency domain as
following in following expression Eq. (6) withV (s) =L {v(t)}, 1(s) =L {i(t)}

V(s 1 V(w 1
2()=Y&_1 gY@ __ ©)
I(s) C;s I (w) @C,
Thus from Eq. (6), we have the capacity function expressed in Laplace frequency domain as a function as
s(s
- (s) @
V(s)

We note that the constantC, is Laplace transformed quantity, i.e.C, =L {c(t)}; and in this case of

‘constant capacity’ the capacity function in time is c(t)=C,5(t) Eq. (2). Therefore, we have in
frequency domain representation of capacitor as function of Laplace variables, so we call it as
C(s)=L {C(t)} . Therefore, for a general relation of capacity in frequency domain we have following

expression
S\/ll(s(;); C(s)=L {c®}, V=L v}, 1(s)=L {i); ®)

3.2: Getting charge function in time domain as convolution integral of capacity function
and voltage function from the impedance function in Laplace domain

C(s) =

The numerator term in Eq. (8) i.e. S™'1(S)in time domain is Ioti(x)dx [19] that is charge theq(t), i.e.

q(t) = j; i(x)dx with its Laplace transform asQ(s) = L {q(t)} . Therefore, from Eq. (8), we write charge

in frequency domain as following expression
Q(s)=C(s)V(s) C)
This Eq. (9) is the expression in frequency domain. In the time domain, we write the charge equation as
convolution integral [19], i.e. usingL ™ {(F(5))(F,(s))} = (L *{R(9)})*(L *{R.(5)}) = fu®)* f,(t)
where F,(s) =L { f, (t)}  §=1,2 ie.qt)=L{C(s)V(s)} gives the following expression
q(t) =c(t)*v(t)
= J._tw(c(t — X)) (Vv(x) )dx

Where in Eq. (10) convolution operation is denoted as (*) and the convolution of two functions f, (t) and

(10)

f,(t) is defined as following convolution integral

t
0

BO* 0 =] (fE—0)(Le0)x =] (£,09)(f,t-x))x (11)



3.3: Charge function and current function in time domain when uncharged ideal capacitor
is stressed with constant voltage by using convolution approach

Let an uncharged capacitor of constant capacity att =0, of value C,be charged with a constant step
voltage Vgz applied at t=0 ie.v(t)=Vg(u(t)); t=0. By conventional approach using
q(t) = c(t)v(t) we say charge stored at any time for t > Qisq(t) = C,Vg , whereas the charge is q(t) =0
fort <0. Thus the charge in time domain is a step function, we denote that asq(t) = CVgg (u(t)) ; with
u(t) as unit-step function att = 0. Laplace transform of this step charge is following

1 CV,
L {U(t)} = g Q(s)=L {Clvssu(t)} = % (12)
The first derivative of charge i.e. @ (t) gives the charging current (or relaxation current) i.e.
i)=9"(@t)= ‘d?j(t)
‘ (13)

d
= aClVBBU(t) =C Vg (5(t))

This Eqg. (13) is classical result that we all know is as per classical capacitor-theory that is charging
current is impulse function at the time of application of voltage step, to an uncharged capacitor. This

impulse current also comes from circuit equation i.e.cilji(t)dt =Vgg (u(t)); and the classical theory

deals with geometrical capacitor given by C, = g,6, A/ d.

Now let us look at convolution integral, for q(t) = c(t)*v(t) =_|‘_t (ct—x))(v(x))dx for t>0 ie.
where we haveVv(t) =Vgg, fort >0. Only if we define c(t)as function of time as the capacity function
ie. c(t)=C, (5(t)) we will be getting g(t) = CVgz for t >0 demonstrated in following steps

q(t)=c(t)*v(t)=_[_tw(c(t—x))(v(x))dx; c(x)=C,(6(x)), V(X)=Vgs, x=0

= [ CL(8(t=X)) (Vs Jdx = CVis [ (5t -x))ix; 120 (14)
=CVy: 120

We have used identityj(é‘(x0 —x))dx =1, i.e. property of delta function. Thus from above Eq. (14) we

get charge as step function att =0, given as following expression
A(t) = CVeg (u(t)) (15)

The meaning of capacity function c(t)in time domain is c(t) = Cl(d(t)) i.e. an impulse of heightC, (in
units Farad) at the time of application of voltage excitation (i.e.t =0), refer Figure-1. Whereas, in the
frequency domain, the definition of capacity i.e. for geometrical capacity is, C(s)=C, i.e.
C(s)=L {Clé'(t)}:Clthat is a constant (in unit of Farad) value at all frequencies that we have
discussed earlier Eq. (1).



3.4: For a loss-less ideal capacitor phase between charge function and voltage function is
zero

With V(S) =Vgg /swe getQ(s) =C(S)V(S) =C\Vy /s. Thus when we say a capacitor is having a
constant value, it implies that its capacity function is an ‘impulse’ function at the time of application of
voltage stress; in time domain, say at t =0 . The constant capacity C, is written as capacity function of

time asc(t) = Cl(cf(t)) . For any other time say at time, say t=t; of application of voltage-stress the
classical geometrical constant capacitor is expressed as capacity functionc(zr)= Cl(é'(r)), with

consideringz =t—t, . From now on we will state t=0as time of application of voltage stress to
uncharged capacitor with capacity function asc(t) .

Say we apply v(t) =cosatatt =0, for t >0; then Laplace transform of v(t) is V(s) =s/(s*+a°) , to
an uncharged constant capacitorC(s)=C,. This gives Q(S)= Cl(s /(s + a2)) implying
q(t)=C, cosat; t>0 . Thus we observe for a constant capacitor, there is no phase difference between
v(t)andg(t). We do the same deduction following the convolution integration formulation Eq. (16).

Also, refer Figure-1 for curves of v(t)andq(t)that have no delay implying no phase difference for a
constant capacity case.

q(t) =c(t)*v(t) = J.;(c(t =x))(v(x))dx; c(x)=C,(5(x)), v(x)=cosax; x>0
:L:Cl(é(t—x))(cosax)dx; t>0 (16)
=C,cosat; t=>0

We have used identityj(é‘(x0 —x))(f(x))dx = f(x,),i.e. property of delta function.

3.5: Generalizing the charge function and current function for arbitrary voltage stress
Thus, we have general expression for any time varying voltage v(t) applied at uncharged capacitor with
geometrical capacity given by capacity function asc(t) :Cl(é(t)), will have charge q(t)for t>0as
following Eqg. (17) convolution integral

) =ct)*v(H) = [ (ct-x)(v()x; c()=C,(5(9), v(¥); x>0

= [ C.(5t-x)(v()x;  t=0 (17)
=C,(v(t)); t=0

Now we differentiate the expression above Eq. (17) of q(t) to write following expression



i0-q® -0
= i(Cl(v(t))), t>0

dt
= V(t) & + Cl dV_(t)
dt dt
avt) av(t)

=(v(t)(C,(5(t)))+C, " _cl(v(O)a(t))+c1T
=i(0)+i(t), t=0

(18)

The first term at RHS of Eq. (18), indicate the value of current att =0. The constant function starting at
t=0i.e. C,when differentiated gives C,J(t) . This unit delta functions att =0, i.e. §(t) when multiplied

by v(t)givesv(0)S(t). This comes from propertyJ‘(é‘(xO —x))(f(x))dx = f(x,), differentiation of

this gives(S(X, —X) f (X)) == f(X,) = f (X,)5(X). Thus at t=0we have i(0) =C,v(0)and i(0) =0

fort > 0. Compositely we writei(0) :Clv(O)(é(t)), i.e. specifying its value at onlyt =0. The second

termis i(t) fort 0, that isi(t) =C, (V(l) (t)) (refer Figure-1). We write the following expression fori(t)

as

dv(t)
dt

The obtained expression Eq. (19) via the formulationq(t) =c(t)*v(t)is consistent with expression
obtained in [21], where q(t) = c(t)v(t) is used.

i(t)=Cv(0)(5(t))+C, (19)

As an example, we take V(t) =Vgu(t)a step input at timet =0, to an uncharged capacitor. We have
v®(t)=0fort>0; and at t=0we have,v(0) =V, . Using Eq. (19), we geti(0) = C\Vg, (S(t)); this
makes i(t) = C Vg (5(t)), t >0 .This is for geometrical capacity charging current is impulse function.

Generally the capacitance is not a constant parameter of the capacitor, it varies in frequency and therefore
in time too. The constant capacitor concept is approximation when we assume the relative permittivity &,

to be constant (note that geometrical capacity we define asC, = g,6, A/ d ) [12], [21]. We note that only a

loss free capacitor has a constant capacitance in frequency domain. Losses manifest themselves in
frequency domain as a phase angle, ¢ by which q(t) lagsv(t), or given as loss tangent i.e. tan¢g in the
charge expression of capacitor i.e.

qt) =c)*v(t) or Q(s)=(C(s))(V(s)) (20)

ForC(w) =C,, the constant geometrical capacitor with capacity function as c(t) = C,J(t) Eq. (1) and

ImC (w)
ReC(w)

Eg. (2), we havetan ¢ = = 0; that is ideal lossless capacitor.

Therefore, we say that charge stored in capacitor, as a function of time is not multiplication operation of
capacity and voltage i.e. q(t) = c(t)v(t) ; instead, the charge is convolution integral, i.e. q(t) = c(t) *v(t)
however, the charge as a function of frequency is multiplication operation of frequency domain functions



of capacity and voltage, i.e. Q(s) =C(s)V (s). A time varying capacity say c(t)oct™, O<n<1lhasa
delay between v(t)and q(t)that is shown in Figure-1 (for time varying capacity case), where ((t) lags

v(t). We will see that c(t) ct™, 0<n<2lwill have non-zero loss-tangent i.e. it represents a lossy
capacitor-and thus phase delay between q(t) and v(t).

3.6: Time varying capacity function as convolution integral of charge function and inverse
voltage function

From the expression Eg. (20), C(s) =Q(s)/V (s) we write the time varying capacity c(t) by use of
convolution integral in the following steps

-1

L{C(s)} =L 1{(Q(s) (v (s))‘l)} (21)
o(t) =L H{Q()}*L (v ()}
= (at))*(vt) ™

From above derivation Eq. (21), we say that capacity i.e. c(t) = q(t)/v(t)i.e. not the usual ratio of
charge to voltage in time domain, but it is given as convolution expression i.e.

c(t) =(a@)*(ve)
J» at-=x), Ak 4 (22)
- v(X) = y(t— x)
Let us verify, with q(t) = (C Vg )(u(t))ie. at t=0and q(t)=0fort <0, and V(t) =Vgsu(t)i.e. a step
voltage at t =0, gives following steps
c(t) = (a®)*(v())
_ [ Clvseu(t_x)dxzj‘t CVegU(X) dx
= VagU(X) “VggU(t —X) (23)
=C, (u@®*u(®)™)
=C,(s(1))
We have used inverse identity i.e. f*f™ =45 inEq. (23).

Therefore, capacity at any time is the history of ratio of charge to voltage given by convolution integral
Eq. (22). We can verify with say q(t) =(C,cosat)u(t) for t>0with v(t) =(C,cosat)u(t) for t>0
gives the following
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c(t) = () *(v(r)
J-t C, cos a(t x) _ J- C, cosax dx
cos ax ~* COS a(t X) (24)

=C, ((cos(at))*(cos(at))_ )
=C,(6(1)

We have used inverse identity i.e. f*f™=¢ in Eq. (24). We note here the formula used in [12], [21] is
c(t) = q(t) / v(t), whereas we used c(t) = (q(t))* (v(t)) "

4. Fractional Derivative directly from Curie-von Schweidler Law-Fractional
Capacitor

4.1: Impedance and Admittance in Laplace domain for a fractional capacitor

Practically on applying a step input voltage V(t) =V, Volts at t=0to a capacitor which is initially
uncharged; we get a power-law decay of current given by empirical Curie-von Schweidler as
i()0t™"; O<n<1 [12], [21]. That we write in following way as indicated by experimental studies
[12]-[17], [21], and [22]

it) = K_Ves

t>0 (25)

The parameter K is proportionality constant, while in [12], [21] the proportionality constant is1/h, . This
is from observation and the evaluation of order of power-law function is 0.5 < n <1[7]-[12], [21]. Let the
uncharged capacitor be excited by a constant step input of Vg, Volts, i.e. written asv(t) =V, (u(t)),

where u(t) is unit step function att =0. The Laplace transform of step input is following

V(s)=L {v(t)} =L {Vg (u(t))} = V% (26)

and then taking Laplace transform of Eqg. (25) i.e. of power-law decay current by using
L {tm} =m!s™ ™Y [19] we write following expression for 1(s)=L {i(t)}

1(8) =L i) =L {K Vsl "}

27
k[ ) *

Using the formula for generalization of factorial i.e. (¢ —1)!=T'(e)[6], [20], we get the following
expressions
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I (S) — Kn l—‘(]'_::ln)VBB
S
(28)
K M(Vﬂj
"o S
We get Transfer function [19] of capacitor as following expression for admittanceY (s)
| IQFGJM(WBJ
Y(s)= (s) _ S S
V(s) (V) (29)
S
=K, (I'@-n))s"=C,s" C,=K,(r@a-n))

This expression i.e.Y (s) = 1(s)/V (s) in Eg. (29) is “admittance’ expression in complex frequency (S)
domain of a capacitor. Putting, S=i®@ in Eq. (29) we get | (w) =(Cos"7”+isin"7”)a)”CnV (w) . This
means current leads voltage in fractional capacitor by angle . Forn =1, i.e. for a classical geometrical
ideal capacitor we have | (w) =i@C\V (@), that is current leading voltage by angle of90°.

4.2: Current voltage relation by fractional derivative for fractional capacitor

From Eq. (29), we write impedance expression Z(s) =V (s)/ 1 (s) for fractional-capacitor as following

Z(s)=in, O<n<l1 (30)
C,s

From the obtained Eg. (29) i.e. I(s):Cns"(V(s)) and by Laplace inversion by using the identity

L‘l{s“F(s)} =D/ [ f(t)]i.e. fractional derivative operation [6], [20], we get the constituent relation
for capacity as following

it)=C,(,O'[v(]), O<n<1 (31)
4.3: Fractional units for fractional capacitor

The ‘fractional capacity’ C_is in unit ofFarad/sec'™; [12], [21] which is constant given by

C,=K, (F(l— n)). This fractional derivative expression of Eq. (31) gives a new capacitor theory [12],

[21] and we utilize this above formula Eqg. (31) to find characteristics of super-capacitors, variation of n
with current excitation, and efficiency of energy discharged to energy stored [13]-[17]. Classically the

expression of capacitor is i(t) = C, ( DY [v(t)]) i.e. with one-whole order (classical) derivative.

Curie-von Schweidler law gives a different approach for capacitor theory based on fractional calculus
[12], [21], [22]. In experimental observations, we find that capacitor has fractional order impedance [7]-
[17], [21]. This section gives us the understanding that this empirical law i.e. Curie-von Schweidler law
gives a relation of voltage and current of capacitor by using fractional derivative. We will derive this Eq.
(31) by the new approach of the definition of charge in the subsequent section.
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5. Charge stored in a fractional capacitor using convolution integral of time
varying capacity due to Curie-von Schweidler relaxation current

5.1: Expression of charge storage from Curie-von Schweidler relaxation current in a
fractional capacitor

For Curie-von Schweidler law we have relaxation current as noted earlier Eq. (25) empirically expressed
asi(t)=K Vgt™, O0<n<1 fort>0, i.e. when uncharged capacitor is applied with a step voltage

V(t) =Vgg (u(t))att =0 . This empirical expression of current relaxation gives a relation of incremental
charge Aq (or dq in infinitesimal small limit) when ‘pulse’ of a voltage of magnitude Vg is applied for
a duration At (or in infinitesimal small limitdt ) given by following expressions
_ K, Vg At dq = K, Vg dt

A
q tn tn

(32)

With this above Eq. (32) expression (and by q(t) :I; dg ) we write the charge accumulated for this

power law decay current as following
t t K VggdX
) = [yda= [, e

(33)
:%tl’”, O<n<l1 t>0
(1-n)

5.2: Expression for time varying capacity function from admittance relation of a fractional
capacitor

From the expression in frequency domain Eg. (8) i.e.C(s):(s‘ll(s))/(V (5))=(Q(9))/(V(s)) we
have fori(t) = K Vgt ™" with 1(s) = K, (T(L—n))Vggs"™, andV (s) =Vgg /'S, givesC(s) as following

(s’ll (s)) st ( K, (T@- n))VBBs”*l)

C(s)= V(s) B VBBSJ
=K"(1;1(—_1n_n)); m!=T(1+m) (34)
o, (=n)!
=Ko

Now doing inverse Laplace transform by using L’l{(m!)ls(“m)} =t™ of above Eq. (34) we get ‘time

dependent’ capacity function c(t) as following
ct)=K,t™"; O0<n<l1, t>0 (35)

5.3: Using convolution integral and time dependent capacity function evaluation of charge
storage in time for a constant voltage applied to fractional capacitor

Using the convolution integral with this time dependent capacity function Eq. (35) step voltage applied at
time zero, i.e. we get following expression for charge stored
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q(t):(c(t))*(v(t))=jt (ct—x))(v(x))dx, c(X)=K X", Vv(X)=Vg; t>0

j (t x) BB)dx, O<n<1 (36)
_y\-n
~ VK (t—x) VBBK
1-n ‘x:o 1-n

The expression above Eg. (36) obtained expression q(t)—VBB » t*" obtained via our formula

q(t) = c(t) *v(t) is same as we got via q(t) = Io dq above in Eg. (33).

6. Observations on breakdown mechanism of a fractional capacitor and loss
tangent and comparison with earlier theory

6.1: When a fractional capacitor is float on a constant voltage the charge accumulated at
large times is infinity-giving electrostatic break down

We note here from Eq. (36) that forO<n <1, the charge store is lim,_q(t) =co when the capacity
function isc(t) = K t™", following Curie-von Schweidler decay current. Whereas for a classical capacity
function i.e. given as c(t)=C,d(t) , the charge at large times islim,_q(t) =CVgs Eq. (15). This
observation i.e. lim,_ q(t) =ooin our derivation is with convolution formula i.e. q(t) = c(t)*v(t)is in

line with the observations in [12], [21], where the used expression for charge isq(t) = (c(t))(v(t)). This

is the new idea of breakdown of capacitors due to accumulation of enough charge (electrostatic
breakdown) at a constant voltage even though voltage is less than the breakdown limit of dielectric
proposed in [12], [21].

6.2: Evaluation of loss tangent by using earlier approach and the convolution approach of
charge storage concept for fractional capacitor

In [12] and [21] the charge formula used is c(t) = q(t)/v(t)and not via convolution approach that we
discussed in this paper. In addition, with this formula c(t) =q(t)/v(t)in [12] and [21] gets the time
dependent capacity function as following where the constant h is used in Curie von-Schweidler

relaxation current i.e.h, = (K, )™

1-n
c(t) = t , t>0; 0O<n<1 (37)
h (1—n)
The frequency domain representation for c(t) obtained in [12] and [21] is following
-m!
C(s)= (@-n)! s", 0O<n<l, s=iw
h(A-n)

(38)

C(w) = (—a;:g:rr:))!](cos%+ isin)
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Im[C(w)]
Re[C(w)] —

the loss tangent istan ¢ = tan(1-n)Z; 0<n<1 for a fractional capacitor.

Here from Eq. (38) if we expresses loss tangent as tan ¢ = —tan ("7”) which is not correct, as

Therefore, in [12] and [21], the loss tangent is not calculated by the using capacity function c(t) Eg. (37),
instead, phase differencey is calculated between current | (w) and voltage V (@) by using admittance

expression Y(S)|s:iw Eg. (29) and then doing steady state (sinusoidal) analysis, and then writing loss
tangent as tang =tan(Z—y ) , which is tan ¢ = tan (W) .

This above expression Eq. (37) and Eq. (38) of [12] and [21] says that the time varying capacity function
will be growing to infinity as time grows. Also in frequency domain, we will be getting infinite value at
infinite frequency. This gives us notion of unrealistic property of capacity function, which is unstable.

Whereas we have from our new derivation Eqg. (35) the following for a fractional capacitor
ct)=Kt™"; t>0, O<n<l1
C(s)=K,(C@-n))s*™; s=iw (39)
C(w) =K, (T(L-n)) o (cos &= —isin 4=

where the capacity function tends towards zero for large time and large frequency. From above Eqg. (39),
we get loss tangent as

_Im[C@)] _ . (ens
tan¢_Re[C(w)]_tan( > ) (40)

which is also as reported in [12], [21]; obtained differently than demonstrated in Eq. (39). However, [12]
and [21] gives other expressions, same as that we will derive and report subsequently.

7. Further derivations regarding fractional capacitor in conjugation to
classical capacitor

7.1: Getting charge function in time domain as convolution integral of capacity function
and voltage function from the impedance function in Laplace domain for fractional
capacitor

Now we do the steps as we did for classical capacitor, from the obtained impedance relation of fractional
capacitor i.e.

2(s)=s" Ci; O<n<l C,=K[I(-n)  C,=Farad/sec"" (41)

with C (s) =L {Cn (t)} =C, =K, (F(l— n))as obtained in earlier section Eq. (30), a constant in units

of Farad/sec'™". We note that C, =K (I'(1—n))is in units of Farad/sec'™" ; a “fractional form” of

unit [12], [21], defining a “fractional capacity” as constant in the frequency domain. Thus, we expect that
in time domain the fractional capacity call itc, (t) be given by delta function at t =0i.e. following

¢, () = (K, (C@-n)))(s(t)) =C,5(t) (42)
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The meaning of capacity function ¢, (t) in time domain is c,(t) =C, (§(t)) i.e. an impulse of height C,

(in unitsFarad /sec'™) at the time of application of voltage excitation (i.e.t =0). Whereas, in the
frequency domain, the definition of fractional capacity is C,(s)=C, i.e. C (s)=L {C,8(t)} =C, that

is a constant (in unit of Farad / sec’™") value at all frequencies.

We say here that classical geometrical capacitor presents a Farad value as impulse function at the time of

application of voltage stress, while the fractional capacitor presents a Farad / sec’™" value at the time of
application of voltage.

From this Eq. (42) we write following steps, withC,_ (s) =L {c,(t)}, L ‘l{ ‘"F(s)} ol " (t)where

n

is defining fractional integration operation [6], [20] of fractional order 0 <n<1

s"I(s) _L {ol tn[i(t)]}
V(s) L {V(t)}

L {o1 "1 IO} ) L {OI t”‘lj;i(x)dx}

Olt

C,(s)=

. 0<n<1 o D] =0l "l O]

L g =[i(x)dx

L{viy} L {vm)}
LD el L (43)

L {,Df"[a®]} =(L {vO})(L {c.®)})
L {e,®} =L {,D="[a®]}(L {v)})”
¢, (1) =(,D " [a®)])*(vv)”

7.2: Defining capacity function as fractional integration of fractional capacity function
thereby converting the units in fractional units to Farads-for a fractional capacitor

In Eq. (43) thl‘n is fractional derivative operation with order (1—n).Therefore, we write following
formulas for fractional capacitor in with conjugation to classical capacitor theory

¢,® = (D" [a®])*(v®) " 0<n<1

oD " [a®] =(c, (1) *(v(v))

a(®) = oD [ (c,0)*(v(®) ] = o1 " [ (c, ) *(v(D) ]

at) =(o! [, ®])*(v®) or a®) =(c,®)*(,! " [vD)])

et = o (e, )]
q(t) = (c(t))*(v())

(44)
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In the steps of Eq. (44), we haveq(t)=,1 " [(Cn(t))*(v(t))]doing Laplace transform we will get
Q(s) =s“"L {(c,®))*(v(t))} . Further, we getQ(s) =s 4™ (C,(s)V(s)) =(s “"C,(5))(V(5)).
writing(s™"C, (s)) =C(s) . ie. o1 " *[c, ()] =c(t) : we have q(t) = (1 " [c, (©)])*(v(D)).

In Eq. (44), thus we defined c(t) dif I [(cn (t))] . We note here that, by re-arrangement of term s~
in expression of Q(s) we could have writtenq(t) =(c, (t))*(ol al [V(t)]), this formula is also valid,
that we have mentioned in Eq. (44). Using Eq. (36) i.e. q(t) =%tl’” in Eg. (44), we get
DI [a(t)] =S ( Ly tl_”’l”‘) = K Vg (T(1—n)) that is a constant function fort >0. This we

1-n \ T'(1-n+1-1+n)

have got by formula of fractional derivative ie. ,Dyx” =22 x?*[6], [20]. Thus, we write

oD [a(t)] = K, Vgs (T(@L—n))u(t) where u(t) a unit-step function at t=0. We write the following for
C, (t) as described in Eq. (44).
¢, (®) = (oD [a®])* (V1) 5 oDF" [A)] = K Ves (T@A—n))u(t)
-1

= (K Vg (TL-M) (u()))*(Veg (u®))) (45)

=K, (T@-n))s(t)
We used identity i.e. f * f ™ =&, the inverse relation in Eq. (45).
We consider the following relation Eq. (44) for time varying capacity function c(t) from c, (t)

c(t)=,D"[c,)]; t>0, O<n<1; D"YV=1 " (46)

i.e. time varying capacity function defined as fractional integral of the order 1—nfor the fractional
capacity function i.e. c,(t)i.e. in units of Farad/sec*™", which is constant in frequency domain as

C,(®) =K, (I'(1—n))i.e. a fractional capacitor. Using ¢, (t) = K, (I'(1—n))&(t) as obtained above Eq.
(42), we write following

¢(t) = {D"*[c,®]
= o1 (K, (ra-m)(50))]

— K, (Ta=m)(,1 " [50)]): 1600 :%ﬂ)xﬁ‘l 47)

=K, (r@- n))(rt(l_n—_n)j =Kt

In Eq. (47), we have used formula for fractional integration of delta-function [6], [20], as mentioned i.e.

ol Z[6(X)]=7&; X" The expression ¢(t) = K t™" we had obtained earlier too Eq. (35).
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We note that the fractional integration operation | tl’“ [Cn (t)] in Eq. (46), Eq. (47) is converting units in
Farad /sec' ™" forc, (t) into units of Farad forc(t). This is because the fractional integration | " is

integration with respect to fractional differential element(dt)"ie. o1 "[c, (t)]:J:(cn (t))dtt™ .

Therefore, the capacity function c(t) = K, t™" that we get for fractional capacitor is in units of Farad . This

show for a fractional capacitor by the use of time varying capacity function we can convert the fractional
capacity constant that is in units of fractional units of Farads per second to the power a fractional number,

to units of Farads, by formulac(t) = 51 " [c, (t)].

7.3: General charge and current expression for fractional capacitor following universal
dielectric relaxation law

We obtain a general expression of charge q(t) for Curie-von Schweidler relaxing current in a capacitor,
that is having capacity function asc(t) = K t™ Eg. (47) when stressed with a time varying voltage v(t)

applied at t =0 is by convolution process as q(t) = (Knt’n )*(v(t))elaborated below

q(t) = (c®)*(v() = [ (ct-x))(v(0))ix

c(x) =K, x™" x>0 (48)
The convolution integral from Eq. (48), with X =0 is following
t V(X
a) = K, ) gy (49)

(t—x)"
As we did for geometrical capacity in previous section, we differentiate Eq. (49) of q(t)to get i(t)and
write following

i) =g (= 290
dt 50)
IR
"dtdo (t—x)"
We apply formula of integration by parts i.e.
j;( ,00)(£,00)dx=[ £, fz(x)dx}: _ L‘(( ©00) j;( fz(x))dx)dx (51)

t
to evaluate IO %dx that appears in Eq. (50) as detailed in the following steps
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t v(x)dx = .
[ - vl g 2| -l

=v(x)[——(t I_Xi,an 7 ~[v 00 (—th_x)“ jdx (52)

1-n
x=0

v
V(O) l— (X) (t X)l—n dX
11— n 0 1-n

Now we differentiate Eq. (52) and write the following steps

dpveodx _d(v(0) o VP,
o [ === dt( j —Z(t-x) de

o (t—x)" 1-n
(0 )_ el J-t v (%) d((—l)(t—x)l‘“)dX
1-n 0 1-n dt (53)

V(O) It V (X) ( 1)(1_ n)(t _ X)l—n—l )dX

v(O) v‘l) (x)
I o(t- X)

This gives i(t) as following relation
tv(x)
°(t—x)"

@
YO e [P LS gen<
t" o (t—x)" r'@d-n)

i(t)=
(54)
=K,

The expression Eq. (54) obtained with the formulaq(t) = (c(t))*(v(t)), withc(t) = K,t™ is consistent
with obtained expression in [21].

For V(t) =Vg, (u(t)) i.e. a constant step voltage applied at time t =0to a time varying capacity function

given as c(t) = K t™"we have fort >0,v® (t) =0 withv(0) =V, , the evaluation of i(t) demonstrated
below

it) =K,

v(O) LK I; V((: Exx);x

= Knvﬂ_,_ KnJ.t (O)dX _ KnVBB
t" 0(t—x)" t"

v(0) =V VP (x)=0, x>0
(55)

We get i(t) =K Vgt™ , for t>0 i.e. we recover the Curie-von Schweidler law in Eq. (55). For a
constant capacitor case with capacity function as c(t) =C,0(t), we have the relation that we derived
earlier Eq. (18), Eq. (19); i.e. i(t):Clv(O)(5(t))+C1(V(l)(t)). The Figure-1 gives summary of our
discussion about a constant capacity and a time varying capacity function.



Capacity, charge, current for constant capacitor vis-a-vis

time varying capacitor to a step voltage excitation

Constant capacity Time varying capacity
v(t) | v v (t) v
BB BB
V(t) = Vggu(t) v(t) = Vau(t)
0 0
ON S c(t) | c(t)=K,t",
c(t) = C,5 (1) t) 0
K,=C,(I"'(t-n))
Q(t) CoVage q(t) q(t) Mtunl
q(t) = CVgg, t20
|(t) CoVes |(t) ) »
i(t) = CVgso (L) k(t)= K \Vggt™, t>0
t: O t 3 t= 0 t

Figure-1: Summary of discussion about constant capacity vis-a-vis time varying capacity

8. Appearance of fractional derivative in Fractional Capacitor

19

We have formed a time varying capacity function with a dielectric whose relaxation to a step voltage at
t =0 of constant magnitude follows a power law given by empirical expression of Curie-von Schweidler
law. We have got current and charge expression for any arbitrary voltage functionv(t) applied at t =0in

previous section Eq. (54) as following

v(O) tv® (x)dx
i(t) =K, —2+K LW
q(t)=(c(t>)*(v(t))=(Knt‘")*(v(t))
PRI
_.[OK (t— X)

The fractional derivative for 0 < n <1 is defined as following two ways [6], [20]

I
DI [FO]= r(1 n)dt (t— x)

1 f(O) J‘t f(l)(X) t>0
“T(-n) ot S

(56)

(57)
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The first definition is of Riemann-Liouville type i.e. ,D; [f(t)] = Famy 4 I; (:(:)) dx, O<n<1andin

1)
" 190 4y i Caputo fractional derivative i.e.

the second expression of Eq. (57) the second term i.e. m v ), oo

DM f()] =15 190 gy 0<n<1. Therefore, we have ,D" [f)]=5D[f)]+r2t™,

0 (t=x)" T@-n)
relation between the two definitions of fractional derivative [6], [20].

Integrating the expression , D [ f ()] = rm & L: wo-dx , once we write the following
1 d f(x)
( D [f(t)]) J(F(l n) (a.[o (t-x)" dx j]dx
L e gy
T Io(jo = dx) dx (58)
Lot
T(L—n) o (t—x)"

We have used in Eq. (58) the identity | tl(g‘l)(t))z g(t) . Using the composition rule [6], [20] i.e.
N tl(o D[ f (t)]) = ol T [f(®)]= (D[ f(t)] . we re-write Eq. (58) as following

thn_l[f(t)]zoltl_n[f(t)]zF(ll_n)jt(tf(z((; o O<n<lidmn=v

o v 1t f
Dt [f(t)]:0|t [f(t)]:F(U) J.o (t—(X);Z—U

Using the definitions of fractional derivative Eq. (57), we apply to current expression Eq. (54) also by
manipulating with a constant i.e.I"(1—n) we get following Eq. (60) expressions

v(O) LK I; v((i) E);))cix

y®
=K, (r(1—n))(r(11_ )(v(o) I V(t E>;))dxn K,(T(L-n))=C, (60)

=C,(,D/'[v()]), 0<n<1

Applying the expression for fractional integration Eq. (59) to the charge expression, we get following

(59)

i(t) =K, O<n<l




21

a(t) = (c()*(v(t) = (K.t ")*(v()); t>0

ItK v(x) dx
o " (t-x)"

K, (F@- n))(ml_ 5 ) (t"_(i))n dx]; K,(f@-n)=C,  (61)

C, (ol S v)])
= n(thn_l[V(t)]) t>0 O<n<1

We apply a constant step voltage V(t) =Vyzat t=0to an uncharged fractional capacitor with capacity

functionc(t) = %t‘" , applying the above formula Eqg. (61) we get

at) =C,(,O/*[v(]) t>0  O0<n<1

_ n-1 a1 ry ..,
=C, (oD [Ves ) D [C]_C—F(l—a)t
_ rd o _ C, o o (62)
Sl riiam) Canram) e (ra-m)=C,
KiVes (11
— n" BB t
(1-n)

The same expression we showed earlier Eq. (36) and in Figure-1.

We wrote also in the steps of Eq. (44) the expressionq(t) =(c, (t))*(ol e [v(t)]). For fractional
capacitor, we noted thatc, (t) =C,&(t) this we haveq(t) :(Cné(t))*(ol L [v(t)]). Expanding this
convolution integral we getq(t):.[_tw(Cn5(x—t))(ol o [v(x)])dx. Now using property of delta
function i.e. j s(x—a)f(x)dx= f(a), we getqt)=C, (! *"[V(t)]). Withv(t) =V applied at

t =0 we will getq(t) = ) C,Vgt" " same as in Eq. (62).

1
(1-n)(T(1-n)
9. Integrated Capacity defined from Capacity function of a capacitor and
explanation vis-a-vis a pitcher holding water

9.1: Defining integrated capacity from the time varying capacity function for ideal and
fractional capacitor

We take example of a pitcher, which holds water, of volume V. Let the pitcher be made of metal walls so
that there are no pores. It is fully filled with water from empty state, hence once full it has no capacity
left. This is like ideal capacitor, where the volume of water V remains fixed as constant after filling, with
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no left over capacity. Thus, an ideal capacitor described by capacity functionc(t) =C,d(t), after it is
charged at t = 0with a constant voltage holds the constant charge q(t) = C,Vg; at times t >0and at time,
t > Othis capacitor has zero capacity function, i.e.c(t) =0 that is like no more capacity left to fill, like
pitcher. Thus, we have maximum charge holding capacity in this case as ¢, =lim, q(t)=CVy; .
Therefore we can say the capacity function c(t)at t > Qindicates the left over capacity to fill from
maximum charge say g, = lim,_q(t).

Now let the walls of the pitcher be made of clay with an infinitely porous material. As the pitcher gets the
water volume V the pitcher walls too starts seepage of water into its pores. Thus, extra water keeps
entering pores of the porous pitcher walls. This water filling process in the porous walls we call fractional
capacity. Now due to infinite nature of these pores, we have a situation, that infinite amount of water
keeps seeping into the walls. This is analogous to charging porous walls with water as charging a

fractional capacitor where we derived g, =lim, q(t) = . Yet as we go on with charging process,
the remaining capacity of holding the charge from maximum value (in this case infinity) keeps on
decreasing but will never be going to zero, and thus we got the capacity function for a fractional capacitor
as, c(t) = K t™" where lim,_c(t)=0 . The charge of a fractional capacitor as in the case of filling the

porous walls gets the form that we derived as in Eg. (36), Eq. (62), q(t) = *((1"1’55‘ t*™" for t > Oincreasing

with time. This phenomena leads to electrostatic break down of capacitors [12], [35], even if the constant
voltage Vg is lower than dielectric breakdown limit. Thus a fractional capacitor withc(t) = K t™ will

break down when the electrostatic forces are high enough due to large accumulation of charge at large
times, even if Vggis lower than dielectric breakdown limit. While the ideal geometric capacitor with

c(t)=Co(t) will have lim, q(t)=C\Vg and will never breakdown whenVgg is less than dielectric
breakdown limit.

We define integral capacity as following from the capacity function c(t)
c..(t) = j; c(x)dx; t>0 (63)

The above Eqg. (63) in integration of the capacity function w.r.t. time from time of application of voltage
excitation (in our case ist=0). Thus for a classical capacitor with capacity function defined as

c(t) =C,5(t) we get integrated capacity as

¢ ® = (CHM)NX=C,, >0 (64)

We observe lim, ¢, (t) =C,a constant value. This integrated capacity is what is discussed in classical
theory that we derived from capacity function.

Now for the case of fractional capacitor where the capacity function asc(t) =K t™", the integrated
capacity is
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. ()= I; K, x"dx = (1Lt1‘n ;. t>0 (65)

This is same as Eq. (37) used in [12], [35]. We note in Eq. (65) lim,_ ¢ (t) = .

9.2: Difference in usage of integrated capacity and the time varying capacity function for
obtaining loss-tangent value

Thus, the term ‘“integrated capacity” C,, (t) of capacitor is analogous to ‘total” water holding capacity of

pitcher. The total water holding capacity of pitcher with metal walls is constant is equivalent to classical
capacitor case Eg. (64), while the total water holding capacity of walls of porous pitcher is infinity is
equivalent to Eg. (65) the fractional capacitor case. We mention here the expressions for

C.(w)=L {Cint (t)}L:iw cannot be used to determine the loss tangent, while from capacity function with

C(w)=L {C(t)}‘s:iw is used to determine loss tangent value.

10. Experimental results showing fractional capacitor

The Curie-von Schweidler empirical law of power law relaxation, i.e. i(t) oc t™" states that 0 <n <1 .This

is validated via experiments on dielectric relaxations. A 100V step input applied to a completely
discharged capacitor of 0.47 uF having metalized paper dielectric, and the current decay is recorded with

time. The graphs of log-log plot i.e. Iog(i(t)) vs. log(t) show a straight line of average slope —0.86

[12]-[17]. This experiment indicates a Curie-von Schweidler law, withi(t) «ct™ , havingn=0.86. The

exponent nis in the range of 0.85<n<1in several dielectric relaxation experiments [12]-[17]. The
experiments with super-capacitors [7], [8], show range as0.5<n <1. A very low value of exponentn is
found in relaxation of Laponite studies averagely n=0.09 [18]. In this Laponite study [18] though the
exponent nwas obtained on ‘self-discharge’ curves with various charging time history-showing memory
effect, the expression obtained for self-discharge decay of voltage assumes fractional capacity-that in turn
assumes Curie-von Schweidler law as current relaxation function. In [23]-[26] electrical circuits analysis
is done where the circuit components are of fractional order.

11. Summary

In the tabular form (Table-1), we present the various concepts (formulas) that we discussed with this new
approach of charge store in classical capacitor and fractional capacitor.

S. Parameter Classical Geometrical Fractional Capacity 0<n<1

No. (Constant) Capacity (N =1)

1 Relaxing ity=CV..o(t i) — -n _ CiVep t-n
current . to (t) =C\Vgsd(t) I(t) = K, Vggt romt s >0
constant Cl = Farad Knr(l_ n) _ Cn 1 Cn = Farad /Secl—n
step
voltage
VBB
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applied to
an un-
charge
capacitor

att=0

Relaxing
Current in
frequency
domain

I(s) = C\Ves
() = C\Ves

1(5) = K Vgs (C(1—1)) 8" = C,Vggs™™
| (w) =< (cos((l G ) —isin (&= “”’))

K,[(l-n)=C,, C, =Farad/sec™"

Capacity
function in
time
domain
and
frequency
domain
with
tangent

loss

c(t)=C,o(t) Farad
C(s)=C, Farad
C(w)=C,-i(0)

Loss-tangent tang=0

c,(t) =K, (TA-n))s(t) =C,5(t)
C,(s)=C, =K, (I'@-n))
o =0 0] =t 5 0]
c(t) =K t"=r25t"  Farad
C(s)=K,(T'(@-n))s"*=C.s"" Farad
C(w) = “(cos((l ) —isin (4= ”)”))
tan ¢ = tan((l “)”)

C, = Farad /sec™™"

Farad /sec*™

Farad

Loss - tangent

K. ['l-n)=C,,

Farad / sec*

—N

Charge
function to
a constant
step
voltage

VBB
applied at
t=0

q(t) =c(t)*v(t)

=CV t>0

BB’

q(t) = c(t) *v(t)

_K VBB tl— C.Vag

@n)ra-n

Farad /sec'™"

" t>0

K,I'l-n)=C,,

Current to
an

arbitrary
voltage
function

v(t)
applied to

uncharged
capacitor

att=0

i) =cv(0)s@) + ¢, YW

Uy (xydx
0 (t=x)"

_ Cv(Q) t* C,
T r@-n) F(l—n)

K,[(1-n)=C,

ity =K vOt"+K,

Uy (x)dx
0 (t=x)"

Farad /sec™™

Current
voltage
relation

i(t) = Cl(thlv(t))
C, = Farad

it) =C, (,D/V(1))

K,F@-n)=C,  Farad/sec""
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7 [ Charge q(t) = (c(®))*(v(t)) q(t) = (c(t))*(v(v))

voltage
relation for =(C,5(t))*v(t) = ( K,t™" )*(V(t))
arbitrary )
voltage =Cy(); 120 =C, (0 Dtnilv(t)) =C, (0 I tlﬁnv(t)), t>0

v(®) C, = Farad
function . K,[@-n)=C, Farad/sec™"

applied at
t=0

Table-1: Summary of the discussions regarding formulas for classical capacitor and fractional
capacitor

12. Conclusion

In this paper we discussed that charge stored in a capacitor, as a function of time is not the usual
multiplication operation of capacity and voltage; instead, the charge is convolution integral of capacity
function and voltage stressed across the capacitor. However, the charge as a function of frequency is
multiplication operation of frequency domain functions of capacity and voltage. We say that capacity is
not the usual ratio of charge to voltage in time domain, but it is given as convolution expression. We
discussed in this paper that for a fractional capacitor, the charge goes to infinity for large times, when the
fractional capacitor is placed on a constant voltage; whereas, for a classical capacitor the charge at large
time is a constant value. This observation in our derivation is with convolution formula defining the
charge stored in capacitor and is consistence with other fractional capacitor models. This new concept is
in line with the observation of charge stored as step function, and relaxation current in form of impulse
function for ideal geometrical capacitor of constant capacity, when stressed by a constant voltage and for
fractional capacitor with power-law decay current that is given by universal dielectric relaxation law
called as Curie von-Schweidler law. This universal dielectric relaxation law gives rise to fractional
derivative relating voltage stress and relaxation current that is formulation of “fractional capacitor’. A
“fractional capacitor’ we discussed is with this new concept of redefining the charge store definition i.e.
via this convolution integral approach, and we have obtained the loss tangent value, from the described
capacity function. We also showed for a fractional capacitor by the use of time varying capacity function
we can convert the fractional capacity constant that is in fractional units of Farads per second to the power
a fractional number, to units of Farads. Practically this new formulation has use while getting the charge
stored in a capacitor as a function of time with varying voltage stress across it, and to convert the

fractional capacity units (in terms of Farad /sec'™ to usual units of capacity i.e. Farad) especially for
super-capacitor usage.
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