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Exact solutions of the generalized KP-BBM equation by the
(G’ /G-expansion method and the first integral method
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Abstract In this paper, the generalized KP-BBM equation is considered. The G’/G-expansion method
and the first integral method are applied to integrate the equation. By means of the two methods, the
rational solutions, the periodic solutions and the hyperbolic function solutions are thus obtained under
some parametric conditions.
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1 Introduction

Recently, many researchers have studied the following nonlinear Kadomtsov-Petviashvili-Benjiamin-
Bona-Mahony (KP-BBM) equation

[ue + ug — a(uz)m — bugat]s + kuyy =0, (1)

which is a combination of the KP equation and the BBM equation and was deduced when Wazwaz [1]
studied the BBM equation in the sense of the KP equation. The KP equation was introduced in order to
discuss the stability of tense waves to perpendicular horizontal perturbations [2]. The BBM equation has
been proposed as a model for propagation of long waves where nonlinear dispersion is incorporated [3]. Up
to now, researchers have succeeded in applying several methods to study the KP-BBM equation and getting
some results. Wazwaz [1] obtained some periodic solutions and solitons solutions by using the sin-cosine
method and the tanh method. In addition, Wzawaz [4] used the extended tanh method to obtain some
exact solutions. Abdou et al. [5] got some periodic wave solutions, solitary wave solutions and triangular
wave solutions by using the extended mapping method with symbolic computation. Song et al. [6] employed
the bifurcation method of dynamical systems to investigate bifurcation of solitary waves.
In this paper, we consider the following generalized KP-BBM equation

(™)t + (™) — a(u™ e — b(u)zat]e + k(u™)yy =0, (2)

where a, b, k are constants, n, m are positive integers and m,n > 1. Specially, when m = n = 1, (2) becomes
(1). Tang et al. [7] studied travelling wave solutions of (2) with parametric conditions of n > m > 1 by
bifurcation theory of dynamical systems. The goal of this paper is to obtain the rational solutions, the
periodic solutions and the hyperbolic function solutions of system (2) by applying the G’/G-expansion
method and the first integral method. The G’/G-expansion method was first presented by Wang [8] which
can be used to deal with all types of nonlinear evolution equations. From then on, the G’/G-expansion
method has been widely used, for example, Ozkan Guner et al. [9] used the method to obtain exact
soliton solutions of nonlinear fractional density-dependent fractional differential equation with quadratic
nonlinearity and nonlinear fractional approximate long water wave equation. The first integral method was
first proposed by Feng [10] for obtaining the exact solutions of Burgers-KdV equation which is based on
the ring theory of commutative algebra. It has been applied to many nonlinear evolution equations, for
example, M. Eslami et al. [11] considered the resonant nonlinear Schrédinger’s equation with time-dependent
coefficients by employing the first integral method and obtained the exact solutions of the equation.
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2 The G’/G-expansion method to the generalized KP-BBM equation
Let us assume that the solutions of (2) take the form
u(z,y,t) =u(§), &=kix+hy+Ait, (3)
where k1,11, A\1 are constants. Using the transformation (3), (2) becomes
(k1hy + k7 + Ki3) (™) — aki(u™ )" — bk (u™) M = 0.

Integrating the above equation twice and letting the first integral constant be zero, hence, we have the
following ODE

"

(kid1 + k7 + kIDu™ — akiu™ ™ —bAES (u™) =g, (4)

where g is an integral constant and ”’” is the derivative with respect to £&. We assume that (4) has solutions

as the following form [12,13]
a\"
wo=0(%)

where D is a non-zero constant which will be determined later. N is determined by balancing the linear
term of the highest order derivatives with the highest order nonlinear term of (4) and G satisfies a second
order constant coefficient ODE

G (€) +AG (&) + uG(€) = 0, (5)

where A,y are constants that need to be determined later. Considering the relationship between m + 1 and
n in (4), there are the following two cases.

21 m+1>n

Balancing (u")” with u™ ! of (4), we have nN +2 = N(m + 1), that is N = 2/(m — n + 1). Therefore,
the solutions can be written as

2
G\ GimnD
wo=n(G)" ©
Then, we obtain
GI 2n S G 2(m+ii
n n < m—n+ m+1 m41 G n—n
u =D (G) , U =D (G)
—2n__ 49 I\ 22—+l
N 2n n 2n G\ it 4in G\ m—n+l
= D | —= ——— + DA =
(") m-—n+1 [(mfn+l+ )(G +(mfn+1+ ) G

2n

2n Nleat== 4n G\ e
" (2 = e | =
Jrm—n—i—l( M+>\)(G> Jr(m—n—i—l )AM(G

2n 2 (G o 2
om0 (%) |

Substituting the above formulas into (4) and collecting all terms with the same order of G’/G together,
we can convert the left-hand side of (4) into a polynomial in G’/G. Then, setting each coeflicient of each
polynomial to zero, we derive a set of algebraic equation for A\, u and D.

3 2n 2n n 2 ym4l




2n
e |
)\ m—nt1
(% ) coefl:

2n 4n
—bA1 K} DAD" =0 8
11m—n+1(m—n+1+ ) ’ (8)
2n
,\ m—n+t1
<%> coeff:
2n 2 2\ 1 2 2\ Hyn
—bAikS (———)2(2u + A)D™ + (Aik1 + ki + KI3)D™ = 0. 9
k() @+ XD A (ks + ki A kL) 9)
According to the situations that whether # land —= n+1 — 2 are equal to zero, we need to consider
the cases as follows.
Case 1. m—22+1 —1+#0 and m—22+1 —2#£0 (le.n# mT'H and n # mT'H)

2n_q
o\ "t
o3 coeff:

3 2n 4n n
— — DAuD" = 1
bA1k1 — 1( e YA 0, (10)

2n 2n
—bAi kS —)u?D" = 11

g=0. (12)

Solving the set of (7)-(12) , we have

b>\1k1m n+1(m n+1+1)>m n+1 ' (13)

A=p=0, ¢g=0, Mk +ki+kl}=0, D:( v
1

Substituting (13) into (5) and (6), we can obtain the the rational solutions

—b>\ k3 2n 2n + 1 mflinﬂ ﬁ
() = ( 1k gt (s ) < Ch > + 7 (14)

ak% Ci(kiz + liy + Mit) + Co

where C1, Cy are arbitrary constants. The solution u(z,y, t) is presented in Fig. 11 at the end of this paper.

2n _ . _ m+1
Case 2. m—n+t1 1=0 (l.e. n = T)
2n g

,\ m—n+1
(%) coeff:

2n 4n
—b\ KD —DAuD" —g=0 15
G o D g=0, (15)

2n 2n
—bAk}
! 1m—n—i—l(m—n—l—l

—1)p*D™ = 0. (16)

Solving (7)-(9), (15)-(16) and combining n = mTH , we can derive
Aki + K + ki3 —2bAK >
9= MKT ak? (7



Substituting (17) into (5) and (6), then, (5) thus becomes

Mk1 + k3 + k2
G" — = |G =0.
+ ( Qb>\1k?

A1k +k3+kl13

Considering the relationship between = S and zero, we have the following results in the end.
1

A1 k1 +k]+kIS
I. Tk < 0

We obtain the hyperbolic function solutions

ki + K3+ kI3 >
u(:c,y,t):( R ak; 1)
1

2y 2N 1/2 2, 2N 1/2 -
Cs3sinh (%ﬂ;ll) (kiz + liy + Ait) + Cacosh (%ﬁigvll) (kix 4+ liy + Ait) (18)
18
2 2\ 1/2 . 2 2\ 1/2 ’
C'3 cosh (%) (kiz + liy + A1t) + Cysinh (%) (k1 + iy + Ait)
where C3, Cy are arbitrary constants.
M ki+k2+E1?
II. 2= 2le11ch L >0
We obtain the hyperbolic function solutions
1
(g t) = kiR RN
ay7 - ak%
2 2\ 1/2 2 2\ 1/2 -
—CJ5 sin (%’:gkll) (kix + liy + A1t) + Cs cos (%’W) (k1 + liy + A1t) (19
19
2 P 1/2 . 2 D) 1/2 ?
Cs cos (%’%kll) (kiz + liy + Ait) + Ce sin (%’%Ml) (kiz + liy + A\it)
where C5, Cs are arbitrary constants.
M k1+k2+El1?
We obtain the rational solutions
WALk 2 c »
—2bA1k7 | 7 "
’ 7t =\ 32z ’ 20
u(x y ) ( ak% ) <C7(k:1x+l1y+)\1t)+08) ( )

where C7,Cg are arbitrary constants. The solutions (18), (19) and (20) are presented in the following
figures.

Fig. 1: The solution (18) for t =0, Fig. 2: The solution (19) for t =0, Fig. 3: The solution (20) for t =0,

a=b=L1k=h=k=1, a=-1b=1n=3m=3, a=b=1k=h=k=1,
A =—-1,n=3m=28, ki=lhi=M=k=1, A =-2,n=3m=28,
Cs =2,04 = —1. Cs =Cg = 1. C7=1,Cs =0.
2 : 1
Case 3. =5 -2=0(en= mEl)

2n ( 4n B
—-n+1l m—-—n+1

—bAL kS DauD™ =0, (21)
m



2n 2n

—1)u?D" —g=0. 22
—n—l—l(m—n—l-l ),u 9=0 ( )

—bA kS
m

Solving (7)-(9), (21)-(22) and substituting n = " into the results, we get

Am0, go SRMARLRDT kR R, (6bARE (23)
’ 16ak? ’ 8bA1 k3 ’ ak? ’

Substituting (23) into (5) and (6), similarly, we have the following three cases.

ki A +kZ+kl12
1. TR <0

We obtain the hyperbolic function solutions

1
3(kih1 + k3 +KI3)\ "
t =
gty = (MR
2
1/2 1/2 B
Cosinh (B2 (kw4 Ly + at) + Cro cosh (B2 (ko 4y + )
- = (24)
24272\ 1/2 . 2. 12\ 1/2 ’
C cosh (%’;12—;%) (kiz + liy + A1t) + Ciosinh (%’;igﬁl) (k1z + liy + A1t)
where Cg, C1o are arbitrary constants.
ki +kZ+kl2
11 W >0
We obtain the hyperbolic function solutions
2 2\\ »
u(x t) _ _3(k1)\1 +k1 +kl1) "
7y7 - 4ak%
2
1/2 1/2 o
—(C118in (%}W) (k1a7+l1y+)\1t) + C'12 cos (%W) (klzr—l—lly—l—)\lt)
= L (25)
Ky Ay k2 +ki2\ /2 (kA kI R2) /2 ’
Ch1 cos (%) (kiz + liy + Ait) + Ci2sin (%}gl) (k1z + liy + Ait)
where C11,C12 are arbitrary constants.
ki +k2+k12
I1I. W =0
We obtain the rational solutions
GbAL kS \ ™ C g
—ObA1IRT \ ™ 13 "
Y, t) = , 26
u@vt) ( ak? > (Cls(kllr +hy + Mit) + C14) (26)

where C13,C14 are arbitrary constants. The solutions (24), (25) and (26) are presented in the following
figures.

Fig. 4: The solution (24) for t =0, Fig. 5: The solution (25) for t =0, Fig. 6: The solution (26) for t =0,

a=b=L1k=h=k=1, a=b=1n=3m=s5, a=b=1k=h=k=1,
AM=-1,n=3m=25, ki=h=M=k=1, A =-2,n=3m=25,
Cog=2,C10o=—1. C11 =Ci12=1. C13=1,C14 =0.



22 m+1=n
In this condition, (4) thus can be converted into
(kid + kT + klf — ak)u™ — bAkS (u™) = g.

Obviously, we have the exact solutions as following cases.

kiXi+ki+kli—ak?
Case 1. e < 0

kyag+E2 412 —ak? \ /2
( 2 1+b;+k371 1) (krz+liy+Ait)
u(z,y,t) = |Cise tH1

2002 a2\ /2
sonae (Y i g
16
ki1 + k3 + ki — ak?

3=

(27)

ki A +k?+kl2—ak?
Case 2. oS >0

kidi + k2 4+ k2 — ak2\ V2
u(z,y,t) = {017COS< s lb)—\’_k; 2 1> (k1z + Liy + A\it)
oAk

|=

kidi + k3 + ki? — ak?

1/2
. g '
c k l At . (28
+ 1ssm( e ) (k1z + by + Aat) + k1>\1+k%+kl%—ak%] 29

k1A1+krf+k:l?—akf _
Case 3. Tﬂc? =0

1
n

u(z,y,t) = [ﬁ(/ﬂw + iy + Mit)? + Cro(kiz + liy + Ait) + Czo] ) (29)

where Cis, ..., Cao are arbitrary constants. The solutions (27), (28) and (29) are presented in the following
figures.

Fig. 7: The solutlion (27) for t = 0, Fig. 8: The solution (28) for t = 0, Fig. 9: The solution (29) for ¢t = 0,

a=b=1n=3m=2, a=b=1k=h=k=1, a=1Lb=%1k=h=k=1,
ki=hh=M=k=1, A =—-1n=3m=2, A =—-1n=3m=2,
g=0,C15=0C16 =1 g=0,Ci7=C15 =1 g=1,C19=1,Cz = 0.

3 The improved G’/G-expansion method to the generalized KP-BBM equation
In order to obtain closed form solutions, we let ¢ = 0 and use the transformation
u() = v (), mAl#n,
which will reduce (4) into the following ODE

2n ( 2n
—-n+1"m-n+1

(kidi + k3 + kiD)o? — akiv* — bAlki”m — D)+ bAlki’m 2n

"o
e =0. (30)



Suppose that the solutions of (30) can be expressed by a polynomial of G’ /G as follows

v(§) = ﬁ:oa (GGI) (31)

where a; are real constants with ay # 0 and G = G(§) satisfies (5). N is a positive integer which can
be determined by balancing the highest order derivative term with the highest order nonlinear term after
substituting (31) into (30).

Balancing vv” and v* of (30), we have N + (N +2) = 4N, i.e., N = 1. Therefore, (31) can be rewritten
as

W= (S). -

Combining (5) and (32), we deduce

e\

I

|

Q

S
7 N
QlQ
N———
(V]

|

>

Q

8
7 N
Q
N——

I

=

Q

8

Iel
v = 2a; (g)g + 3\a1 2,)2 + (Na1 + 2pai1) (%) + Apa,
v’ =a} (g)z + 2apa1 (%) + ad,
vl (g) + davd (2)3 + 6a2a? (g) raador (5

and

7\ 4 7N\ 3 N 2 ,
(v’)2 =a? (%) + 2Xa? <%) + (Qua% + )\2af) (%) + 2/\,“@% (%) +M20%,

G! 4 G 3 G 2
w” =247 [ =) 4 (2a0a1 +3Xa}) [ = ) + (3raoar + A%af + 2ua?) | =
G G G
!

G
+(Apai + Naoar + 2uaoar) (E) + A\paoai.

Substituting the above v?, v*, (v/)? and vv” into (30), collecting all terms with the same powers of G'/G
and setting each coefficient to zero, we have a system of algebraic equations for ag, a1, A and u as follows.

(%)4 coeff:

2n 2n 2n
—akial — bkial —1) + 2\ kSl ———— =
arra 11alm—n—l—1(m—n—|—1 )+ 11alm—n—l—l 0,
N
(%) coeff:
“dakPaga® — Al —2" (— 2"y Lok —2"(2apar + 30aZ) = 0
1ot e l'm—n+t1 Y ot =
N2
(%) coeff:
—6akiagal — b1k} 2n ( 2n —1)(2pal + Xai)
1707 llm—n—l—l m—-—-n-+1 #a1 L
2
oAk —""(3Xaoar + N2a? + 2ua?) + a2(Miky + k2 + KiZ) =0,
m-—n-+1
(%) coeff:

2n 2n
—dak?adar — 2b i ukia’ -1
ak1aoa1 1M1a1m—n+1(m—n—|—1 )
ITSW*
m

+H(Aua? + aoa1A\? 4 2a0a1p) + 2a0a1 (M k1 + k3 + kIT) =0,



(%)O coeff:

3 2 2 2n 2n 3 2n 2 2 2\ _
CLle(IO b)\]kl/J a1 _n+1(m_n+1 1)+b)\1)\,uk1aoa1m_n+1 +a0()\1k1+k1+kl1)—

Solving the above algebraic system with the aid of Matlab, we have

Av/2abnA1k1(3m — 5n + 3) \/Qabn)\lkrl(?)m —b5n+3)
ag = ) ar = )
2a(m —n+1) a(m—n+1) (33)
W= EAQ, Mk + kI +kl2 =0.

Substituting ap and a1 into (32), which thus can be written as

\/Qabn)\l ki(3m—5n+3) (A &
— . 4
v() = a(m—n+1) 277G (34)
Combining (5) and p = %)\2 of (33), we derive
G A C21
= 24 Ter 35
G 2" C21§ + C22 (35)
Substituting (35) into (34), finally, we obtain the rational solutions
\/Qabn/\l k1(3m —5n + 3) < Co1 > mont
Y, t) = , 36
u(,9,t) alm—n+1) Co1(krz + L1y + Mit) + Ca22 (36)

where Co1,Ca2 are arbitrary constants. The solution u(z,y,t) is presented in Fig. 12 at the end of the
paper.
4 The first integral method to the generalized KP-BBM equation

For simplicity, we propose a transformation u = wmfriﬂ , (m+1# n). Then, (4) is reduced to

2n 2n

Atk + kT + KIT)® — akip® — A1k} — 1)
(Ak1 + ki + kl7)e” — akip 11m—n+1(m—n+1 )
2n -
—bA kS —— " — gp® Tt = 0. 37
I R 4 (37)
Let x = p,y = dg , (37) is equivalent to the two dimensional autonomous system
/I
T = y»
) Oubitkikid)e? —akte! —go® moitl ERFT _bA kS 2 (2 1)y (38)

3 2n
b1 kY P

Making the transformation dn = 38) thus becomes

d§ (
b1 k3 7m,72:+1 x’

{d“ ok T (39)

Y — (\1ky + k3 + kI3)2? — akiz* — ga 2= mdna bALkS mi%(mfi:_‘_l —1)y%

Then, we apply the Division Theorem'® to seek the first integral of system (39). Suppose that x =
xz(n),y = y(n) are the nontrivial solutions to (39), and p(z,y) = ao(z) + a1 (z)y is an irreducible polynomial
in C[x,y], where ai(x), (i = 0,1) are polynomials of z and a;(z) # 0. Let p(z(n),y(n)) = 0 be the first



integral to system (39). 5 @ is a polynomial in z, y and %Zn)|(39)

there exists a polynomlal g(m) + h(x)y in C[x,y], such that

= 0. According to the Division Theorem,

dp <8p dz Lo Op dy)
dn (39) Ordn Oydn (39)
2n
= [ap(z) + al (2)y] b)\lszmxy
- 3 2n 2n _ 2
+ ai(x) [(A1k1+k1 + klD)z® — akiz® — g2® + bAlklm—n—i—l(m—n—&—l 1)y”|(40)

= [9(z) + h(@)y] [ao(z) + a1 ()y].

Comparing the coefficients of y* on both sides of (40), we have

2n 2n 2n
DAk} ————za)(z) = h bA1kT —1 41
Pl (1) = h@ar (@) + 0k (P (a), (a1)
b)\lk?m—277771,—|—1ma6($) = h(z)ao(z) + g(x)ai(x), (42)
_ 2 2\ 2 2 4 2 —2n
g(z)ao(z) = [(Alkl + ki + kl7)x” — akiz™ — gx M*"H} ai1(x). (43)
According to (41), we deduce that ai(x) is a constant and h(x) = —b\1k} p— n+1( 22 —1). For
simplicity, taking ai(z) = 1. Balancing the degrees of g(z) and ao(z), we can deduce that deg(g(x ) =
deg(ao(x)). Since ap(x), g(as) are polynomials and m,n € NT, we derive that only when 2 — m—QZ—‘,—l =0,
2— mfinrl =1land2— m = 6, there exists exact solutions. Therefore, there are three cases as follows.
41 2- 20 =0
(37) becomes
ikt 4 k2 4 ki2)p? — akdo® — bkl — 2 (2 2 a2 o g =0
m-n+1l'm-n+1 m—n+1 ’
Substituting 2 — m = 0 into (41)-(43), so, we can have the following expressions
201 kizal (z) = h(z)ar (z) + 2bM1 ki ar (), (44)
201 ki zah(z) = h(z)ao(x) + g(x)ar (z), (45)
g(z)ao(z) = [(Alkl + k3 + klD)2® — akiz® — g] ai(x). (46)

Accordingly, we deduce that a1(x) = 1, h(z) = —2b\1k} and deg(g(z)) = deg(ao(z)). Then, from (46),
we derive deg(g(z)) = deg(ao(x)) = 2. We suppose that

ao(x) = Ao+ A1z + Asa®, (A2 #0). (47)
Combining (47) and (45), we derive that
g(x) = 2bM\1 K3 (Ao + 2410 + 3A227), (48)

where A;, (i = 0,1,2) all are real constants that will be determined later. Substituting (47), (48) and
ai1(x) = 1 into (46) and setting all the coefficients of powers x to be zero which allows a system of nonlinear
algebraic equations to be obtained. Solving the system equations, we can get

—g —a 3(Mik1 + k2 + ki3)?
R VTS W= R 6ok T 16ak2 (49)
Using the conditions (49) in p(z,y) = ao(x) + a1(x)y = 0, we obtain
-9 —a 2
= . 50
Y qE\/2bA11cif + \/abAlkl’” (50)



Combining the transformations dn = and z = p,y = dd—‘g, (50) can be converted into

dg
26X\, k3w

de -9 —a 2
dE \/sz11<:§ * \/Gbxlklw '

Solving this first order ODE, we have

_ 39 [ a9
(P(é) =+ ak% tan ( 1262/\%16% (5 + 023)) s
©) =739 tanh (| —29__(¢ + )
P T k2 1262\2k2 24) )

Finally, we obtain the exact solution

and

e

39 ag

t) = —= t —— ((k l A1t

) = |5 2 van ([ (o by + 1>+c23>)} ,
and

2
39 ag "

t) = —= tanh ——((k l t
o) = || 2t ([ 1m+1y+xl>+024>)} ,

where Ca3, Cay are arbitrary constants. The solution u(z,y,t) are presented in Fig. 10, where the formula
of u(x,y,t) are that with plus signs.

2n _
42 2- 2 =1

Now, (37) becomes

2 2y 2 2 4 3 2n 2n 2 3 2n 7 o
(Mk1 + kI + klY)p” —akip bAlklm—n—&—l(m—n—l—l I8l b)\lklm—n—i—l(p(p gp = 0.
Similarly, we can get
b ikizal (z) = h(z)ai(z) + bhikias (z), (51)
b1k zag(z) = h(z)ao(x) + g(z)as (), (52)
g(z)ao(x) = [(Alkl + k3 + k)2 — akiz®t — gfc} a1 (x). (53)

Then, we derive that h(z) = —bA\1k}, a1(z) = 1 and deg(ao(z)) = deg(g(x)) = 2. Thus, we suppose

ao(x) = Ao+ A1z + Asa®, (A2 #0). (54)

10



From (52) and (54), we have
g(x) = bAKS (Ao + 2412 + 3422?),

where A;, (i = 0,1,2) are all real constants that need to be determined later. We substitute ag(z), a1(x)
and g(z) into (53) and compare all the coefficients of powers x of the both sides of (53). After setting them
to be zero, we can have a system of nonlinear algebraic equations. By solving these equations, we derive
the corresponding solutions as follows

= _7& = = = 2 2 =
Ag = i“ e Ap = A1 =0, g =0, k1 4+ ki +kl7 =0. (55)

Using the conditions (55) in p(z,y) = ao(x) + a1(x)y = 0, we obtain

_ —a_
AT W %)

According to dn = M‘jﬁ and z = ¢,y = i—‘g, (56) can be reduce to
1

dp —a o
€ " TV 3k Y (57)
e(§) = (i\/ 3b)\1k1£+025> .

Therefore, we obtain the rational solutions

Solving (57), we have

—a T

u(l‘>y7t) = (:l: 3bA1k51 (k1x+l1y+A1t)+025) )

where Cas is an arbitrary constant. In addition, we find the figure is similar to Fig. 3 when letting ¢ =
0,a=0b= %,kl =l =k=1)X1 =-2,n=3,m=8,C25 =0 and taking the plus sign.

43 2——2n_—g

m—n+1
Accordingly, (37) is reduced to

2n 2n 2n

(Mik1 + KT+ BiT)@® — aki® —bAaki —= G 1)p" — bhkfmw” —go° =0.
Similarly, we have
—4bMi Kk zal (x) = h(z)ai () + 200\ k3 ar (x), (58)
—abMi K zag(x) = h(z)ao(z) + g(z)ai(z), (59)
g(x)ao(z) = |(Mk1 + ki 4 ki})a? — akiz® — ga®| as(2). (60)

Then, we derive that h(z) = —20bA1k%, a1(z) = 1 and deg(ao(z)) = deg(g(x)) = 3. Thus, we suppose
ap(z) = Ao + A1z + Agx® + Az, (As #0). (61)
From (59) and (61), we derive that
g(x) = 4bM K3 (5Ao + 4A1x + 3A2z” + 2A32°), (62)

where A;, (i = 0,1,2,3) are real constants which will be determined later. Then, we can also obtain a
system of nonlinear algebraic equations. After solving that, we have

k1 + k2 + EkI2 —g —2a2k‘11
Ag=A2=0, A1 =4y—L "L  A3=4 = . 63
o= A= A TN wEEE AT ey S
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Using the conditions (63) in p(z,y) = ao(x) + a1(x)y = 0, we obtain

>\1k1+k%+k’l%$ v
160Kk T\ 8ok

(64)

According to dn = ﬁﬁk% and =,y = i—‘g, (64) can be reduce to
1

d(p k1 + k2 + le
de _ 65
a€ T TN oA k3(p (65)

Solving (65), we have

_1
—2g SRR R
=4+ (+,/—z C 2 b1k . 66
( \ Mk Tk R T OC 1 (66)

Substituting (66) and 2 — —= n+1 =6 (ie.n=2(m+1)) into u = gomjwl, thus, we obtain the exact
solutions

N

A k1+k3+k12

2 3
+ Cage” 2V

L T (ka4 A1
(kro+ly+ t)) ’ ©7)

D=+ |+ /— —=

where Cae is an arbitrary constant. The solution u(z,y,t) is presented in the Fig. 13, where the formula of
u(x,y,t) is that with plus signs.

e g3

v -0 -10 R -0 -10

Fig. 11: The solution (14) for t =0, Fig. 12: The solution (36) for t =0, Fig. 13: The solution (67) for t = 0,

a=b=1ki=h=k=1, a=b=4,ki=h=k=1, a=b=4,n=6m=2,
)\1:—2,7123,771:4, )\1:—2,n:m:3, klfllf)\l—kfl
Cl =1,02:0. 02121702220. 02621.

Remark : In the subsection 4.1, 4.2 and 4.3, when we let a1(z) = Az*, (i € N*,i > 1, A is a constant),

accordingly, we can find the corresponding h(z). However, the final solutions u are the same as those we
obtain in the subsection 4.1, 4.2 and 4.3.

5 Conclusion

In this work, the G’ /G-expansion method and the first integral method were successfully used to estab-
lish the exact solutions of the generalized KP-BBM equation. The rational solutions, the periodic solutions
and the hyperbolic function solutions are obtained under some parametric conditions. As far as we know,
the solutions that we found are new solutions that are not found in other papers, such as the literature [7].
Certainly, the solution of system (2) should be studied further, which will be left to a further discussion.
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