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ABSTRACT 8 

Tropical coral reefs are known to harbor considerable biodiversity, especially among 9 

invertebrates. Gastropod fauna, as an important component of this biodiversity, yet 10 

remains poorly surveyed across most tropical reefs. Moreover, the few published 11 

inventories are generally far from being exhaustive, as is almost inevitable in practice 12 

with species-rich faunas. Hence the necessity of implementing a numerical extrapolation 13 

of species accumulation, providing both (i) estimates of the total species richness of the 14 

partially sampled sites and (ii) a way to predict the additional sampling effort needed to 15 

achieve a given additional gain in sampling completeness. Such numerical extrapolation 16 

was applied here to three partial inventories of Gastropod fauna associated to coral 17 

reefs in ‘Mannar Gulf Biosphere Reserve’. To ensure the maximal possible accuracy for 18 

extrapolations, a newly derived procedure was implemented, designed to select the 19 

least-biased among nonparametric estimators of the number of still unrecorded species. 20 

The total species richness of Gastropods at each site was estimated between 49 and 53 21 

species according to sites. Accordingly, the completeness of the reported inventories 22 

was estimated between 71% and 78%. This, in turn, calls for further effective sampling 23 

but immediately raises the question of how far to extend the extra effort with, in return, 24 

a reasonable expected benefit, in terms of ratio between the expected number of newly 25 

recorded species and the corresponding additional sampling effort required. The least-26 

biased extrapolation of species accumulation curves proves a convenient tool for 27 

rationally addressing this important question. 28 
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 33 

INTODUCTION 34 

Marine Gastropods not only constitute a major component of marine biodiversity per se; 35 

they also have significant economic importance: their flesh is commercially exploited for 36 

food, their shell is used for ornamental items or, more pragmatically, for lime extraction. 37 

Also some species (in particular among Conidae) feature emerging promises in medical 38 

applications. For all these reasons, addressing Gastropods species diversity, especially 39 

now, at local scales, is considered important [1-4]. 40 

A major basic element to be considered, when quantifying biodiversity at a site, is the 41 

corresponding level of true species richness, that is, the total number of species that 42 

would be recorded by an ideally exhaustive inventory of the species assemblage under 43 

consideration [5-8]. In particular, the level of total species richness at a given site usually 44 

features as a positive predictor for places of higher conservation value [9]. Yet, practical 45 

evaluation of the total species richness at a site is usually problematic. This is because, in 46 

most circumstances, local samplings are doomed to remain far from being exhaustive, 47 
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due to limited available time devoted to each field investigation when concurrent 48 

ongoing investigations are becoming increasingly numerous. Hence, the practical 49 

necessity to deal with “quick surveys” of biodiversity in the urgent context of ecological 50 

monitoring and conservation planning with, consequently, limited levels of sampling 51 

completeness [10]. The trend for incomplete samplings is even more pronounced, as 52 

expected, when dealing with invertebrates groups comprising very large numbers of 53 

species including a significant proportion of more or less rare taxa.  54 

In practice, incomplete inventories can, however, benefit from a kind of compensation, 55 

in term of a “numerical extrapolation” of the species accumulation curve towards ideal 56 

exhaustivity. As a result, estimates of the number of still unrecorded species and, in turn, 57 

the evaluation of true (total) species richness are derived. This is usually achieved by 58 

implementing one or the other among a series of nonparametric estimators [11-12]. 59 

Regrettably, however, many published accounts of local biodiversity still provide only 60 

the as-recorded data issued from incomplete inventories, without further estimations of 61 

the number of unrecorded species and, accordingly, no evaluation of the total species 62 

richness of the sampled species assemblages is made possible. This restriction, which 63 

deprives inventories of an essential piece of information, likely results from the former 64 

confusing situation arising from the multiplicity of different kinds of nonparametric 65 

estimators, that provide divergent estimations. Yet, this confusing situation is now over, 66 

as a new procedure is now available, which makes it possible to select rationally the 67 

least-biased type among all these estimators. 68 

Hereafter, we have implemented this new procedure to estimate, as accurately as 69 

possible, the total species richness of Gastropod fauna associated to coral reefs at three 70 

sites in Mannar Gulf Biosphere Reserve (south India), based on recorded data reported 71 

by MOHANRAJ et al.  [1]. These authors carried out samplings along coral reefs around 72 

three small islands in Mannar Gulf, opportunely taking care of noting the respective 73 

abundance of each sampled species, which is necessary to compute nonparametric 74 

estimators. The proportions of singletons (species recorded only once) amount around 75 

20% at each investigated site, thus indicating substantially incomplete samplings [12], 76 

which justifies the implementation of a numerical extrapolation procedure. 77 

 78 

MATERIAL & METHOD 79 

Field data 80 

The coral reefs at short distance from the shores of three small islands, located in 81 

“Mannar Gulf Biosphere Reserve”, namely ‘Hare’, ‘Vaan’ and ‘Koswari’, were sampled for 82 

associated gastropods fauna. The corresponding recorded data issued from these partial 83 

surveys (on which numerical extrapolations will be based) is reported in details by 84 

MOHANRAJ et al. [1] and the reader is invited to browse this publication for contextual 85 

information regarding the sites and the implemented sampling methods. The number N0 86 

of collected individuals, the number R0 of recorded species and the number f1 of 87 

singletons (species recorded only once) are given at Table 1 for each investigated site. 88 

As already mentioned, the proportions of singletons (f1/R0) recorded at each site are 89 

closed to 20%, which denotes substantial incompleteness of each of the three samplings, 90 

a common situation in practice, as already underlined. The species lists reported by the 91 

authors include the respective abundances of the recorded species, which makes 92 

possible to implement the extrapolation of species accumulation and to derive least-93 

biased estimates of total species richness. 94 
 95 
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Procedure of selection of the least-biased estimator 96 

A series of nonparametric estimators of the number of still unrecorded species at the 97 

end of partial inventories have been proposed, all of them based on the numbers fx of 98 

those species already recorded x-times (namely, the numbers f1, f2, f3, … of singletons , 99 

doubletons, tripletons, etc…). The more commonly used types of nonparametric 100 

estimators are Chao’s estimator and the series of Jackknife estimators at increasing 101 

orders (JK-1, JK-2, JK-3, etc…). A serious problem arises however in practice: each of 102 

these different types of estimators - being formulated differently - provides a 103 

substantially distinct estimate. No consensus had never been obtained as to which of 104 

these estimators would be the more accurate [13-15]. Hence, the traditional practice has 105 

become to consider together all of them without making any choice [16], an admittedly 106 

rather frustrating situation! This unsatisfactory situation has probably largely 107 

contributed to still a certain reserve regarding the use of these estimators.  108 

Yet, more recently, BROSE et al. [13, 17] rightly suggested that, although none of the 109 

available estimators may consistently remain the more accurate, each of them may 110 

prove, in turn, being the more appropriate. They further argued that the criteria to select 111 

among these estimators might be related to the estimated degree of sampling 112 

completeness. Yet, as emphasised by these authors themselves, this quantitative 113 

relationship holds only under the explicit restriction of a given theoretical type of 114 

species abundance distribution or, at least, under the condition of a given degree of 115 

unevenness of the species abundance distribution in the sampled assemblage of species 116 

under consideration [18]. Due to this explicit restriction, the (partially distinct) keys 117 

successively proposed by BROSE et al. [13, 17] cannot benefit from general reliability and 118 

undifferentiated applicability, which severely limits their range of practical use. This 119 

limitations applies, as well, to other subsequently reported procedures still 120 

subordinated to particular types of species abundance distributions, for example: [18, 121 

19]. Nevertheless, this explicit restriction of applicability appears to have been often 122 

overlooked by end-users of these procedures.  123 

In fact, it can be demonstrated (see Appendix 1) that, without any particular restriction, 124 

the least-biased one, within the set of available nonparametric estimators is, simply, this 125 

estimator which provides the highest estimate, as compared to the others nonparametric 126 

estimators. This, indeed, is the straightforward consequence of the fact that all 127 

nonparametric estimators admittedly provide under-estimates of the number of 128 

unrecorded species, [11, 12, 18, 20]. So that it is the estimator which provide the highest 129 

estimate which is necessarily the least-biased one, among them all.  130 

Selecting this way the least-biased type of estimator thereby provides the best available 131 

evaluation of the number Δ of still unrecorded species and, in turn, the best evaluation of 132 

the total species richness of the partially sampled assemblage, St (= R0 + Δ). In addition, 133 

the least-biased expression for the extrapolation of the species accumulation curve is 134 

straightforwardly derived (Appendix 2). 135 

 136 

RESULTS  137 

Estimation of the total species richness at each site 138 

The least-biased type of estimator, selected according to the key in Appendix 1, was JK-5 139 

for both Hare and Vaan islands and JK-4 for Koswari island (Figure 1). The resulting 140 

least-biased estimates of (i) the number Δ of still unrecorded species, (ii) the total 141 

species richness St and (iii) the sampling completeness R0/St are provided at Table 1 for 142 

each of three locations.  143 
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 145 
 146 

Figure 1 – Estimated numbers Δ of still unrecorded species according to six nonparametric 147 

estimators (Chao and the five first Jackknifes at order 1 to 5) for each of the three sites, Hare, Vaan, 148 

Koswari islands. The highest estimates are provided by JK-5 for Hare and Vaan and by JK-4 for 149 

Koswari, which defines accordingly the least-biased estimators for each site. 150 

 151 

Table 1 – The number of collected individuals N0,  the number of recorded species R0, the selected 152 

least-biased type of nonparametric estimator, the estimated number Δ of unrecorded species, the 153 

resulting estimate of the “true” total species richness St, the resulting estimated level of sampling 154 

completeness R0/St. Estimations according to the least-biased procedure: selection key in Appendix 1.  155 
 156 

 Hare Vaan Koswari 

nb. collected individuals  N0 310 484 416 

nb. recorded species  R0 35 40 38 

least-biased estimator JK-5 JK-5 JK-4 

nb. unrecorded species  Δ 13.7 11.0 15.1 

total species richness   St 49 51 53 

sample completeness  R0/St 71% 78% 72% 
 157 

Table 2 and Figure 2 allow to compare the least-biased estimates of the numbers of 158 

unrecorded species implemented here to the corresponding estimations according to 159 

the procedure proposed by BROSE et al. [13]. The discrepancy between both methods is 160 

substantial, with gaps ranging from 45% to 71%. 161 

 162 
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Table 2 – Comparisons between the estimated number of unrecorded species according to the 171 

procedure by BROSE et al. [13] and the procedure implemented here. 172 
 173 

  Hare Vaan Koswari 

selection according 
to BROSE et al. [13] 

selected estimator JK-1 JK-1 JK-1 

nb. unrecorded species  ΔBrose 8.0 7.6 9.0 

selection key 
implemented here 

selected estimator JK-5 JK-5 JK-4 

nb. unrecorded species  Δ 13.7 11.0 15.1 

     relative gap (%)         (Δ – ΔBrose)/ΔBrose 71% 45% 68% 

 174 

 175 
 176 

Figure 2 – Estimations of the number Δ of still unrecorded species according to (i) the still common 177 

practice consisting in considering indistinctly the full range of values taken by Chao, Jack-1 and Jack-2 178 

[16]: light grey boxes; (ii) the selection keys proposed by BROSE et al. [13]: white points ; (iii) the 179 

selection key in favour of the least-biased type of estimator, among Chao and the five first Jackknifes, 180 

as implemented here: grey points. 181 
 182 

Evaluations of the additional sampling effort that would be required to improve 183 

sampling completeness at each site 184 

For each sampled site, Figures 3 and 4 provide the least-biased extrapolations of the 185 

Species Accumulation Curves, in order to show how the number R(N) of recorded 186 

species increases with growing sampling-size N, beyond the actually achieved sampling-187 

size. Computation conducted according to Appendix 2. For example, Figure 3 predicts 188 

the sampling efforts which would be necessary to reach, say, 90% or 95% sampling 189 

completeness for Hare, Vaan and Koswari islands (instead of the actually achieved levels 190 

71%, 78%, 72%, respectively, Table 1). Clearly the additional sampling effort required to 191 

detect one new species is accelerating very quickly as sampling is going on further, 192 

which is logically expected since (i) less and less species remain still unrecorded as 193 

sampling is progressing and (ii) those species still remaining unrecorded are – 194 

statistically – among the less abundant.  195 

Besides, Figure 4 – a zoom of Figure 3 focused on the beginning of extrapolations – 196 

shows that the slopes of the species accumulation curves may notably differ according to 197 
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sites, so that the curves may intersect. This is the case, here, for the accumulation curve 198 

at Koswari reef, which increases more rapidly than the two others and thus came to 199 

intersect the accumulation curve of Vaan at a sample-size around N = 800. Accordingly, 200 

the recorded richness of Koswari, which was less than that of Vaan as long as sampling-201 

size N remains less than 800, then exceeds that of Vaan beyond N = 800.  202 
 203 

 204 
 205 

Figure 3 – Least-biased extrapolations of the Species Accumulation Curves beyond the actually 206 

reached numbers of recorded species (the latter marked by grey points). The sampling-efforts 207 

(sampling-size N) predicted to reach 90% or 95% sampling completeness are represented by grey 208 

stars for each of the three sites. 209 
 210 

 211 
 212 

Figure 4 – A zoom of Figure 3, focused on the beginning of extrapolations. Note the steeper slope of 213 

the species accumulation curve of Koswari as compared to the curves of Vaan and Hare, resulting in 214 

the intersection of  the curves of Koswari and Vaan around sampling-size N = 800. 215 
 216 
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At last, Figure 5 provides quantitative prediction regarding the marginal additional 217 

sampling effort needed to increase by one the number of recorded species. 218 
 219 

 220 
 221 

Figure 5 – Additional (average) number of individuals necessary to detect one new species. This 222 

highlights how the additional sampling effort needed to increase by one the recorded species 223 

richness (i.e. the “marginal effort”) is dramatically increasing with growing sampling size.  224 

 225 

 226 

DISCUSSION  227 

Pristine tropical coral reefs are well known for hosting an exceptionally high level of 228 

associated biodiversity. Reefs provide unequaled variety of resources in terms of food 229 

and shelter for an incredibly large number of animals, all across size and taxonomical 230 

ranges. Shelled macro-gastropods just make a subset of this wide variety of animals’ 231 

forms, with, yet, large biological and commercial importance. This justifies special extra 232 

efforts in investigating the gastropods fauna of tropical coral reefs along Indian coast, as 233 

elsewhere, because still too few reports are made available on the subject. 234 

Underwater samplings are often less easy to achieve than usual, which, coupled with 235 

limited available time for field investigation, almost inevitably results in more or less 236 

incomplete underwater inventories. With around 20% of singletons (species only 237 

recorded once), each of the three surveys conducted by MOHANRAJ and coworkers [1] on 238 

coral reefs in the Gulf of Mannar Biosphere Reserve (India) are expected to remain 239 

incomplete and this to some unknown extent. This arises two complementary questions: 240 

(i) what might be the true, total species richness of shelled macro-gastropods in each of 241 

the three investigated sites and (ii) what additional sampling efforts would be required 242 

to increase the level of completeness of these inventories to some given extent. 243 

Both questions call for implementing an appropriate procedure of numerical 244 

extrapolation of the species accumulation curves, beyond the already achieved 245 

sampling-size, leading to minimal bias estimate of true species richness. Such procedure 246 

is necessary since neither the still traditional procedure suggested by COLWELL & 247 

CODDINGTON [16]  nor even the more promising procedure proposed by BROSE et al. [13, 248 

17] reveal finally satisfactory (Table 2, Figure 2).  249 
 250 
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The estimated total Gastropod species richness of each of the three investigated 251 

reefs 252 

The selected, least-biased type of estimator of the number of unrecorded species were 253 

Jackknife-4 (for Koswari) and Jackknife-5 (for Vaan and Hare). Accordingly, the total 254 

species richness amounts to 53, 51, 49 species for the shelled macro-gastropods 255 

respectively associated to the coral reefs along Koswari, Vaan and Hare islands (instead 256 

of 38, 40, 35 recorded species respectively). Thus, the three investigated reefs have fairly 257 

similar total species richness, around fifty. In turn, this confirms that the three 258 

inventories were actually incomplete, with 72%, 78%, 71% completeness levels 259 

respectively (Table 1). Now, this local account from coral reefs fringing three small 260 

islands should be considered by comparison to the more extensive and ecologically 261 

diverse coral reefs of Mannar Gulf as a whole, which encompasses still other types of 262 

marine habitats and ecosystems, in particular seagrass habitats and mangrove habitats 263 

[2]. According to the general survey by MELKANI et al. [21], the entire Gulf of Mannar is 264 

host to some 260 species of Gastropods, a figure, yet, which moreover includes non-265 

shelled species. On the other hand, a survey of coral reefs fringing two other 266 

neighbouring islands, in addition to Koswari and Vaan islands [2], numbers a total of 34 267 

species of shelled macro-gastropods out of which no less than 23 were not listed among 268 

the 40 species recorded in the inventories by MOHANRAJ et al. [1]. Thus, adjoining the two 269 

surveys by MOHANRAJ et al. [1 & 2] leads to a total recorded species richness of 63. This 270 

figure substantially exceeds the average 38 recorded species per individual reef (Table 271 

1), thus suggesting a rather patchy distribution of Gastropod fauna, differing appreciably 272 

from one coral reef to another one. Accordingly, with (i) a figure of 38 recorded species 273 

per individual reef on average and (ii) a figure of 63 species for 4 reefs pooled together, 274 

it follows that a potential of 70 to 80 recorded species seems likely for Mannar Gulf as a 275 

whole. At last, accounting for the level of completeness of inventories (around 75%, 276 

Table 1), this finally suggests a true total richness around 100 species for the Gastropod 277 

fauna associated to coral reefs all across the Gulf of Mannar. This, indeed, highlights the 278 

biodiversity conservation value of the “Gulf of Mannar Biosphere Reserve” for this 279 

specific fauna as well. 280 

Now, at a methodological view point, it has been noticed that the kinetics of species 281 

accumulation notably differs according to sites, so that the species accumulation curves 282 

of Koswari and Vaan come to intersect at a given a sample-size (around N = 800). The 283 

occurrence of such situations – which are far from being uncommon – highlights the fact 284 

that comparisons between non-exhaustive inventories cannot be reliably extrapolated 285 

towards the total species richness, even when their sampling-sizes are equal [22]. In 286 

particular, this invalidates the yet still currently admitted opinion that rarefaction 287 

procedure would guarantee for reliable predictions in terms of total species richness of 288 

the compared species assemblages: see also other similar examples [23-25]. 289 
 290 

Predicting the additional sampling-effort required for a given improvement of 291 

sampling completeness 292 

Both (i) the total sampling effort necessary to reach a given improvement of 293 

completeness and (ii) the marginal sampling effort for increasing by one the number of 294 

recorded species (Figures 3 and 5 respectively) show that both appreciations of 295 

required sampling effort dramatically increase when still higher levels of completeness 296 

are targeted. The practical interest of numerical extrapolations is, precisely, to be able to 297 
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accurately quantify this dramatic increase and, thus, be able to address rationally the 298 

inevitable question: when to “reasonably” stop additional sampling effort? 299 
 300 

When to reasonably stop sampling effort? 301 

Clearly, the answer to this question is a matter of compromise and, as such, a problem 302 

debatable, especially when the determinants involved in the question can only be 303 

appreciated qualitatively. Hence, the valuable contribution to be expected from 304 

quantifying the terms of the balance between the gain (i.e. the expected increase of the 305 

number of recorded species) and the cost (i.e. the corresponding additional sampling 306 

effort that is required). As just mentioned, the question can be handled two ways, 307 

according to either the total or the marginal costs (i.e. the ‘integral’ or the ‘derivative’). 308 

In the first case, the criterion to be considered is the ratio, N/R(N), of sampling-size N to 309 

the corresponding number R(N) of recorded species, which should not exceed an 310 

“acceptable” maximum threshold value, above which the “sampling yield” would be 311 

judged insufficient. 312 

In the second option, the criterion to be considered is the derivative, ∂N/∂R (= 313 

1/(∂R(N)/∂N)). This derivative is easily valued in practice, since, according to equation 314 

[A.1] (see Appendix 1), it is equal to the ratio, N/f1, of the sample size N to the 315 

corresponding number f1 of recorded singletons. Here again, the criterion ∂N/∂R (= 316 

N/f1) should not exceed an “acceptable” maximum threshold value above which the 317 

“sampling yield” would be judged insufficient. 318 
 319 

     320 
 321 

Figure 6  –  The total sampling effort N related to the corresponding number of recorded species R  322 

(ratio N/R), plotted against the level of sampling completeness (here for the site of Vaan). In practice, 323 

the graph provides the predicted maximum sampling completeness that may be reached for a pre-324 

determined maximum acceptable value of the ratio N/R. For example, a maximum accepted ratio 325 

N/R of 20 will allow to reach  ≈ 86 % level of sampling completeness. Conversely, reaching 95 % 326 

sampling completeness would require to accept at least a ratio N/R of ≈ 60. 327 
 328 

Let consider, for example, the case of Vaan Island. Figures 6 and 7 (both derived from 329 

Figure 3) show the variations of the criteria N/R and ∂N/∂R with sampling 330 

completeness. In practice, these figures allow to predict the maximum level of sampling 331 

completeness that may be reached as a function of the maximum “reasonably 332 
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acceptable” value for one or the other of these two criteria. That is the level of 333 

completeness obtained when sampling has to be reasonably stopped on the rational 334 

basis of the minimum “sampling yield” considered acceptable in practice, in the context 335 

of study. 336 
 337 

  338 
 339 

Figure 7 – The marginal cost ∂N/∂R (i.e. the number of additionally observed individuals required to 340 

detect one new species) plotted against the level of sampling completeness (here for the site of 341 

Vaan). In practice, the graph provides the predicted maximum sampling completeness that may be 342 

reached for a pre-determined maximum acceptable value of the marginal cost ∂N/∂R. For example, a 343 

maximum marginal cost of 100 (new individuals needed for increasing by one the number of 344 

recorded species) will allow to reach a ≈ 83 % level of sampling completeness. Conversely, reaching 345 

90 % sampling completeness would require to accept at last a marginal cost as high as ≈ 300. 346 

 347 

CONCLUSION 348 

An accurate procedure of numerical extrapolation of the partial inventories carried out 349 

on the Gastropods fauna associated to the three investigated coral reefs in “Mannar Gulf 350 

Biosphere Reserve” [1] provided similar least-biased estimates of the true (total) species 351 

richness for each site, that is around fifty species at each site, an appreciably higher 352 

figure than suggested by the numbers of recorded species only. The 11 to 15 still 353 

unrecorded species (according to sites) call for further sampling in each site, to get 354 

access to the identities of these still unrecorded species. Yet, since additional sampling 355 

efforts required to detect new species unfortunately increases exponentially with 356 

further sampling, it is essential to be able to predictively quantify the additional 357 

sampling efforts/costs that would be needed as a function of the targeted increase in 358 

sampling completeness. Or, conversely, to predict the maximum completeness expected 359 

from a given granted additional sampling effort.  Here also, the implementation of an 360 

accurate procedure of numerical extrapolation of species accumulation has proved 361 

being an essential tool.  362 

More generally, the accurate estimation of true (total) species richness – using least-363 

biased extrapolation of the species accumulation during progressive sampling [26, 27] – 364 

features all the more necessary that species richness tends to be recognized – now again 365 

– as the best numerical parameter to qualify local biodiversity [30]. 366 
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Appendix 1 495 

Demonstration that among the nonparametric estimators of the number of 496 

unrecorded species (Chao, the Jackknife series), the estimator providing the 497 

highest estimate is also the least-biased one 498 

This statement is demonstrated, below, according to three different ways.  499 

At first, as a reminder, the expressions of the Chao and Jackknife estimators are as 500 

follows: 501 

Chao: Δ = f12/(2 f2) ; 502 

JK-1: Δ = f1 ; JK-2: Δ = 2f1 –  f2 ; JK-3: Δ = 3f1 –  3f2 + f3 ; JK-4: Δ = 4f1 –  6f2 + 4f3 – f4 ; … ; 503 

and, more generally, for the Jackknife estimator at order ‘i': 504 

JK-[i]: Δ  = Σx=1 to i [ (-1)(x-1).C(i, x).fx  ] 505 

with   C(i, x) as the number of combinations of x items among i (see BÉGUINOT 2016a for a 506 

demonstration).    507 
 508 

        * first demonstration  509 

Let first consider as axiomatic the generally recognized fact that nonparametric 510 

estimators all provide under-estimates of the number of unrecorded species, whatever 511 

the type of estimator being considered [11, 12, 20]. It immediately follows that the least-512 

biased estimator is also the one which provides the highest estimate among them all. In 513 

turn, this allows to define explicitly, and in all generality, the respective domains within 514 
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which each estimator performs best. For example, the domain associated to Jackknife JK-515 

3, when the latter actually provides the highest estimate, is such that, within this domain 516 

JK-3 > JK-2 and JK-3 > JK-4. Accounting for the respective expressions of JK-2, JK-3, JK4, 517 

it immediately follows that this domain associated to JK-3 is defined as follows, in terms 518 

of values of the fx: 3f1 –  3f2 + f3 > 2f1 –  f2 and 3f1 –  3f2 + f3 > 4f1 –  6f2 + 4f3 – f4 ; that is: 519 

2f2 – f3  <  f1  <  3f2 – 3f3 + f4 520 

which defines the boundaries of the domain where JK-3 provides the least-biased 521 

estimate, since the latter exceeds the estimate of the neighbouring estimators. 522 

Extending the same reasoning to other types of nonparametric estimators leads to the 523 

following general key of selection of the least-biased estimator, based on the value of the 524 

recorded number f1 of singletons as compared to the recorded numbers f2, f3, f4,… of 525 

doubletons, tripletons, quadrupletons, etc … : 526 
 527 

  *  if   f1  <  0.5 f2   �  select   Chao 528 

  *  if   0.5 f2  <  f1  <  f2    �   select    JK-1 529 

  *  if   f2  <  f1  <  2f2 – f3    �    select   JK-2 530 

  *  if   2f2 – f3  <  f1  <  3f2 – 3f3 + f4    �  select  JK-3 531 

  *  if   3f2 – 3f3 + f4  <  f1  <  4f2 – 6f3 + 4f4 – f5    �  select   JK-4 532 

  *  if   f1  >  4f2 – 6f3 + 4f4 – f5     �  select    JK-5 533 

 534 

This selection key – in terms of values of f1 compared to f2, f3, f4, f5 – is, thus, strictly 535 

equivalent to the selecting procedure according to which the estimator that provides the 536 

highest estimate is the least-biased one. 537 
 538 

             * second, alternative demonstration  539 

It is not even necessary to call upon the axiom above (according to which nonparametric 540 

estimators all provide under-estimates). The same domains of optimality as those just 541 

defined above may be derived, independently of this axiom, by simply accounting for the 542 

constraint of continuity at the borders of the domains of optimality respectively 543 

associated to each type of estimator. This rule of continuity implies that the values taken 544 

by two successive Jackknifes (say JK-[i] and JK-[i+1]) should be equal at the boundary 545 

between their respective domains. For example, at the boundary between JK-2 and JK-3, 546 

both Jackknifes should be equal: 2f1 –  f2 = 3f1 –  3f2 + f3, that is, finally,  f1  =  2f2 – f3, at 547 

the boundary between JK-2 and JK-3. Similarly, at the boundary between Chao and JK-1, 548 

both estimators should provide the same estimate: f12/(2f2) = f1, that is, finally,  f1  =  0.5 549 

f2 at the boundary between Chao and JK-1.  Extending the same reasoning to the other 550 

types of estimators leads to the same domains, as defined above, for the values of f1 551 

compared to f2, f3, f4, f5. Thus, according to this second demonstration, the same key of 552 

optimality (in terms of values of f1 compared to f2, f3, f4, f5) is derived as above, without 553 

resorting to the axiomatic preliminary. In fact, this second alternative approach, based 554 

on continuity, actually provides a demonstration of the “axiom”, considered as such, in 555 

the first approach. And this second approach provides, thus, an alternative independent 556 

demonstration that the least-biased nonparametric estimator is the one which provides 557 

the higher estimate. 558 
 559 

             * third demonstration  560 

A third, yet less straightforward, demonstration was derived previously [26], leading to 561 

the same key of selection of the least-biased type of nonparametric estimator. As a 562 
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compensation of its substantially longer development, this third demonstration has the 563 

advantage of addressing also two additional points of interest: 564 

     (i) it proves that Chao and the Jackknife series are the only nonparametric estimators, 565 

expressed in terms of the fx, which complies with the compulsory rule of additivity, 566 

according to which, in an assemblage of species that encompasses several mutually 567 

exclusive categories (that is categories that share no species in common; for example 568 

taxonomic subsets such as, genus, families, orders, etc…), the estimated number of 569 

unrecorded species for the whole assemblage should be equal to the sum of the 570 

estimated numbers of unrecorded species in each of the member categories; 571 

     (ii) it provides the expressions for the extrapolation of the Species Accumulation 572 

Curves respectively associated to each type of nonparametric estimator [26-27], based 573 

on the general mathematical relationship that constrains the theoretical expression of 574 

any theoretical Species Accumulation Curves R(N) [26, 28-29]:  575 
 576 

∂xR(N)/∂Nx   =   (-1)(x-1) fx(N) /CN, x    ≈   (– 1)(x-1) (x!/Nx) fx(N)     ( ≈ as N >> x)         [A.1] 577 
 578 

N.B. – At a practical point of view, in order to reduce the influence of drawing 579 

stochasticity on the values of the fx, the as-recorded distribution of the fx should 580 

preferably be smoothened: this may be obtained either by rarefaction or by regression 581 

of the as-recorded distribution of the fx versus x.  Accordingly, for the present study, the 582 

regressions carried out to reduce the consequences of drawing stochasticity on the 583 

recorded distributions of values of the fx are given at Figures A.1, A.2, A.3.  It is these 584 

corrected values of the fx which are implemented in the computations of the 585 

nonparametric estimators and in the numerical extrapolations of the associated species 586 

accumulation curves. 587 
 588 

      589 
 590 

Figures A.1, A.2, A.3 – The recorded values of the numbers fx of species recorded x-times (grey discs) 591 

and the regressed values of fx (black discs) derived to reduce the consequence of stochastic 592 

dispersion, for the sites of Hare, Vaan and Koswari (from left to right). 593 

 594 

Appendix 2 595 

Least-biased extrapolation of the Species Accumulation Curve  596 
 597 

Compliance with equation [A.1] provides the following least-biased expressions for the 598 

extrapolations of the Species Accumulation Curves R(N) (i.e. for N > N0),respectively 599 

associated to each nonparametric estimator in its domain of optimality (detailed 600 

demonstration in [26]: 601 
 602 
 603 

* for f1 up to  f2    �  R1 (N) = (R(N0) + f1) – f1.N0/N  604 
 605 

* for f1 up to  2f2 – f3   �   R2 (N) = (R(N0) + 2f1 – f2) – (3f1 – 2f2).N0/N –  606 
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     (f2 – f1).N02/N2  607 
 608 

* for f1 up to  3f2 – 3f3 + f4   �  R3 (N) = (R(N0) + 3f1 – 3f2 + f3) – (6f1 – 8f2 + 3f3).N0/N   609 

     – (– 4f1 + 7f2 – 3f3).N02/N2 – (f1 – 2f2 + f3).N03/N3   610 
 611 

* for f1 up to  4f2 – 6f3 + 4f4 – f5     �  R4 (N) = (R(N0) + 4f1 – 6f2 + 4f3 – f4) – (10f1 –  612 

      20f2 + 15f3 – 4f4).N0/N – (– 10f1 + 25f2 – 21f3 + 6f4).N02/N2 – (5f1 – 14f2 + 13f3  613 

      – 4f4).N03/N3 – (– f1 + 3f2 – 3f3 + f4).N04/N4   614 
        615 

* for f1 larger than  4f2 – 6f3 + 4f4 – f5  �  R5 (N) = (R(N0) + 5f1 – 10f2 + 10f3 – 5f4 + f5) 616 

     – (15f1 – 40f2 + 45f3 – 24f4 + 5f5).N0/N – (– 20f1 + 65f2 – 81f3 + 46f4  617 

     – 10f5).N02/N2 – (15f1 – 54f2 + 73f3 – 44f4 + 10f5).N03/N3 – (– 6f1 + 23f2 – 33f3  618 

     + 21f4 – 5f5).N04/N4 – (f1 – 4f2 + 6f3 – 4f4 + f5).N05/N5   619 
 620 

N.B.: for f1 falling beneath 0.5 x f2, the extrapolation of the Species Accumulation Curve is 621 

given in [27]. 622 

 623 


