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Abstract 

 

 In the current paper we tackle the task of determining the formula for the cyclotron radiation as 

measured from a frame co-rotating with the particle. This task has never been attempted before owing to 

the difficulty of dealing with rotating frames. Our paper is divided into two main sections, the first section 

deals with cyclotron radiation measured in the inertial frame of the lab, the second section deals with 

cyclotron radiation as measured in a frame co-rotating with the particle along a circular path, at a uniform 

speed.  
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1. Introduction - Bremsstrahlung 

 

           Bremsstrahlung is the electromagnetic radiation produced by the deceleration of a charged particle.  

The moving particle loses kinetic energy, which is converted into a photon, it is the process of producing 

the energy radiation. The term is frequently used in the more narrow sense of radiation from charged 

particles slowing in matter. In astrophysics, Bremsstrahlung refers to radiation emitted from zones of the 

universe characterized by a high concentration of plasma. The radiation in this case is created by charged 

particles that are free; i.e., not part of an ion, atom or molecule, both before and after the deflection 

(acceleration) that caused the emission. In any case, the total radiated power is given by [1] 
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In the case where velocity is parallel to acceleration (for example, linear motion), the formula simplifies to: 
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For the case of acceleration perpendicular to the velocity (as in the case of synchrotrons), the formula 

simplifies to: 
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In both cases p  is the power measured in the frame of the lab. In the current paper we will make the 

attempt of finding the power as expressed in the frame co-moving with the particle, to our best knowledge, 

this has never been attempted before.  

 

2. Kinematics in Uniform Angular Velocity Rotation   

 

 In this section we introduce all the fundamental notions that will help discussing the case of the 

particle moving in an arbitrary plane, with the normal given by the constant angular velocity ( , , )a b cω , 

as in the case of a charged particle in circular motion in a synchrotron. According to Moller [2], the simpler 

case when ω is aligned with the z-axis produces the transformation between the rotating frame '( )S τ  

attached to the particle and an inertial, non-rotating frame S attached to the center of rotation [2-7], 

[15],[16] (see fig.1): 

 

 
 

    Fig.1. Relationship between rotating and inertial frames 
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where [7]: 

 



1

cos cos sin sin sin cos cos sin 0 sin

cos sin sin cos sin sin cos cos 0 cos

0 0 1 0

sin cos 0

cos cos sin sin cos sin sin cos 0 sin

sin scos cos sin

u

c

u

c

u u

c c

u

c

γ
α β γ α β α β γ α β β

γ
α β γ α β α β γ α β β

γ γ
α α γ

γ
α β γ α β α β γ α β α

α β γ α β−

 
+ − − 

 
 − +
 =
 
 
 

− 
 

+ − −

−
=

Α

Α
sin sin cos cos 0 cos

0 0 1 0

sin cos 0

u

c

u u

c c

γ
α β γ α β α

γ γ
β β γ

 
 
 
 +
 
 
 
 

− 
 

       (2.2) 

2

2

2

1

1
u

c

u r

γ

ω

α ωγτ

β ωγ τ

=

−

=

=

=

                (2.3) 

 

3. Bremsstrahlung in a Uniformly Rotating Frame 
 

 Assume that we have a particle of charge q  and mass m  moving in the x-y plane under the 

influence of a magnetic field B  aligned with the z axis.  The magnetic field is the only field present since 

the particle is to have a circular motion [4,8]. We know that in the frame of the lab, the expression of the 

Lorentz force acting on the particle is [8]: 
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We would like to find out the expression of the force in the frame co-rotating with the charged particle.  For 

this purpose we will resort to the fact [9] that four-force transforms like four-coordinate (2.1)  
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The term 
.

( )u
c

γ
F u

 represents the power imparted by the magnetic field to the particle measured in the lab 

frame (divided by c) while the term 
.

'( ')u
c

γ
F'u'

 represents the power imparted by the magnetic field to 

the particle measured in the frame commoving with the particle (divided by c).  Transformation (3.2) gives 

the general formulas for transforming four-force (proper force) in rotating frames.  

 

We know from [8] that: 
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Substituting (3.4),(3.5) into (3.2) we obtain: 
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Therefore: 
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The final formula for the power imparted by the magnetic field to the particle measured in the frame 

commoving with the particle is: 
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Expression (3.7) provides us with the expression of the force acting on the particle as measured in the 

frame of the particle (the proper force). For example: 
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The term 
2

0 0( )u qBuγ in (3.9) represents the non-fictitious component, the active Lorentz force while the 

term 

2
2 0

0 0 2
( ) ( )

u
u qBu

c
γ−  represents the fictitious component, the centrifugal “force” due to the 

calculations being done in the (uniformly) rotating frame.  

 

We are now ready to derive the radiated power. From [4] we know that: 
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Substituting (3.4),(3.10) into (1.3) we obtain: 
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The radiated power in this case is a constant that depends on the mass of the particle, m  , its charge, q , its 

initial speed of injection into the synchrotron, 0u  and the magnitude of the magnetic field B .   The 

constancy is due to the fact that 0r uω = . The braking force due to radiation acts in direct opposition to the 

direction of motion (direction of u): 
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We know that: 
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Therefore: 
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From (3.14) we get the radiated power measured in the frame co-moving with the particle: 
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This should come as no surprise since the particle is not accelerating in its own frame of reference. We also 

get the braking force due to radiation: 
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Notice the similarity between expressions (3.16) and (3.13).  Also notice how the ratio between the force 

components in the x and y directions has been increased by the contribution of the gamma factor. We can 

see that the particle experiences a braking force in the frame co-moving with it. This is extremely important 

for practical reasons: despite of the absence of radiating power as measured in the co-moving frame, the 

particle is still being slowed down, independent of the frame of reference used for calculations, thus 

requiring external energy to be imparted in order to maintain its speed [10-14].  

 

4. A quick verification of the formalism 
 

Four-velocity transforms the same way as four-dimensions (2.1): 
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where: 

 

sin
cos cos sin sin sin cos cos sin 0

cos
cos sin sin cos sin sin cos cos 0

0 0 1 0

sin cos
0

u t
t t t t t t t t

c

u t
t t t t t t t t

c

u t u t

c c

γ γω
ω γω γ ω γω ω γω γ ω γω

γ γω
ω γω γ ω γω ω γω γ ω γω

γ ω γ ω
γ

 
+ − − 

 
 − +
 =
 
 
 

− 
 

-1A        (4.2)  

 

 



1

0

0

0

x

y

z

u

u

u

c c

γ

γ

γ

γ

−

   
   
   =
   
   
   

A                               (4.3) 

 

Thus: 
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The proper speed of the particle in the frame co-moving with it has been confirmed to be as expected, zero.  

The verification of the formalism is complete.  

 

4. Braking force as a percentage of the Lorentz force 
 

The total radiated power goes as 
4

m
−

, which accounts for why electrons lose energy due to 

bremsstrahlung radiation much more rapidly than heavier charged particles (e.g., muons, protons, alpha 

particles). This is the reason why the TeV energy electron-positron colliders cannot use circular tunnels 

(requiring constant acceleration), while a proton-proton colliders (such as LHC) can utilize circular tunnels 

(and, consequently, the acting Lorentz force is dependent only on the magnetic field, as explained in (3.1)). 

The electrons lose energy due to bremsstrahlung at a rate 
4 13( / ) 10p em m ≈ times higher than protons do 

[10-14]. 

Another way of looking at the issue is by calculating the ratio between the braking force and the 

active (Lorentz) force. From (3.12) we know that the braking force is: 
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The Lorentz force is: 
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Therefore, their ratio is: 
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When comparing the ratios for the cases of an electron vs. a proton, for the same conditions in terms of 

magnetic field and initial particle injection sped we find out that: 
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The reaction force in the case of an electron is much larger (about 
710 ) than that the one for a proton for 

the case of equal particle accelerating Lorentz forces.   

 We could to the above calculations in the frame co-rotating with the particle. From (3.9) we 

obtain: 
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From (3.16) we obtain: 
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The interesting result is that we obtain the same exact result as the one calculated in the frame of the lab, 

the ratio of forces depends only on the inverse ratio of masses, as shown in (4.4). Even more interestingly, 

the braking force is the same in both frames.  

 

 

5. Conclusions 
 

We derived the Bremsstrahlung formula for the synchrotron radiation as measured from the point 

of view of a frame co-rotating with the charged particle. The formula is of great interest to particle 

physicists showing that the particles experienced a braking force despite of the absence of radiating power 

as measured in the co-moving frame, thus requiring external energy application in order to maintain speed.  

 

References 

 
[1] Jackson, J.D. “Classical Electrodynamics” , 3

rd
 edition, Wiley, (1998) 

 

[2] Moller, C. “The Theory of Relativity”, Oxford Press (1960) 

 

[3] Sfarti, A. “Relativistic Dynamics and Electrodynamics in Uniformly Accelerated and in Uniformly 

Rotating Frames - the General Expressions for the Electromagnetic 4-Vector Potential”, IJPOT,3,2 (2017) 

[4] Sfarti, A. “The General Trajectories of Accelerated Particles in Special Relativity”, JAPSI, 5,4,(2016) 

[5] Sfarti, A. “Generalization of Coordinate Transformations between Accelerated and Inertial Frames – 

General Formulas of Thomas Precession”, JAPSI, 8, 2, (2017) 

 

[6] Sfarti, A. “Electrodynamics in Rotating Frames as Viewed from an Inertial Frame”, IJPOT, 3, 1, (2017) 

 

[7] Sfarti, A. “Electrodynamics in Uniformly Accelerated and in Uniformly Rotating Frames”, IJPOT, 3, 2, 

(2017) 

 

[8] Sfarti, A “The trajectories of charged particles moving at relativistic speeds inside particle separators – 

a fully symbolic solution “, IJNEST, 4, 4,(2009) 

 

[9] Sfarti, A., “Lorentz covariant formulation for the laws of physics -  particle and elastic body dynamics”, 

IJNEST, 6, 4, (2011) 

 

[10] Köhn, C., Ebert, U. Calculation of beams of positrons, neutrons, and protons associated with terrestrial 

gamma ray flashes Journal Geophys. Res. (2015), vol. 120, pp. 1620—1635 

 



[11] H. W. Koch, J. W. Motz, Bremsstrahlung Cross-Section Formulas and Related Data; Rev. Mod. Phys. 

31, 920 

 

[12] Tessier F, Kawrakow I (2007) Calculation of the electron-electron bremsstrahlung crosssection in the 

field of atomic electrons, NIM. Phys. Res. B 266 625–634 

 

[13] Elder, F. R.; Gurewitsch, A. M.; Langmuir, R. V.; Pollock, H. C., "Radiation from Electrons in a 

Synchrotron" (1947) Physical Review, vol. 71, Issue 11, pp. 829-830 
 

[14] Itzykson C, Zuber JB “Quantum field theory”. McGraw Hill, New York. (1980) 

 [15] B. Masshoon “Electrodynamics in a rotating frame of reference “, Phys. Lett A 139 , 103 (1989)  

[16] Hehl, FW, et al. “Two lectures on fermions and gravity”, Geometry and theoretical physics, Bad 

Honnef Lectures, Springer,Berlin (1991), pp. 56–140 
 

 

 

 

 

 

 

 

 


