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exponentiated Pareto [14], Kumaraswamy quasi-Lindley [15], Kumaraswamy generalized Pareto [16],
Kumaraswamy-Burr Xl| distribution [17], Kumaraswamy generalized exponentiated Pareto [18], Kumaraswamy
generalized Lomax [19], Kumaraswamy geometric [20], Kumaraswamy half-Cauchy distribution [21],
Kumaraswamy generalized Rayleigh [22], Kumaraswamy-Dagum distribution [23], Kumaraswamy
inverse Rayleigh [24], Kumaraswamy inverse exponential [25], Kumaraswamy -Kumaraswamy [26],
Kumaraswamy transmuted exponentiated modified Weibull [27], Kumaraswamy odd log-logistic [28],
Kumaraswamy skew-normal [29].
The Kumaraswamy-G generator of distributions is defined according to [1] as follows.

Deflnition 1.1. Let G(z) be any base line cumulative distribution function and g(z) be the density
function corresponding to G(z). Let A, § > 0, then, the cumulative distribution function (cdf) and
density function of the Kumaraswamy-G generator of distributions satisfy the relationship

F'@z)=1-[1-G@=)*)’. zeR (1.1)
and
f*(z) = Srg(x)G(@)* 1 - G@)M*, zeR (1.2)
respectively.

In this case, let the baseline distribution G(z) be the cumulative distribution function of the
exponentiate U-quadratic (EUq) distribution proposed by {30], given by

@)= () (-5 + (B~ BElat (13)

where 9 > 0 is the shape parameter, a the lower limit, b the upper limit and a € (—o0, c0), b € (a, o),
a € (0,00), and B € (—o0, 00) such that o = ﬁg and g = ¥£¢. The density function of EUq is

g9(z) = 03"’ (z — B)*((z — B)* + (B—a)*)’ ™, [a, b] (1.4)

The main objective of this paper is to propose a new probability model called Kumaraswamy
exponentiated U-quadratic (KwEUQ) distribution and study some of its important mathematical and
statistical properties. In addition, to investigate the parameters estimation and its application to real
data.

The rest of the paper is organized as follows. In section 2, the KwEUq distribution and some
important properties are discussed. In section 3, the parameters estimation via alternative maximum
likelihood and modified maximum likelihood estimation methods are presented. Application of the
new model to a real data sel is provided in section 4. Conclusions are given in section 5.

2 The KwkEUq model

The cumulative distribution of the kumaraswamy exponentiated U-quadratic (KwEUQq) distribution can
be defined by substituting (1.3) into equation (1.1), thus

5 )
Fl@)=1- [1 () (@-8r+6- a)s)“] . E%[a (2.1)

and the corresponding density function is

s—1

2 = 36078 - 8 (e~ 6P + (- ) 1= (3)" (@ - o + 5 -a)™]
x €llab] (2.2)
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where 4, A > 0 and § > 0 are the shape parameters. The survival function s(z) and the hazard rate
function h(z) of the KWEUQq distribution are respectively given by

s(z) = (1 - (&) (@-pr+6- a)3)"*) | el (2.3)

and

5300310 (@ — BY2((w ~ B)° + (B - @) [1— (5)™ (@ - B + (8- )|

hie) = ox ¥
(1- () (- o2+ (B -ap)»)

(2.4)

Figures{_ﬂ 2 and 2 display the plot of the cumulative distribution function, probability density
function and hazard rate function of the KwEUq distribution for some parameter values.

Special Cases :
The special cases of the KwEUq distribution for some selected parameters values are:

1. When § = 1, we obtain Exponentiated U-quadratic (EUq) distribution with power parameter
2N

2. If we take § = 1 and X\ = 1, we also obtain Exponentiated U-quadratic (EUq) distribution but
with power parameter 6 {30].

3. Setting 6 = 1, we get Kumaraswamy U-quadratic (KwUq) distribution.
4. If §=1,) =1 and § = 1, we get U-quadratic (Uq) distribution.
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Fig. 1. Plots of the cumulative distribution function of the KwEUq distribution for some
different values of parameter.

2.1 Quantile and Moments

The quantile function of the KwEUQq distribution can be obtained by inverting (2.1) and can be used
to determine some measures such as median and other percentiles. The quantile function can also
be used to generate a random data which follow according to the KwEUq. The quantile function of
KwEUq distribution is

1/3

e (l o p)lfa')lfﬂ-’\ B (ﬁ B a)a s ‘ (2-5)

(%)

@) = |
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) and kurtosis (" ) could be obtain from
v ’ P I . la
Pl Wiy gy M2 Ny ol TUEER
- e (g — WP

! -_4 o +ﬁ £ *’ +3}‘f4
and = Ha au!!‘g i L 1 1
" (p — W)
Itis shown from the table 2 that for a = 0, b = 5, and 6, , 4 are decr :g(i}meﬂrstslxmaments
and kurtosis are decreasing increaslng—decreasfng -« (ii) the variance o, CV, and skewness are

increasing — decreasing - increasing - -

Tabte 2: First six moments, variance (o), coefficient of variation (CV), skewness
and kurtosis -f‘ of KwkEUq for some parameter values and a=0,b=50

a ] e A 4 7
o 'cl 01 3.7925 iﬁf%i 89, % 440,678 217‘5 40 1072598 aam 05216 -1.2295 7.7291

0.15 0.6 0.14 36 2008.19  9860.14 4.1373 0.5621 5.0123
02 D2 02 743962 851216 4.5350 0.6466 2,0012
D4 035 05 monas ms 150 4.5384 0.7410
07 05 08 - - 3.9408 1.4810
10 15 18 3.2180 2.7637
20 25 36 2.6467 5.5101
26 35 58 12,050
40 50 80 § 68.272
80 50 90 55.956

2.2 Entropy

An entropy of a random variable X can be defined as a measure of variation of uncertainty. In this
section, we consider the two most Important and popular entropies known as the Shannon and Renyi

entropies. The Shannon entropy measure of a random variable X with KwEUq distribution can be

defined by E[— log f(z)], then, the Shannon entropy of X can be computed by the following.”
Lemma 2.3. Let X be a random variable with KwEUg distribution and pdf given by (2.2), then,

Ellog(z — 8)] = 5;},%"1 20,248, — 1,6~ Do, (29)
Ellog((z — B)® + (8- a))] = 5;‘1“1 2 70,200 +t-1,6-Dlo, (210)

. [log (1_ (%)9,\ ((m_ﬁ)s_'_(ﬁ_a)s)e,\)] B %"AL_laJ(o,z,ox— 1,64+t — 1o (2.11)

Proof. We consider the first part
b
Ellog(z — f)] = / log(z ~ B)f(z)dz
b
-2 / (@ — B f(z)dzlmo

— 6A0a0A31-—0A_a_/b(x__ ,3)2+t((17 _ﬂ)3 + (ﬁ _ a)3)0>\-—1
ot J,
é—1

<[1-(5)" @-pr+6- 0| dslecs
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hence,
Ellog(z — B8)] = 5’:},%" 2 J(0,241t,6\—1,6 — 1)|1=o0, .
where J(.,.,.,.,., ) is given by (2.7), (2.10) and (2 11) foIIow,,snmllar ]

Proposition 2.2. Let X ~ KwEUq(8, ), 8,a,b), then, the Shannon entropy of X can be expressed
as

S 0 28 M0
E[-log f(z)] = —log ( 3051 ) ~ e

OX =
- Mﬁj(o,z, oA+t —1,6 - 1)lt=0

)
570,24+ 1,63 ~ 1,6 — 1)|e=o

3:?;\ 1
S5 —1) 8
- ’W{_II ) 2.7(0,2,0A— 1,64~ Dlio.
Proof.
E|-log f(z)] = —E [log(é')\an’\31_9"‘)] — 2E(log(z — f)]

~ (62 — 1)Elog((z — B)* + (B — a)®))

~ -8 g (1-(§)" (e - 87 + 5= ]
and in view of lemma 2.3, we obtain the result. (]

The Renyi entropy of a random variable X is defined by Ir() = 1= log [ ff f(w)”da:] ,where
p > 0 and p # 1. The Renyi entropy of X with KwEUq distribution can be obtained as follows.

I " @) = / " 40 o — ) (o — )+ (5 - @)D
p(5-1)
<[1-(8)" @-pr -] e

Applying lemma 2.1, the integral becomes

/ Fo(@ydz = EXOA 10 2p, p(OX— 1), p(6 - 1)),

‘ip{ﬂ.\ 1)

Hence, the Renyi entropy of X is

1 PN GP 0N
IR(p) = 1—p10g |: Fel0A— 1 J(O 2p,p(9)\—1) p(5—1))

2.3 Order Statistics

Order statistics play an essential role in reliability and quality control. It is also an important tool in
non parametric statistic. Let Xl, Xz, Xa, ..., Xy be a simple random sample obtained from KwEUq
distribution and let X1., < --- < X0, be the corresponding order statistics. Thenforj = 1,2,3,...,n,
the corresponding pdf of X jims S8Y fx;., (2), is obtained as follows. The pdf of the j** order statlstics
can be computed from

fx_,,n(:l: a, B, A0, 5) —])T(t__f(m)(F(z))J 1(1 F(m))"—j’
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where f(z) and F(z) are the pdf and cdf of KWEUq distribution. we have

n—J
Fson (@06 B,0,6,0) = 3 50— @) E@) (2.12)
m—0

(n—j—m)m!
Binomial expansion of (F(z))*™ ! is

j+m—1

P sl
(F@y*™ = 37 (7D [1— (5) “((z—ﬂ>3+(/3—a)3>"*] . (2.13)

=0

Substituting (2.13) into (2.12), we have

n—j j4+m-1 (J+m 1)( 1)m+l,n| ( )9)\ (z— ﬁ)a +(B- a)3)8)‘
fij (a:;a, :3! )‘1 0, 6) Z Z (‘? [_ 1)!(,” _ j' . m}Im! 1 f(z)

m—-0 I=0

Upon some algebraic manipulations, we obtain

n—j j+m-—1 Jlrn 1 n' )m+lf(:,7 a,ﬁ /\ 9 5(l+1))
fX_,,-;,,,(x; o, ,B7 A’07 6) Z Z ) (’ == l)l(ﬂ- —'] . m)lml

m—0 (=0

where f(z;a, 8, A, 0, 5(1+ 1)) is the pdf of the KwEUq distribution with power §({ + 1). The moments
of order statistics of the KwEUq distribution can be obtained using (2.3).

2.4 Probability Weighted Moments
The PWM of the random variable X with the KwEUq distribution, say pr, s, is defined by

b
pre = BXFX)] = [ &' (@)f(e)ds, (2.14)
where F(x) and f(x) are the cdf and pdf of the KwEUq distribution. By expansion of F*(z) as
9 . 8 w a0 3 3\ .
P =3 O 1-(5) (@-8°+E-a)™| (2.15)
u=0
and inserting (2.15) into (2.14), we have

PN bu
e = MG 1-(3) (z=B)°+B—-a))| f(a)de. (2.16)
vpe Y _ ’ ga G / [ () i ]

A Ol1eh some algebraic manipulations, we obtain p, s as

_i(s) (—1)" /bxrf(fb'a B\ 60 5(’u+1))d:1:
pr,s—uzou{u_,’_l)a et Nt Rl R | 3

hence,

) a(u+ DAda®
pr,S—Zj(u) @ l 1} e (12,00 1,8(u+1) - 1).
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3 Estimation

The maximum likelihood estimation (MLE) method is one of the most popular and commonly used
estimation methods for estimating the unknown parameters of a distribution, However, we found that
there is an irregularity in the log-lﬁwllhood function of the KwEUq at the minimum and maximum
order slalistics, thus, the usual maximum likelihood method fails 1o exist. Thus, the use of alternative
maximum likelihood estimation (AMLE) and modified maximum likelihood estimation (MMLE) are

employed.

3.1 Maximum Likelihood Estimation

Let Xy, X2, Xg,...,Xn be an independent and identically distributed random sample from KwEUq
distribution and Iel Xim < o+ < Xy, be the order statistics from this sample. Let © = (6, ¢, Xy
and let the approximate maximum likelihood estimates be e = (6,0,A), then, the the likelihood
function [(©) of KwEUq distribution for complete data set is given by

log () =nlog6+nlog)\+nlog0+0)\nloga+ (1-0))nlog3

+zzlog(w. B)+(6x - 1)Zlog((x, B)’ +(8—a)’)

i=1

+@-D 3 t0g[1- (£)" (@87 + (8- (@)
i=1
The first partial derivative of log 1(©) with respect to 4, 0 and X are respectively given by
Blogl(®)) _n < (e s PECIVIN
B Rt AL (3) (@-p*+@E-a (3:2)

Alogl(®)) _n B z s s
=g = 0+nloga )\nlog3+)\;log((:c, B8)° + (B — a)°)

(=1)((2) (@i — B + (B—a)*)* W ((§) ((me = B)* + (B — a)*))"
6 —
+( I)Z [ _ (3)9% ((zz _ ﬁ)3 + (,B a)S)OA]

(3.3)

9(logi(®)) _

o) 0nlog3+(0—1)Zlog((wz B + (8- a))

n(—1)((2) (@ — B + (B~ ) ((5) ((z: = B)° + (B—a)*))’
+(6—-1 .
¢-ng [1-(9)" (@ — By + (8- 0)*)]

(3.4)

We can determined & from (3.2) if the value of &, b, &, 3, X and 8 are known,
-n
- . (3.5)
Trlog [1— (5)% (@i - B + (8- )9

This can be computed by solving (3.2), (3.3) and (3.4), but the following proposition describe’the
irregularity of the MLE method.
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