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Abstract

In this paper, a new lifetime model called Kumaraswamy exponentiated U-quadratic (KwEUq)
distribution is proposed. Several mathematical and statistical properties are derived such as the
quantile function, moments, moment generating function, order statistics, probability weighted
moments, Shannon entropy and Renyi entropy. We also found that the usual maximum
likelihood estimates (MLEs) fail to hold for the Kumaraswamy-Expenentiated-U-quadratic {KwEUg)
distribution. Two alternative methods are suggested for the parameter estimation, the alternative
maximum likelihood estimation (AMLE) and modified maximum likelihood estimation (MMLE).
Finally, we compare the fit of the two methods by the use-of real data as measured by Kolmogorov
Smirmnov test, showing that both methods are suitable for the estimation of the parameters of
KwEUqe™

Keywords: Kumaraswamy-G distribution, exponentiared Uqadrtic distribution, Moments, Maximum
likelihood estimation.
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1 Introduction

In statistical modeling, problems that occur in practical applications encountered researchers to
propose new models, so that lifetime dala set can be investigated better. In another word, there is a
high need to introduce useful models to analyze the real-life phenomenaon which ariseJin the-fields
of studies-such-as physics, medical science, computer science, industry, communication, biology,
engineering/public health.among others. For example, the well-known classical distributions such as
exponential, Weibull are not able to show wide flexibility in modeling data with U-shape or bimodal
density.

The method of generalization of distributions by the Kumaraswamy-G generator proposed by
(8) is one of the popular technique in distribution theory and were considered by many authors in
recent years. For instance, the Kumaraswamy-Weibull distribution (9), Kumaraswamy binomial (22),
Kumaraswamy generalized gamma | (13), the Kumaraswamy-Gumbel (10), Kumaraswamy generalized
half- normaw 1), Kumaraswamy log- fogasﬂc('lzi} Kumaraswamy-Birnbaum- Saunders (27), Kumaraswamy
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inverse Weibull ((28), Kumaraswamy double inverse exponential (4), Kumaraswamy power series
(6}. Kumaraswamy-Pareto (7)) the Kumaraswamy generalized linear failure rate/(15); Kumaraswamy.
exponentiated Pareto (16), Kumaraswamy quasi-Lindley (17}, Kumaraswamy generalized Pareto (24},
Kumaraswamy-Burr XII distribution (26}, Kumaraswamy generalized exponentiated Pareto (29), Kumaraswamy
generalized Lomax{(30); Kumaraswamy geometric/(2), Kumaraswamy modified Weibull A 2}, Kumaraswamy
half-Cauchy distribution due to Ghosh.(2014) by (18)) the Kumaraswamy generalized Rayleigh/{19),
Kumaraswamy-Dagum distribution {20}, Kumaraswamy inverse Rayleigh (21), Kumaraswamy inverse
exponential ((25), Kumaraswamy-Kumaraswamy (1), .the Kumaraswamy transmuted exponentiated
modified Weibull' (3), Kumaraswamy odd log-logistic (5}, Kumaraswamy skew-normal (23).

The Kumaraswamy-G generator of distributions s defined according to (8).as follows,

Definition 1.1. Let G(z) be any base line cumulative distribution function and g(x) be the density
___function 6t G(z), let A, & > 0, then, the cumulative distribution function (cdf) and density function of
the Kumaraswamy-G generator of distributions satisfy the relationship

P z)=1-[1-G(x)")’, (1.1)

and \ -
(VG f@) =8xg(x)G@) "1 - G))*, x&lil (1.2)

respectively.

In this case, let the baseline distribution G(x) be the cumulative distribution function of the
exponentiate U-quadratiq@striburion proposed by (33), given by
0
G@)= () (e-H°+(B-a"), z€lat] (1.3)
where @ > 0 is the shape parameter, a the lower limit, b}{'the upper limit and ¢ € (—o0, 00),
b € (a,c0)@ra € (0, oo} i € (—00,00) such that & = 225 and § = 22, The density function of

EUq is given-as
9(@) =03 (@ - B)*((x - B)* + (B - a)®)°} (1.4

The main objective of this paper is to propose a new probability model, called, Kumaraswamy
exponentiated U-quadratic (KwEUGq) distribution and studiget some of its important mathematical and
statistical properties. In addition, € to investigate the'parameters of the new model.

The rest of the paper is organized as follows. “In section 2, the exponentiated generalized
U-quadratic (EGUq) distribution and some important properties are discussed. In section 3, the
maximum likelihood and alternative maximum likelihood estimation methods of-the-new-moedel are

__analyzed. Qpnc[usions_-in Section 4,

2 The Kumaraswamy Exponentiated U-quadratic Distribution

;- iy The cumulative distribution of the kumaraswamy exponentiated-uaduadratic (KwEUQq) distribution can
d : be defined by substituting () into equation (1.1), thus
. oA \ , d
P@ =1-[1-(5)" @-pr + -] 2.1

and the corresponding density function is definad-by

0 é—1

((x = B8)°+ (B —a)>)** .
(2.2)

f(2) = 830073z = £)* (@ — ) + (B - a)")""" [1 -(3)
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where 8, A > 0 and § > 0 are the shape parameters. The survival function s(z) and the hazard rate
function h(z) of the KwEUq distribution are respectively given by

“”fﬁgkﬁ(“wgy\@—ﬁf+w—@%“Y1, 23
and '
oy < 0PI =0 (e 9 4 (B [1- (9 (-0 4 B0
L-——--Ll-—---(i: () @=Br F(B- a)':r}m)i} -
(2.4)

4

Figure1, 2 and 3 display the plot of the cumulative distribution function, probability density function
and hazard rate function of the Kumaraswamy exponentiated U-quadratic distribution for some parameter
values. K & Ve

Special Cases : ’

The special cases of the KwEUq distribution for some selected parameters values are:

1. When § = 1, we obtain Exponentiated d:quadratic distribution (EUq) With power parameter 9.

2. Ifwe take 6 = 1 and A = 1, we also obtain Exponentiated u-quadraticidistribution (EUq);but

with power parameter 9.
3. Setting ¢ = 1, we get Kumaraswamy p-quadratigdistribution'(KwUg).
4. 1f =1,A=1and § = 1, we get U-quadralicidistribution (Uq)}
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Figure 1: plof of the cumulative distribution function of the KwEUgq distribution some
different values of parameter

2.1 Quantile and Moments

The quantile function of the KwEUq distribution can be obtained by inverting (2.1) and can be used
to determine some measures such as median and other percentiles. The quantile function can also
be used to generate a random data which follow according to the kumaraswamy exponentiated-u-
quadratie distribution (KwEtyg). The quantile function of KwEUq distribution is obtainet-as-

1/3

/10N
PO (poa®| 4B (2.5)

ap) = | L=
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Figure 2: plot/of the probability density function of the KwEUq distribution for some
parameter values

Proposition 2.1. LetY ~ U(0,1), then X = \J/ it“——{ié‘]—“iﬂ — (B - a)3+8 is the random variable

with KwEUq(6, X, 6, a, b), where U(0, 1) is uniform distribution.

The following lemma 2.1 is very useful in computations of several important properties of the
Kumaraswamy exponentiated-u-guadratie{ KwEUq¥distribution,

Lemma 2.1. Forw;, w2, ws and ws € R, let

15

— w13, Am2 5, S=lf

—— Gm1 1,02, A=)

—Gu0 8, Aw2 2, Be] |
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Figure 3: plotﬁof the hazard function of the KwEUq distribution for some parameter
values
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b

Jn,wa, wa,we) = [ 2@ = 0 (2 - B + (8 - 0)")
< [1-(5)" @0+ 0= 0] as 26)
then,
J (w1, wa, wa, we) = ioi:o Dy (t) {W{::l};::”l””] {2.7)

where (I)t k( wy <w3+0A1) (w;+dt)( 1)1 +we+3t—k 9)13—0/\151024 3t— lc( = a)s(w“o,\ifc)

)
and z € (a, 2ﬂ—a)ﬂ(
Proof. First, consider

b
Ty wa,wo,we) = [ 57 @ = 4 (@ = B + (8 = o))"

wy

N [1 3 (%)W\ ((’IZ _ ﬁ)s + (,B _ a)S)O)\] ﬂ'.'l.'-.'_ ;

Ia'pplying the generalized binomial expansion of

[1 ()M e-p+6- a)S)“] I e ()™ (@~ 0)° + (8 - 0))™do

d i=0
we obtain
J(wi,wa, wa, wa) = 3 (44 (=1)'a®H3=oN / ¥ (@~ B)“*((z — B)° + (B — a)*)** My )
i=0 ()

similarly, by the expansion of

(8 - a)s +(z- ﬂ)a)wa—ﬁ)\i = (- a)a(wa—e,\;‘) Z (w;;-:ﬁ)\i) (Z :f)

=0

for |£=£| < 1, we gel

o0 00
J('U)[,’LUz,’LUa,’U)z]) - ZZ w3+9,\1 l)zaﬁz\ia—a)\i(ﬂ _ a)3(1ug—0Ai)

=0 (=0
b wy .

again gxpanding
wo+3t
(@ — f)Ur 3t — (—g)watdt (1 o (_iﬁ))

[o2)
Z 'w2+3f. w2+3t—lcwk
k=0
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for | 55| < llﬁve obtamM
J(w1,1,l)2,’w:;,w:1 :ZZ

4 1ug+6)\1) (wzl-ce—at) (_1)i+w2+3L—ka9,\i3—ﬁ/\iﬁwg+at—k

Ms

i=0 t=0 k=0
F X (B — a)3@s+0ri=0 /bww1+kdw R
/inally, by integration, we ggt ARUIVE AT
= = e = =] e ] - ]
fwitkEl _ t]'.""'+k +1
J 5 W) = &, () B
where q’i:k(t) . (1014) (watez\i) (wa’:-at)(_1)i+uJ2+3t—ka9)\i3—6,\iﬁw;+3t—k(ﬁ _ a)s(w3+ﬁ/\i—t). 0

Table 1 provide7some rumerical values of J(wi, w2, ws, ws) with absolute error in paranthesis
for some values of parameters and wi,ws, w3, ws. The values are obtained numerically using
R-software,

Table 1: Numerical values of J(wl, w2, w3, w4) for some values of parameter.
a b 0 A § wl w2 w3 wid J(wl, w2, w3, wi)

00 50 1.0 40 50 7.0 02 05 05 1.9735(2.2e7)
00 50 1.0 40 50 07 02 05 0.5 1.1965(9.0e79)
00 50 15 04 50 07 12 15 25 0.2157(3.7e7®
0.0 50 15 02 05 1.7 12 15 25 0.0623(6.7e7"

0.0 50 01 03 18 13 4.0 15 3.1 0.0815(3.8¢7"
0.0 50 31 23 38 93 21 75 6.1 1.0993(1.1e"¢
20 30 30 03 08 03 01 05 0.1 1.6828(1.9e"1%)
-5.0 50 30 03 11 03 20 25 1.1 0.3105(3.4e719)
-10 15 1.9 54 20 0.07 02 15 0.5 1.9765(2.2e"14)

(
676"
00 50 14 02 12 1.0 20 15 20 0.1114(3.6e7)
( )
( )

By considering (2.1}, we can obtain the r** moment and moment generating function of the
KwEUq distribution which are very useful in the study of characteristics and features of a distribution.
The r** moments of the KwEUq distribution can be obtained using

PG _ff',_r v OGN =N e N2 )3 _\3y8A—1
(X" = ' fla)de = SA0a""3 a' (- 3 ((w—p0)° + (B —a))

Ja

6-1

1= ()" -0 +5-09"] e
hence,

B .

E[XT] = ——:gn_\‘*l J(r, 2,67 - 1,6 — 1), (2.8)

The moment generating function (mgf) of the KwEUq distribution can be computed directly using
Mx(t) = E[e'X] = 322, & E[X"], thus, by substituting (2.8) e have

r=0 7!

=\ ST
Mx(t) =3 "_:‘ﬂl\r_*_i?_’l J(r 2,00 — 1,6 — 1).
r=0 " *
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2.2 Entropy

An entropy of a random variable X can be defined as a measure of variation of uncertainty. In this
section, we consider the two most important and popular entropies known as the Shannon and Renyi
entropies. The Shannon entropy measure of a random variable X with KwEUq distribution can be
defined by E[— log f(x)], then, the Shannon entropy of X can be computed by considering the lemma
22asfollows,

Lemma 2.2. Let X be a random variable distributed according-to-the KwEUq distribution with pdf
given by (2.2), then, :

60’ 8
Bllog(z = B)) = G 5, /(0.2 + 4,00~ 1,6 = Dleco,  (29)

-2
Bllog((z — 6)° + (6 - 0)*)) = S0 270,200+ ¢~ 1,6~ Dluco,  (2:10)
o drga’ 9
E [log (1 ~(8) (-89 + 8- a)a)“)] = e 2 J(0.2.0A~ 1,54+t~ Dluco. (2.11)
Proof. We consider the first part
b
Ellog(z - 8)) = [ ogla - )/ (a)da
8 b

=7 | (z-B8) f(z)dzli=o
b
_ 6}\9(19)‘31_9)‘% (.T _ ﬂ)2+t((z _ ﬂ)li + (ﬂ _ a)3)€)\—1

a

x [1 - (%)“ (@- B+ (B -] dalemo,

hence,
S 0a* o
Ellog(z — B)] = WEJ(O’ 2+t60X-1,6- 1)|_t=(?,.:
where J(.,.,.,.,.,) Is given by (2.7). Equation’(2.10) and {2.11) follow similar. ' O
Proposition 2.2, Let X ~ KwEUq(6, ), 4, a,b), then, the Shannon entropy of X can be expressed
as
DA™ 25000 8
E[-log f(z)] = —1og( it ) - S 502+ 600 - 1,6 - Dleo
IO (0N — 1) 8
- "”W\#a (0,2,0A+t—1,6 - 1|10
A0 (5 - 1) 8
- —“;ai_]—)a (0,2,6A — 1,6 + ¢ — 1)]1=0.
Proof.
E[-log f(z)] = -E [1og(ma“31—“)] ~ 2E[log(z — B)]
- (0A - 1) Ellog((z — 8)° + (8 - a)*)]
o
- 6= flog (1- (5)" (=0 + - 0™ |
we-eblain-the result-by considering-the lemme 2.27 O
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The Renyi entropy of a random variable X'is defined by Ig(,) = 1+p log [fa" f(m)"dn:],where
p > 0and p # 1. The Renyi entropy of X/having KwEUq distribution can be obtained as follows.

b b
[ 1ro)e = [ 52300700380 @ - (@ - ) + (6 - @)Y

p(6-1)

/2%
x [1- (g) (x - B)° + (B -a)*) dx (2.12)
“by-applying lemma 2.7)the integral become
b o pan. niA
AR o
[ 1o(@rds = S 30,20, (6 = 1), (6 - 1) (2.13)
Hence, the Renyi entropy of X is
N

1
Iy = T Yo | S 10,20, (0% = 1) (6 = 1)
. i

2.3 Order Statistics I'

[ Order stalistics play an essencial role In reliability and\quanuty;ccmrol il is also an inportant tool in
non parametric statistic. Let X1, X2, X3, ..., X,, be a simple random sample obtained from KwEUq
distributionplet X1.n <+ < Xpin, be the order statistics obtained-from-this random-samplej then for
7 =1,2,3,...,n, the corresponding pdf of Xj;n)say X (m)’is obtained as follows. The pdf of the

4" order statistics can be computed from

T @@ (= P,

where f(z) and F(z) are the pdf and cdf of KwEUq distribution.

fx’:"(-’l';(l,ﬂ,)\,e, 6) =

n-J ]l . y. :
g SeTE = Z—U (4 - UF:'[I(—]J} = m)[m!f(w)(F(:r))"H"_]_., (214)

lfhél binomial expansion of (#(x))! ™" is obtained A8

J4m—1 &l

(P = 30 (- [1 ~(5)" (@-B + (8- (2.15)

=0
~by-substituting (2.15) into (2.14), we get 1L

8l

n—j j+m-1 (]+m 1)( l)mlln! [1 - (%)9)\ ((’E _ ﬁ)s + (ﬂ _ a).’])ﬁA]
(G -Din—-j—m)m!

ij,,(xaﬁ/\ﬁé = Sf(z)

m-0 (=0

éﬂersome algebraic manipulations, we obtaina’ylhew&'s

SIS )= f ey e, B, 4, 0,600+ 1))
Fxyin (@i 20 By 2, 0,6) ZO Z: ( (+ DG - Di{n—j—m)lml

where f(z;a,, A, 8,8(L + 1)) is the pdf of the KwEUq distribution with power §(! + 1). The moments
of order statistics of the KwEUQq distribution can be obtained using (2.3).
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2.4 Probability Weighted Moments
The PWM of X Ie##ou&intg'lthe KwEUq distribution, say p, s, is formally defined by

b 2
prs = E[XTF(X)?] =/ 2" F(x) f(x)de, (2.16)
where F(z) and f(z) are the cdf and pdf of the KwEUq distribution{:t;f éxpansion of F*(z) as
] u
P =3 (0 1= (5)" @0 + 8- 0] 247
u=0

and inserting (2.17) into (2.16), we have

pre =3 (1) /br [1 -(3) " -+ - a)a)“] Y@ - 28

u=0

-after some algebraic manipulations, we obtainad the . , as

s _yu b
pro=_ (%) ((u i)l)/ a" f(ziey By M 0, 8(u+ 1))dz,

hence,

< oy (=1)* 8(u + 1)A0a®
Pris = Z () ((u +)1) ﬂ.‘a\}:l_f"___ J(r,2,0A — 1,0(u+1) - 1),

3 Estimation

The maximum likellhood estimation (MLE{J method is ane of the most popular and commonly used
estimation methods for findingsthe unknown parameters of a distribution. However, we found that
there is an irregularity in the log-likelihood function/of the KwEUq at the minimum and maximum
order statistics, thus, the usual maximum likelihood,fail’to exist. Due-te-these the-use obAlternative
Maximum Likelihood and Modified Maximum Likelihood Method,are employed.

3.1 Maximum Likelihood Estimation

N Let X1, X2, X3, ..., X be an independant and identically distributied random sample ebtained from
- KwEUa-distributionJet X1., < -+ < Xy, be the order statistics from this sample. Let © = (4,6, A)
let the approximate maximum likelihood estimates be @4z = (3,4, }), then, the the likelihood
function {(©) of KwEUq distribution for complete data set is given by

log{(©) =nlogd +nlogA+nlogf + fAnloga + (1 — 8A)nlog 3

+2 Z log(x: — B) + (07 = 1) Y log((z: — B)° + (B - )*)

i=1

5 o) o 3 3,0
+(‘5—1);1°€{1~(§> (i = B)" + (8- a)7) } (3.1)
The first partial derivative of log {(©) with respect to J, 0 and A are respectively given by
M o - e s _\3,6A
% "3 +§1°g 1 (3) (e =B + (B8 -a)) (3.2)
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d(log ((6))

B 3 3
50 0+nloga /\nlogd+/\Zlog -8 +(8-a)’)

=1
B (=1)0(2) (2 — B)° + (8 — a)*) ™ In () (s = B + (8 — 0)*))
+(6-1) =
; [1 - (2)™ (2 —,ﬁ‘)"‘+{ﬁ—u)-‘)“*‘

{3.3)
oy = 5~ bnlogs + (0 - 1>§log(<w. -8 +(8- )
n [ i Ay -__‘:i ax I Wy - 4 _“3 &
+ (6 - 1)2 (_U((i) ((wi —B)" + (I‘r:)\ i) )) In ((:i) (e = 8)" + (8 ) ]']' :
= [1-(9)" (o= 81 + (B - a))]
' (3.4)
We can determined § from (3.2) if the value of 4, 5, &, 4, X and 0 are known,

§= -t ; 3.5
Tt log [1- (8)" (= - ) + (6 - @))% b; |

Th&can be computed by solving (3.2), (3.3) and (3.4), but the following proposition descrivezstthe
irregularity of the MLE method.,

Proposition 3.1, Let L(6, ), 6, a, b|x) denote the likelihood function of an independent and identically

f distributed (i.i.d) random sample of size n > 1 say z1,za, -+ ,Tn, drawn from KwEUQ(0, ), 6, a, b)

" { distribution; feta = X1 < X2, < <+ < X, = b be the oder statistics from the sample, then, for
z; = x5 orforx; # z;, the log L(©) diverges atxy or z,,.

Proof. Consider (3.1), at z1, log((z: — 8)® + (8 — a)?) = log(0) = —oo, While at z,,,
log [1 - (3)" ((z: = £)° + (8 - )*)] = log(0) = —oo. o

3.1.1 Alternative Maximum Likelihood Estimation

In the alternative maximum likelihood, firsly we set a = z; and b = z,(lhe’we delete all the
data points corresponding to the minimum and maximum oder statisticsg then _applying the-usual
maximum likelihood technique to obtain the approximate alteranative maximum likelihood estimates,
say Oanre = (9 5, ,\),aae numerically by simultaneously solving (3.6),(3.7) and (3.8) using some
mathematical package such as R-software.

% 5+ ) #le log [1 - (—) ((wi = B)° + (B - a)ﬁ)“} =0 (3.6)
% = % +nloga — Anlog3 + /\lﬂzz log((z:i — B)° + (B — a)°)
B (=DUE) W= B+ (B=a)*) " In ((8) (s = B)* + (8- ))
+(6-1) oy =0
#Z.: [ ={§) (e — B+ (B —u)*‘)""]

(3.7)
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n

=3 —fnlog3+(8-1) X log((m:i— )’ + (8 ~a)’)

TiFETL,Tn

d(log 1(0))
oA

+(6-1) >,

TiAT] T [l = (%)ﬂ\ ((wi = B>+ (B - “}3}0’\]

(3.8)

3.1.2 Modified Maximum Likelihood Estimation

For the modified Maximum Likelihood, set a = 1 and b = z,, then, shift the data points corresponding
to the minimum and maximum order statistics by introducing appropriate 7, m € R such that the new

.. values correspond to z; and z, ;say ¢f = z1 + 7 and 2y = zn + 7. The approximate modified
maximum likelihood estimates, say HMMLE = (4,8, ) are obtained;hiumerically-by simultaneously
-solving (3.9}, (3.10) and (3.11) when sel.equal-lo-zero using some mathematical package such as
R-software.

Uog!®) _1 Z og 1= (5)" (= 97 + - 0 s i (39

a9 é
dfloié(e)) 9 % o nloga—Anlogd+ A;;lOg (@i - B)° + (8- a)®)
§-1) . () ((mi = B + (B —a)*)) " In ((2) (=, —ﬂ)”+{ﬁ—a)“}})‘| o
= (1= () (@i - B + (8- 1] 1=etimn=s;
(3.10)
3(102;(@)) — % _ 9n10g3+ (9 . I)ZIOg((”DI _ﬂ)S + (,B_ {1)3)

i=1
5 EDE) (@ =) + (5~ a®*)® In ((8) (@i = B)* + (B —a)*)’
)Z 9\ 3 4
- [1 = (81" o= B)° + (B — a))?]

|x1=zfyzn=w,‘.'

(3.11)

3.2 lllustration

In this subsection, we consider one goodness of fit statistic#'. that is the Kolmogorov Smirnov (KS)
statistics to compare the fit of the KwEUq distribution estimated by the alternative Maximum Likelihood
and Modified Maximum Likelihood Estimation method using a real data set.

The data set is the lifetimes of fifty (50) devices provided by (31) and recently studied by (32),the
data setare: .1,2,1,1,1,1,1,2,3,6,7,11,12, 18, 18, 18,18, 18, 21, 32 ,36 ,40, 45, 46, 47, 50,
55,60 ,63 ,63 ,67 ,67 ,67 ,67,72,75,79, 82, 82,83 ,84 84, 84, 85, 85, 85, 85, 85, 86, 86.

The numerical value of the estimator and the KS are given in table 2. The result shows that both
methods can be suitable for the estimation of the parameters of KwEUq distribution. Figure 4 display
the plot of the histogram of the given data and the fitted KwEUq distribution estimated by the AMLE
and MMLE methods.
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