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ABSTRACT9

In the study of rotatable designs, the variance of the estimated response at a point is a function of the10
distance of that point from a particular origin. Group divisible Rotatable Designs have been evolved by11
imposing conditions on the levels of factors in a rotatable design. In Group Divisible Third Order12
Rotatable Designs (GDTORD), the v-factors are split into two groups of p and (v-p) factors such that13
the variance of a response estimated at a point x , , x , , … x , equidistant from the centre of the14
designs is a function of the distances d and d from a suitable origin for each group respectively.15
Where d and d denotes the distances of the projection of the points in each of the group from a16
suitable origin respectively. In this paper a four dimensional Group Divisible Variance-Sum Third17
Order Rotatable Design is constructed using a balanced incomplete block designs.18
Key words: Third order rotatable designs; BIBD; Group divisible Third order rotatable designs; Group19
divisible Variance- sum third order rotatable designs.20

21
1. INTRODUCTION22
The study of rotatable designs mainly emphasized on the estimation of absolute response.23
[1] Introduced rotatable designs for the exploration of response surfaces.24
In rotatable designs, the variance of the estimated response at a point is a function of the distance of25

that point from origin. In Group divisible rotatable designs the variance of a response estimated at the26
point is a function of the distances d and d from a suitable origin for group one and two respectively.27
As the factors get divided into two groups, thus these might be called “Group – Divisible Rotatable28
Designs” such that for the factors within each group the designs are certainly rotatable when the level29
of factors in the other group is held constant. [2] independently studied some generalization of SORD30
and introduced Group-Divisible Second Order Rotatable Designs (GDSORD).They introduced31
GDSORD by modifying the restrictions on the levels of the factors in a second order rotatable design.32
[3] identified some practical grouping of the set of factors and introduced group divisible response33
surface designs both of second and third order and gave methods for their construction.34
[4] Introduced and constructed Variance Sum Group Divisible Second Order Slope Rotatable35

Designs. [5] constructed a Variance Sum second order and third order slope rotatable designs. [6]36
Introduced a Variance-Sum Group Divisible Third Order Slope Rotatable Designs. Now we introduce37
in this paper a construction of a four dimensional Group Divisible Variance-Sum Third Order Rotatable38
Designs using a balanced incomplete block designs.39

40
2. METHODOLOGY41
The construction of Group Divisible Third Order Rotatable Designs can in many occasions be made to42
depend on known solutions for BIB designs. To construct a (p, v − p) GDTORD in four factors we43
consider a BIBD with parameter parameters ( = 4, = 6, = 3, = 2, = 1) with r ≥44 3 , which is then divided to form two groups of factors, one of p-dimension and the other (v − p)45
dimension with p≥2 and (v − p) ≥ 2.We will first start by writing the transpose of incidence matrix of46
the four factor BIBD Design with unknown level a and zero, where a takes the place of 1 in the above47
matrix which generates b combinations. From these design points we get b combinations each48
containing k a′s and (v − k) zeros.Then by combining the points above with their suitably chosen49
points set of S(c,0,0...,0) , 2S(d,0,0...,0) and 2S(b,b,b...,b) levels with d = tc for t ≥ 0 where unique50

solutions is obtained by assuming a function t = ( ) chosen suitably for four factors so that t ≥51 0. The equations obtained are satisfied for t = 0.4544 solution forming a four dimensional GDTORD.52
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All the unknown levels is determined by the moment conditions for Group Divisible Third Order53
Rotatable Designs [7].54

55
Let ( )f d  be a function of the radius of a rotatable design,56

where d radius and  a scaling parameter .Also let
4

2 2

1
iu

i
d x



 ,such that Where = ∑57

, = ∑58
59

1: (i) ∑x = Nλ for i = 1, 260 ∑x = Nλ j = 3,461
(ii) ∑x = 3Nλ for i = 1, 262 ∑x = 3Nλ j = 3,463

(iii) ∑x = 15Nλ for i = 1, 264 ∑x = 15Nλ j = 3,465
2 :( a) (i)∑x x = Nλ for i ≠ j for i = 1, 266 j = 3,467

(ii) ∑ x x ′ = Nλ′ for j, j′ = 3,468
(iii) ∑ x x ′ = Nλ′ for i, i′ = 1, 269

(b) (i) ∑x x = 5Nλ for i ≠ j for i = 1, 270 j = 3,471
(ii) ∑ x x ′ = 5Nλ′ for j, j′ = 3,472

(iii) ∑ x x ′ = 5Nλ′ for i, i′ = 1, 273
(3) ∑∑∑x x x = Nλ for i ≠ j ≠ k74

75
We have all odd order moments equal to Zero in both the groups.76

77
Non-singularity conditions78

1. >79

2. >80
The above summations are taken over all design points.81

2.1 Method of obtaining a Variance – Sum Group Divisible Third Order Rotatable82
Designs83
From the design points generated through GDTORD; we obtain a VSGDTORD in four dimensions84
meaning, the sum of variance of the response estimates in the direction of any factor axis in each85
group of mutually orthogonal spaces, one of p-dimension and the other of (v-p)-dimension given any86
point must be a function of the distances d and d respectively from the design origin. Let D =87 (x ) be a set of N design points and y , y , … , y be the N responses to fit the following third order88
response surface,89 Y(X) = b + ∑b x + ∑b x + ∑∑b x x + ∑∑b ′x x ′ + ∑∑b ′x x ′ + ∑b x + ∑b x + ∑b x +90 ∑b x + ∑∑b x x` +∑∑b ′ ′x x ′ + ∑∑b ′ ′x x ′ + ∑∑∑b x x x + e91
The Taylor series approximation is of the form92
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93

where y is the response, ix and 'i
x is a p factor group, jx and 'j

x is the ( )v p factor group, ' s94
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are the regression coefficients  at  both the p factor levels and ( )v p factor levels. For a complete95
third-order model, including the intercept, we can express the total number of model terms, ,L as96

 3 .3
kL 

97

We then consider the linear model as98

yi= f  (xi)ß+ i99

i=1,2,…n100

Which can be expressed in matrix notation as101

  'XY102

The vector Y is an n×1 vector of observations; X is an n×p matrix;  is a p×1 vectors of unknown103

parameters; is an n×1 vector of independently distributed random variables, with mean zero and104
variance σ2. By the method of least squares the estimates of the parameters ß will be obtained.105
These are given by106

YXXX '1' )( 107

let  be the moment matrix,108

where = XX
N

'1
109

The determinant of M is obtained, which gives the non-singularity conditions for third order design to110
be rotatable. Then the inverse of M will be determined which enables the variances to be obtained.111
For a third order full model we have,112

1 2 3 4( ) [ ( ), ( ), ( ), ( )],t t t t tf x f x f x f x f x113

Where V is the number of factors in a four-dimensional factor space, then we have114

2 2 2 2
1 1 2 3 4( ) (1, , , , )tf x x x x x , 2 1 2 1 3 1 4 2 3 2 4 3 4( ) ( , , , , , ),tf x x x x x x x x x x x x x115

3 1 2 3 1 2 4 1 3 4 2 3 4( ) ( , , , , )tf x x x x x x x x x x x x x and 4 1 2 3 4( ) ( ( ), ( ), ( ), ( ))t t t t tf x g x g x g x g x where116
3 2 2 2 3 2 2 2

1 1 1 1 2 1 3 1 4 2 2 2 2 1 2 3 2 4
3 2 2 2 3 2 2 2

3 3 3 3 1 3 2 3 4 4 4 4 4 1 4 2 4 3

( ) ( , , , , ), ( ) ( , , , , ),

( ) ( , , , , ), ( ) ( , , , , )

t t

t t

g x x x x x x x x x g x x x x x x x x x
g x x x x x x x x x g x x x x x x x x x

 

 
117

Thus for a third order design , the partitioned matrix of the moment matrix ( )M  is given by118
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119

where ( ) ( ) ( ) ( )t
ij i j

x

M f x f x dx   ( , 1,2,3,4)i j 120
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Considering the symmetric designs only we will be in a position to obtain the inverse of ( )M  . For a121
symmetric design , ( )( )ijM i j  are null matrices thus ( )M  is reduced to a block diagonal122

matrix of 11 22( ) { ( ), ( ),..., ( )}.vvM Diag M M M    Note that for a symmetric design ,123

11 22( ), ( ),..., ( )vvM M M   are diagonal matrices and further ( )vvM  in itself is a block diagonal124
matrix given by125

( )vvM  Diag
1

* *{ ( ),..., ( )},kM M  (5)126

where *( ) ( ) ( ) ( ) ( 1, 2).t
i i i

x

M g x g x dx i   Then for a symmetric design ( )M  , it is seen that127

variances is given as,128

4

1
( ) ( )i

i
V V 



129

where 1 x  [ () )]( iii M xV    (i=1, 2, 3, 4).130

Summing the above variances we get expression which is a function of131 , , '
2 2 2 2

'
' '

,ii j j
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x x x x

 
  ' '

2 4 4 2 2 4 2 2 2 2 2 2
' ' ' '

, '
'

' ' , ' '
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i j i j i j i i j
x x x x x x x x x x x x

   
   132

In order to achieve the variance in a GDTORD, the variance must be a function of d , d only.133
Therefore we need to cancel all the interactions by equating them to zero.134
Then at the point xχ the response is135

V( ŷ (x))= f  (x) ̂136

With variances for the two groups being137

V( ŷ ( ))=σ 2 f  ( ) ( 'X X)-1 f ( )138

V( ŷ ( ))=σ 2 f  ( ) ( 'X X)-1 f ( )139

Where the Variance Sum will be a function of distances d and d only as shown below140 ∑ V( ŷ (x)) = ( , ),Where = ∑ , = ∑141
142
143

3. RESULTS AND DISCUSSIONS144

3.1 Group Divisible Variance-Sum Third order rotatable designs in four dimensions145
From the 80 design points of a four dimensional GDTORD generated through BIB designs, the146
moment matrix of a four dimensional GDTORD is given by;147

Moment matrix '1M x x
N
148

Where 80N  design points149

for 1 24, ,v x x forms the p factor group whereas 3 4,x x forms the (v-p) factor group. Then for the150
full third order model in four factors we have,151
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1 2 3 4( ) [ ( ), ( ), ( ), ( )],t t t t tf x f x f x f x f x152

The design space is divided into two groups of two factors each, the p- factor and (v-p) factor space153
satisfying = ∑ and = ∑ with the corresponding variances  ˆ[ ( )]iV y x and154

 ˆ[ ( )]jV y x respectively, thus the design is called a Group Divisible Variance-Sum third order155
rotatable design in four dimensions.156

3.1.1 Group one: Variance  ˆ[ ( )]iV y x for p dimensional space157

For a symmetric design ( )M  , it is seen that variances for p-factor group is given as,158

2 2
1 2
4 2 2

11 1 1 2
4
2

1 1.0000 1.0051 1.0051
( ) 1.0051 2.1524 0.7175 .

( ) 1.0051 0.7175 2.1524

x x
M x x x

symm x

   
       
     

159

22

0.7175 0
( )

0 0
M 

 
  
 

160

2 4 2 2
1 1 1 2 2 4 4

6 4 2
44(1) 1 1 2 6 6

2 4
1 2 6

3 1.0051 2.1524 0.7175
15 3 2.1524 6.0000 1.2000

3 0.7175 1.2000 1.2000

x x x x
M x x x

symm x x symm

  
 



     
            
         

161

For the variances we have,162

1
11 1 111  [ (( ) )]V f fM   163

Let  111M
 be represented by

a b b
b c d
b d c

 
 
 
  

such that164

  2 2 4 4 2 2
11 1 2 1 2 1 22 2 2V a bx bx cx cx dx x        165

1
22 2 222  [ (( ) )]V f fM   166

Let  122M
 be represented by

0
0 0
n 
 
 

such that167

  2 2
22 1 2V nx x    168

' 1
1 44(1)44(1 1)  g  [ ( )]( )V M g 169

Let  1
44(1)M  be represented by

e f g
f h k
g k l

 
 
 
  

such that170
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  2 4 6 2 2 4 2 2 4
44(1) 1 1 1 1 2 1 2 1 22 2 2V ex fx hx gx x kx x lx x        171

 44(1) 44(2) ( )V V 172

The variance  
2

1

ˆ[ ( )] ( )i i
i

V y x V x


173

Summing the above variances we get expression which is a function of174
1 2

2 2 4 2 4 2
1 2 1 2
2 2

2 1, , ,, x x x xx x x x    and in cancelling the interactions we;175

   2 2 4 6 2 4 6
0 1 1 1 2 2 2ˆ[ ( )] (2 ) (2 ) (2 ) (2 )iV y x ax b e x f c x hx b e x f c x hx           being a176

function of 1 2
2 2,x x  only .177

Let = ∑ such that178

 ˆ[ ( )]iV y x = f ( ) only179

3.1.2 Group Two: Variance  ˆ[ ( )]jV y x for (v-p) dimensional space180

For a symmetric design ( )M  , it is seen that variances for (v-p)-factor group is given as,181

2 2
3 4
4 2 2

11 3 3 4
4
4

1 1.0000 1.0051 1.0051
( ) 1.0051 2.1524 0.7175 .

( ) 1.0051 0.7175 2.1524

x x
M x x x

symm x

   
       
     

182

22

0.7175 0
( )

0 0
M 

 
  
 

183

2 4 2 2
3 3 3 4 2 4 4

6 4 2
44(3) 3 3 4 6 6

2 4
3 4 6

3 1.0051 2.1524 0.7175
15 3 2.1524 6.0000 1.2000

3 0.7175 1.2000 1.2000

x x x x
M x x x

symm x x symm

  
 



     
            
         

184

44(4) 44(3)M M185

1
11 1 111  [ (( ) )]V f fM    186

Let  111M
 be represented by

a b b
b c d
b d c

 
 
 
  

such that187

  2 2 4 4 2 2
11 3 4 3 4 3 42 2 2V a bx bx cx cx dx x        188

1
22 2 222  [ (( ) )]V f fM   189
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Let  122M
 be represented by

0
0 0
n 
 
 

such that190

  2 2
22 3 4V nx x    191

' 1
3 44(3)44(3) 3 [( ) ( )]gV M g 192

Let  1
44(3)M  be represented by

e f g
f h k
g k l

 
 
 
  

such that193

  2 4 6 2 2 4 2 2 4
44(3) 3 3 3 3 4 3 4 3 42 2 2V ex fx hx gx x kx x lx x        194

 44(3) 44(4)
' 1
4 44(4) 4( ])  [ )( gV V M g  195

The variance  
4

3

ˆ[ ( )] ( )j j
j

V y x V x


196

Summing the above variances we get expression which is a function of197
2 2 4 4

3 4 3 4 3
2

4
2 2 2

3 4, , , ,x x xx x x x x    and in cancelling the interactions we;198

   2 2 4 6 2 4 6
0 3 3 3 4 4 4ˆ[ ( )] (2 ) (2 ) (2 ) (2 )jV y x ax b e x f c x hx b e x f c x hx           a function of199

3 4
2 2,x x  only.200

Let = ∑ such that201

 ˆ[ ( )]jV y x = f ( ) only202

With variances for the two groups being203

V( ŷ ( ))=σ 2 f  ( ) ( 'X X)-1  if x204

 ˆ[ ( )]iV y x = σ 2 f ( )205

V( ŷ ( ))=σ 2 f  ( ) ( 'X X)-1  jf x206

 ˆ[ ( )]jV y x = f ( )207

Thus the variance Sum is the function of distances and only.208 ∑ V( ŷ (x)) = ( , ),209
Thus the considered response surface is a Group Divisible Variance - Sum Third Order Rotatable210
Designs in four dimensions through a BIBDS.211

212
4. CONCLUSION213
Group divisible Variance sum third order rotatable designs constructed here gave less number of214
design points than the corresponding rotatable designs constructed using BIBDS. Further, the number215
of normal equations for estimating the parameters estimates is reduced by adopting this method.216
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Other investigation on construction of a Group divisible Variance sum TORD for k number of groups is217
recommended.218
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