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Abstract

In this paper, a new lifetime model called Kumaraswamy exponentiated U-quadratic (KwEUQ)
distribution is proposed. Several mathematical and statistical properties are derived and studied
such as the explicit form of the quantile function, moments, moment generating function, order
statistics, probability weighted moments, Shannon entropy and Renyi entropy. We also found
that the usual maximum likelihood estimates (MLEs) fail to hold for the KwEUq distribution. Two
alternative methods are suggested for the parameter estimation of the KwEUq, the alternative
maximum likelihood estimation (AMLE) and modified maximum likelihood estimation (MMLE).
Simulation studies are conducted to assess the finite sample behavior of the AMLEs and MMLEs.
Finally, we provide application of the KwEUq for illustration purposes.

Keywords: Kumaraswamy-G distribution, Exponentiated U-gadrtic distribution, Moments, Maximum
likelihood estimation.
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1 Introduction

In statistical modeling, problems that occur in practical applications encountered researchers to
propose new models, so that lifetime data set can be investigated better. In another word, there
is a high need to introduce useful models to analyze the real-life phenomenon which arise in physics,
medical science, computer science, industry, communication, biology, engineering, and public health,
among others. For example, the well-known classical distributions such as exponential, Weibull are
not able to show wide flexibility in modeling data with U-shape or bimodal density.

The method of generalization of distributions by the Kumaraswamy-G generator proposed by
[1] is one of the popular techniques in distribution theory and was considered by many authors in
recent years. For instance, the Kumaraswamy-Weibull distribution [2], Kumaraswamy binomial [3],
Kumaraswamy generalized gamma [4], Kumaraswamy-Gumbel [5], Kumaraswamy generalized half-
normal [6], Kumaraswamy log-logistic [7], Kumaraswamy-Birnbaum-Saunders [8], Kumaraswamy
inverse Weibull [9], Kumaraswamy double inverse exponential [10], Kumaraswamy power series
[11], Kumaraswamy-Pareto [12], Kumaraswamy generalized linear failure rate [13], Kumaraswamy
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exponentiated Pareto [14], Kumaraswamy quasi-Lindley [15], Kumaraswamy generalized Pareto [16],
Kumaraswamy-Burr XlI distribution [17], Kumaraswamy generalized exponentiated Pareto [18], Kumaraswamy
generalized Lomax [19], Kumaraswamy geometric [20], Kumaraswamy half-Cauchy distribution [21],
Kumaraswamy generalized Rayleigh [22], Kumaraswamy-Dagum distribution [23], Kumaraswamy
inverse Rayleigh [24], Kumaraswamy inverse exponential [25], Kumaraswamy -Kumaraswamy [26],
Kumaraswamy transmuted exponentiated modified Weibull [27], Kumaraswamy odd log-logistic [28],
Kumaraswamy skew-normal [29].
The Kumaraswamy-G generator of distributions is defined according to [1] as follows.

Definition 1.1. Let G(z) be any base line cumulative distribution function and g(z) be the density
function corresponding to G(x). Let A\, § > 0, then, the cumulative distribution function (cdf) and
density function of the Kumaraswamy-G generator of distributions satisfy the relationship

F'z)=1-[1-Gx)")°. zeR (1.1)

and
fi(@) = Mg(@)G(x) 1 - G@))"!, zeR (1.2)

respectively.

In this case, let the baseline distribution G(z) be the cumulative distribution function of the
exponentiate U-quadratic (EUq) distribution proposed by [30], given by
a\?

Ga)=(5) (@=8°+ (-, @E ] (1.3)

where 0 > 0 is the shape parameter, a the lower limit, b the upper limit and a € (—o0, >0), b € (a, ),

a € (0,00), and 8 € (—oo, 00) such that a = ﬁ and 8 = L2, The density function of EUq is

g(x) = 03"z — B)*((z — B)* + (B —a)*)"™", @E(amb] (1.4)

The main objective of this paper is to propose a new probability model called Kumaraswamy
exponentiated U-quadratic (KwEUQq) distribution and study some of its important mathematical and
statistical properties. In addition, to investigate the parameters estimation and its application to real
data.

The rest of the paper is organized as follows. In section 2, the KwEUq distribution and some
important properties are discussed. In section 3, the parameters estimation via alternative maximum
likelihood and modified maximum likelihood estimation methods are presented. Application of the
new model to a real data set is provided in section 4. Conclusions are given in section 5.

2 The KwgEUqg model

The cumulative distribution of the kumaraswamy exponentiated U-quadratic (KwEUQ) distribution can
be defined by substituting (1.3) into equation (1.1), thus

oA g
Fa)=1-[1- (5)" (@-p7+ -0 . o @)

and the corresponding density function is

6—1

@) = 53063 = (= 9+ (5 - ) 1= (5) " (= + -]
z € [a,b] (2.2)
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where 6, A > 0 and ¢ > 0 are the shape parameters. The survival function s(x) and the hazard rate
function h(x) of the KwEUq distribution are respectively given by

«

@)= (1-() " @-p + 80", el @3)

6—1

O i Gt e Gal A [1-(3)" (@ =8+ (8- a)*)]
(1= () (=87 + (5 - 0p)»)

(2.4)

Figures 2, 2 and 2 display the plot of the cumulative distribution function, probability density
function and hazard rate function of the KwEUq distribution for some parameter values.

Special Cases :
The special cases of the KwEUq distribution for some selected parameters values are:

1. When § = 1, we obtain Exponentiated U-quadratic (EUQ) distribution with power parameter
O

2. Ifwe take § = 1 and A\ = 1, we also obtain Exponentiated U-quadratic (EUq) distribution but
with power parameter 0 [30].

3. Setting 6 = 1, we get Kumaraswamy U-quadratic (KwUq) distribution.
4. If 6 =1,A=1and§ = 1, we get U-quadratic (Uq) distribution.

= 6=0.3, A=0.5, 5=0.2 = 6=3.0, A=0.5, 5=0.2

= 0=1.2,A=20,5=2.3

00 05 10 15 20 25 30 00 05 10 15 20 25 30 00 05 10 15 20 25 30

0 0) (i)
Fig. 1. Plots of the cumulative distribution function of the KwEUq distribution for some
different values of parameter.

2.1 Quantile and Moments

The quantile function of the KwEUq distribution can be obtained by inverting (2.1) and can be used
to determine some measures such as median and other percentiles. The quantile function can also
be used to generate a random data which follow according to the KwEUq. The quantile function of
KwEUq distribution is

(1 \1/641/6A
ap) = | L= (5)) e ) (2.5)
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Proposition 2.1. LetY ~ U(0,1), then X = i/(lfﬂf
with KwEUq(6, \, 6, a, b), where U(0,1) is uniform distribution.
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Fig. 3. Plots of the hazard function of KwEUq distribution for some parameter values.

()

Lemma 2.1. Forw, w2, ws and ws € R, let

J (w1, we, w3, ws) = /

X

b

x Y2 ((z —

“Ha - B)
(5)" (@

a

1-—

y)1/5)1/9)\

_ 5)3 + (6 _ a)S)GA

— (B — a)3+p is the random variable

The following lemma 2.1 is very useful in computations of several important properties of the

B +(B—a)’)™

wq

dz, (2.6)
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then,

P X2 x> bw1+k+1 _a’w1+k+1

J(w1, we, w3, ws) = ZZ;O‘PM [ o T EL1 ) (2.7)

=0t

where @, (1) = (1) (V3H02) (V27%) (= 1)t 8tk fAigm o guat itk (g g)3(watOri=)
and z € (a,28 — a) N (=5, B).

Proof. First, consider

b
J (w1, ws, w3, we) = / s (@ — B) ((w— B)° + (B — a)*)"

{1 - (%)m (x—B)°+ (8- a)S)‘“} . i (“4) (1)’ (%)W (¢ — B)* + (8 — @)*)da
=0
we obtain
ooz un,ws) = 3 () (1'ag / (@ = )@ - B + (8 — ),

i=0

Similarly, by the expansion of

—a)? = — B)3)ws—ON _ _a3(w370)\i) G wa+OXAi z—f 3
(B-a)+ (@~ 5)°) (8-a) 2 (" )(ﬁ,a)

for [2=2| < 1, we have

J(w1,UJ2,U}3,U)4 — ZZ w3+9>\1 1)1'0[6)\1'3—&%1'(6 _ a)3(u73—9)\i)

1=0 t=0

b wi
€T _ p\wa2+3t
></a 7(5—0)3’5(% B) dz.

Expanding
.CIZ' wo+3t
(o — B+t = (— gyt (1 ()
B
i w2+3t w2+3t—kxk
k=0
for [ 5| <1, we obtain

co oo
w3+9)\7, w2+3t i+wo+3t—k OAiqg—0Ai qwa+3t—k
E E S(=1) a3 B8

t=0 k=0
. b
« (B _ a)3(1ﬂ3+9/\17t)/ l'w1+kdl‘.
a

Finally, by integration, we arrive at

Mg

J (w1, w2, w3, wa)

I
<}

[
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co oo o bw1+k+1 7CLw1+k+1
J ’ ) ) @ )
(o wson) = 32322 u) |
Where q)q,k(t) — (1114) (w3#t»9/\i) (w2;3t)(71)i+w2+:3t7k060)\i379)\iﬂw2+3t7k(5 _ a)3(w3+9)\i7t). O

Table 1provides some numerical values of J(w1, w2, ws,ws) With absolute error in parenthesis
for some values of parameters and w1, w2, ws, wa. The values are obtained numerically using
R-software. It is shown that the absolute error is small, thus we can compute other measures with
reliable accuracy.

Table 1: Numerical values of J (w1, w2, w3, w4) for some values of parameters.
a b 0 A ) wl w2 w3 wid J(wl,w2,w3,wd)

00 50 1.0 40 50 7.0 02 05 05 1.9735(2.2e7")
00 50 10 04 50 0.7 02 05 05 1.1965(9.0e?
00 50 15 04 50 07 12 15 25 0.2157(3.7e7®
00 50 15 02 05 1.7 12 15 25 0.0623(6.7e 7

00 50 01 03 18 13 40 15 3.1 0.0815(3.8e"
00 50 31 23 38 93 21 75 6.1 1.0993(1.1e°¢
20 3.0 30 03 08 03 01 05 0.1 1.6828(1.9e %)
50 50 3.0 03 11 03 20 25 1.1 0.3105 (3.4 19)
-10 15 1.9 54 2.0 0.07 02 15 05 1.9765(2.2e %)

( )
e
(

00 50 14 02 12 10 20 15 20 0.1114(3.6e" 7)
(3.8677)
( )

By considering (2.1), we can obtain the ~** moment and moment generating function of the

KwEUq distribution which are very useful in the study of characteristics and features of a distribution.
The 7** moment of the KwEUq distribution can be obtained using

E[X"] = / & f(x)de = 5A6a?31=0 / 2 (x — B)((x — B)* + (B — a)*)™ !

a
6—1

1= (5)" @-pr o=
hence,
E[X"] = %.}(r, 2,0A 1,5 — 1). (2.8)

The moment generating function (mgf) of the KwEUq distribution can be computed directly using
Mx(t) = E[etX] = 3.°° , £ E[X"], thus, by substituting (2.8), we have

r=0 r!

— A0 "
r=0

Corollary 2.2. Let X ~ KwEUq, then the variance ( o2) , coefficient of variation (CV), skewness (+*
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2.2 Entropy

An entropy of a random variable X can be defined as a measure of variation of uncertainty. In this
section, we consider the two most important and popular entropies known as the Shannon and Renyi
entropies. The Shannon entropy measure of a random variable X with KwEUq distribution can be
defined by E[— log f(z)], then, the Shannon entropy of X can be computed by the following.

Lemma 2.3. Let X be a random variable with KwEUQq distribution and pdf given by (2.2), then,

S0 9
Ellog(x — B)] = 3T 5

72N
Bllog((a — 8)° + (8 —a)*)] = 20e 0

O
Bz (1-(5)" (-9 + (6 -0)™ )| = SRS SI0 200 1d 51— Do 211

Proof. We consider the first part

b
Ellog(z — 8)] = / log(x — B)f ()dz

J0,24+¢,07—1,6 — 1)}i—o, (2.9)

J(0,2,0A+t—1,6 —1)|s=0, (2.10)

8 b
=2 [ -8 f@)dlems
_ 6)\60{9>\31_G>\% b(x _ ,B)2+t(($ _ /8)3 + (6 _ a)S)GA—l

6—1

1= (5)" @=pr+ 5= 0] sl
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hence,
SN0 9
Ellog(z — B)] = ?)Miala(](() 24+t,0\—1,8 — 1)|t=o0,
where J(.,.,.,.,.,) is given by (2.7), (2.10) and (2.11) follow similar. O

Proposition 2.2. Let X ~ KwEUq(6, A, 4§, a,b), then, the Shannon entropy of X can be expressed
as

J(0,2 4,07 — 1,6 — 1)]i—o

SA0af? 2600a°* 8
E[—log f(z)] = —log( 300 —1 ) 301 ot

A0 (ON—1) D
— %ag](07276)\+t— 1,5 — 1)‘1&:0
SA0r6—1) @
- %(%J(O 2,0\ — 1,6 +t — 1)|t=0-
Proof.
E[-log f(z) = —E [mg(axea“?f—“)] — 2E[log(z — B)]
— (0A — 1) Eflog((z — B)* + (B — a))]
72N
~6-0e g (1- (5)" (@= 0 + 6 -0
and in view of lemma 2.3, we obtain the result. O

The Renyi entropy of a random variable X is defined by I,y = ﬁ log [fab f(x)pdm] ,Wwhere
p > 0and p # 1. The Renyi entropy of X with KwEUq distribution can be obtained as follows.

/ (e = / NP (@ B (@ — B + (B - 0O

p(5-1)

a\ oA 3 316X
1= (5)" @=+ 5 -a) da.
Applying lemma 2.1, the integral becomes

PN
/ fp dl‘_ 3p(9>\ 1) J(072pap(9>‘_ 1)7p(6_1))

Hence, the Renyi entropy of X is

1 5P APGP PN
[R(p) = 1—p lOg |: 3p(0A—1) ‘](07 2/3’ p(eA - 1)7p(6 - 1)) .

2.3 Order Statistics

Order statistics play an essential role in reliability and quality control. It is also an important tool in
non parametric statistic. Let X1, X2, X3,...,X, be a simple random sample obtained from KwEUq
distribution and let X1.,, < -+ < X,,.»,, be the corresponding order statistics. Thenforj = 1,2,3,...,n,
the corresponding pdf of X] m, say fx;., (z), is obtained as follows. The pdf of the 4" order statistics
can be computed from

fxjon (@50, 8,,0,8) =

107



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

where f(z) and F(z) are the pdf and cdf of KwEUq distribution. we have

(—nm™

FXjon (3305 B, 2,0, 0) = mz oD~y /@ F @Y (2.12)
Binomial expansion of (F(x))/t™~ ! is
_ jtm-1 N sl
F@y = e 1= (5) @ pt -0t e

1=0

Substituting (2.13) into (2.12), we have

et () 1= (5) (@ - B+ (-0
Fx o (@50, 8,0, 6,6) :ZO 3 (g[—1) =T ]

f(@)

Upon some algebraic manipulations, we obtain

. SR S i LG (C TN N ()
Foon(ma 00 =0 D G Tl -l

where f(z;a, 8, X,0,6(1 + 1)) is the pdf of the KwEUq distribution with power 6(1 4+ 1). The moments
of order statistics of the KwEUQq distribution can be obtained using (2.3).

2.4 Probability Weighted Moments
The PWM of the random variable X with the KwEUq distribution, say p, s, is defined by

b
pre = BIXFOX)] = [ @ F* (o) (@), (2.1

where F(z) and f(x) are the cdf and pdf of the KwEUq distribution. By expansion of F*(z) as

s ox u
P = O 1= (5) @ o e -0h] (2.15)
and inserting (2.15) into (2.14), we have
s b Su
pe= > OV [ 1= () @0+ -] s (219

u=0

Often some algebraic manipulations, we obtain p, s as

S u b
pre=32() ((uj)l) / o f (00 B, A, 0, 6(u + 1))dz,

hence,

s

—-1)* 6(u af?
prs=>_(2) ((u i)l) t ;?_Af J(r, 2,00 —1,8(u+1) — 1).

u=0
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3 Estimation

The maximum likelihood estimation (MLE) method is one of the most popular and commonly used
estimation methods for estimating the unknown parameters of a distribution. However, we found that
there is an irregularity in the log-likelihood function of the KwEUq at the minimum and maximum
order statistics, thus, the usual maximum likelihood method fails to exist. Thus, the use of alternative
maximum likelihood estimation (AMLE) and modified maximum likelihood estimation (MMLE) are
employed.

3.1 Maximum Likelihood Estimation

Let X1, X2, X3,..., X, be an independent and identically distributed random sample from KwEUq
distribution and let X1., < --- < X,.n, be the order statistics from this sample. Let © = (5,0, \)T
and let the approximate maximum likelihood estimates be Oz = (4,6, A), then, the the likelihood
function 1(©) of KwEUQq distribution for complete data set is given by

logl(©) =nlogd + nlog A+ nlog + OAnloga + (1 — 6\)nlog3

+2 log(e = ) + (02 = 1) Y _log((@: = )" + (8= a)")

#6-0Ytog[1-(5)" (@) + -], 3.1)
The first partial derivative of log I(©) with respect to §, 8 and A are respectively given by
e O) 215 tog [1- (5)” (= + (5 - ") @2)
w = % +nloga — Anlog3 + )\Zlog((mi — B8+ (B -a)®)
~ 2 ; — B)3 —a)®)? In ((2) (zi — B)? —a)®)*
se—py EDE) (@ =5+ (6 - ) I ((5) (@ = 5 + (5~ a)"))
= (1= ()™ (@i =B + (8= )]
(3.3)
PR = 5 0nlogd +0 =) S (s~ 8+ (3~ ))
" (- 2) ((xi — B)? — )N ((2 x; — )3 —a)*)’
LoDy (=D((5) « B) +a(l; )%)) 3 (%)« 3 ef) + (8 —a)?)) .
= [1= ()" (@ = By + (8- )7
(3.4)
We can determined § from (3.2) if the value of a, b, &, 3, A and @ are known,
5= —n (3.5)

S log [1- ()" (@0 = B + (8 - )]
This can be computed by solving (3.2), (3.3) and (3.4), but the following proposition describe the
irregularity of the MLE method.
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Proposition 3.1. Let L(6, )\, 4, a, b|X) denote the likelihood function of an independent and identically
distributed (i.i.d) random sample of size n > 1 say x1,x2, - ,zn, drawn from KwEUq(6, X, 6, a,b)
distribution and leta = X1 < X5, < --- < X,, = b be the order statistics from the sample, then, for
x; = x5 or forz; # x;, the log L(©) diverges at x1 or z,.

Proof. Consider (3.1), at z1, log((z: — 8)* + (8 — a)?) = log(0) = —oo, while at 2.,
log [1 — (7)9A ((zi — 5)3 + (- a)s)ex} — 1og(0) = —oc. -

3.1.1  Alternative Maximum Likelihood Estimation (AMLE)

In the alternative maximum likelihood, firstly we set « = X; and b = X,,. Then we delete all the

data points corresponding to the minimum and maximum order statistics. Then applying the usual
maximum likelihood technique to obtain the approximate alternative maximum likelihood estimates,

say ©anre = (0,6, ) numerically by simultaneously solving (3.6),(3.7) and (3.8) using some mathematical
package such as R-software.

d(logl(®)) n - a\or _
B +¢Z log [1 —(5) (@=B°+ -0 =0 (3.6)
w:%ﬁ-nloga—)\nlogg%—k)\ > log((zi — B)° + (B—a)?)

TiF£T1,Tn

n a 33 Z N I ((2) (2 — B)3 _a)?
voon 3 G- ))) In ((5) (#: = B)° + (8~ @)")

A

=0
sier 1= ()" (@i =By + (8- )"
(3.7)
‘m(i%f\(e))):z_enlog?wr(a—l)w/;w log((zs — B)% + (B — a)®)
n o 23 _a)? 9An @Y ((z: — B)3 _a39
v 3 U@ Eop+G-a) 13((3)« =8P+ (9 " _,
sier [1- ()" (@ =87 + (8- 0)*)?]

3.1.2 Modified Maximum Likelihood Estimation (MMLE)

For the modified Maximum Likelihood, set @ = X; and b = X, then, we shift the data points
corresponding to the minimum and maximum order statistics by introducing appropriate 7, # € R—{0}
such that the new values correspond to =1 and z,, say 21 = z1 +7 and z;, = z» +7. The approximate
modified maximum likelihood estimates, say © a2 = (8,0, \) are obtained setting (3.9), (3.10) and
(3.11) equal to zero and solving them using some mathematical package such as R-software.

Alogl(®) n <& o2
(025()) =357 ;bg {1 —(5) (@i= 8"+ (B = N lar=st,=azs (39)
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8(1022(@)) = % +nloga — Anlog3 + )\;log((m -8+ (8 —a)®)

(D2 (@i = B>+ (B—a)®) " In ((2) (2 — B)* + (B — a)*))
+(6—1) S
Z: [1=(5)" (@ = B + (8 — a))»]

|11:zi‘,zn:w;3
(3.10)
a(logi(e)) =1~ Onlog3+ (0~ 1) Y log((x: — §)° + (8~ a)°)

i=1

S (=D(2) (@i = B2+ (B—a)®) " I ((2) (zi — B)* + (8- a)*))’
+(5—1) -
Z [1=(5)" (@ = B + (8- a))*]

|z1:mi‘,mn:m;‘l .

(3.11)

3.2 Simulation

0,0, 0 x:‘fql:_—:i
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5 Conclutions

We have proposed a new probability model called Kumaraswamy exponentiated U-quadratic (KwEUQ).
Several mathematical and statistical properties are investigated such as the quantile function, moments,
moment generating function, order statistics, probability weighted moments, Shannon entropy and
Renyi entropy. Parameter estimation was achieved by the alternative maximum likelihood estimation
(AMLE) and modified maximum likelihood estimation (MMLE) due to the irregularity found in the usual
maximum likelihood estimation method. The finite sample properties of the alternative maximum-
likelihood estimators (AMLEs) and modified maximum-likelihood estimators (MMLES) are investigated
by simulation studies. The simulation shows that any of the two methods can be used as the initial
choice for the parameter estimation of the KwEUq. Further, we fitted the KwEUq to a real data and
compare the fit with some other existing distributions as measured by Kolmogorov Smirnov test which
show that KwEUq provide better fit than the other models.
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