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Abstract 11 

As a rule, most biodiversity inventories at local scales remain more or less incomplete, 12 

when dealing with relatively speciose taxonomic groups, such as butterflies in tropical 13 

regions. It remains yet possible to take maximum additional advantage of partial 14 

inventories and to develop reliable predictions by extrapolating, as accurately as 15 

possible, the species accumulation curve beyond the already achieved sampling. For this 16 

purpose, selecting for the less-biased estimator of the number of missing species (among 17 

the wide diversity of currently available solutions) and for the corresponding expression 18 

of the species accumulation curve is desirable. Accordingly, implementing the recently 19 

derived “least-biased extrapolation procedure” is recommended in this respect.  20 

Least-biased extrapolation procedure was applied to an incomplete inventory of 21 

butterfly fauna (91 observed species) carried on by Tshering NIDUP and coworkers in the 22 

Manas Range (Royal Manas National Park, Bhutan). The estimated total species richness 23 

of butterflies for the set of investigated ecosystems reaches around 120 species; 24 

accordingly the achieved-sampling completeness is estimated around 76%.  Alternative 25 

estimations, based on six empirical models of species accumulation curves (namely: 26 

Clench, Negative Exponential, Exponential, Logarithmic B, Power and Margalef) prove 27 

markedly less accurate than the selected least-biased extrapolation, with Clench model 28 

being the less worst, however. 29 

Key-words : Lepidoptera, diversity, species richness, incomplete sampling, estimator, 30 

species accumulation, accuracy. 31 

 32 

INTRODUCTION 33 

Incomplete inventories of biodiversity are likely doomed to become increasingly 34 

frequent, as surveys progressively address new taxonomic groups more difficult to cope 35 

with, in particular those groups giving rise to species assemblages with high number of 36 

species. In addition, more commonly investigated taxonomic groups, also, are likely 37 

doomed to remain more or less incompletely surveyed at the local scale, due to sampling 38 

efforts often being far less intensive at these small scales than they usually are across 39 

wider areas. Accordingly, most of ongoing published inventories are admittedly more or 40 

less incomplete [1]. This incompleteness may be partially compensated (yet, in numerical 41 

terms only) by the estimation of the number of “missed” (i.e. unrecorded) species, 42 

thereby leading to the evaluation of the total species richness of the sampled assemblage 43 

of species. Many different (nonparametric) estimators of the number of “missing” 44 

species have been proposed in recent decades (reviewed in [2, 3]). As expected, these 45 

different types of estimators provide divergent evaluations of the number of unrecorded 46 

species, without any consensus having ever been reached regarding which estimator 47 

would feature more accurate than the others [1].  And the commonly accepted 48 
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suggestion to consider all these divergent estimates without being able to choose 49 

between them [4] remains rather frustrating. This, in turn, probably contributes to 50 

explain why many partial inventories are still not extrapolated numerically, in order to 51 

derive a reliable estimation of the total species richness. Yet, reliable evaluations of the 52 

richness of species assemblages would be highly desirable, at least in relative, if not in 53 

absolute terms. Note that even in relative terms, a relevant comparison of species 54 

richness between two or several assemblages requires that inventories be actually 55 

compared at a same level of completeness. A mandatory condition, that neither 56 

standardised sampling nor rarefaction to a same sampling size may actually secure [5], 57 

contrary to what is still too often asserted in literature (and this, simply because the 58 

level of completeness is dependent not only upon sample size but also is tightly 59 

dependent on the degree of heterogeneity of the species abundances distribution, which 60 

may usually differs between sampled assemblages).  61 

Now, a rational method of selection in favour of the least-biased estimator, among the 62 

most commonly referenced ones, has recently been developed [6,7], enlarging the path 63 

initiated by BROSE et al. [8]. This newly derived procedure avoids the above mentioned 64 

frustration of having to deal with divergent estimates without knowing how to choose 65 

the most accurate of them all. 66 

Hereafter, advantage is taken from using this procedure to extrapolate an incomplete 67 

inventory of Butterfly fauna in the Manas Range (Royal Manas National Park, Bhutan), 68 

carried on by Tshering  NIDUP and coworkers [9]. Thereby, a reliable estimate of the 69 

“true” total species richness of butterfly fauna within the partially sampled ecosystems 70 

of the Royal Manas National Park is expected. Moreover, reliable predictions of the 71 

additional sampling effort required to improve the completeness of the already 72 

performed inventory is derived. This, in turn, provides a rational basis to decide 73 

whether or not it seems worth further continuing the sampling operations, putting in 74 

balance the additional effort required and the expected benefit in terms of newly 75 

recorded species. 76 

 77 

MATERIALS & METHODS 78 

All details relative to the environmental context of the partial inventory and the list of 79 

butterfly species with their respective abundances are provided on-line with open access 80 

[9] and, accordingly, these details will not be recalled here.  Accounting for species 81 

abundances is of prime interest in the perspective of the extrapolation of partial 82 

samplings, since abundance data provides estimates of the numbers f1, f2, f3, f4,…, fx, … of 83 

those species recorded respectively 1-, 2-, 3-, …, x- times in the realised partial sampling. 84 

These numbers are required, in turn, to reliably extrapolate the species accumulation 85 

curve, as explained below.  86 

Numerical extrapolation of species accumulation beyond the achieved sampling size 87 

As sampling size increases, the number of recorded species is monotonically growing, at 88 

first rapidly and then less and less quickly. The so-called ‘Species Accumulation Curve’ 89 

R(N) accounts for the growth kinetics of the number of recorded species R with 90 

increasing sampling size N (N: typically, the number of observed individuals during 91 

sampling). The mathematical expression (and thus the details of the shape) of the 92 

Species Accumulation Curve are dependent upon both the total species richness of the 93 

sampled assemblage of species and the degree of heterogeneity of the species 94 

abundance distribution within the sampled assemblage of species [1]. This would 95 

apparently make the extrapolation of the Species Accumulation Curve rather difficult to 96 
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compute, since both preceding factors are unknown a priori.  Yet, the numbers f1, f2, f3, 97 

f4,…, fx, … of those species recorded respectively 1-, 2-, 3-, 4-, …, x- times during sampling 98 

are directly dependent also upon the total species richness and the degree of 99 

heterogeneity of the species abundances. This explains why these numbers f1, f2, f3, f4,…, 100 

may serve as an appropriate basis from which to extrapolate the Species Accumulation 101 

Curve, beyond the actual size of the sample under consideration. In particular, the most 102 

commonly used estimators of the number of unrecorded species (i.e. non-parametric 103 

estimators such as ‘Chao’ and the series of ‘Jackknife’) are computed from the recorded 104 

values of the first numbers fx [2].  In practice, a problem remains however: as already 105 

mentioned, each of these different types of estimators provides a substantially distinct 106 

estimate and none among these estimators remains consistently the more appropriate. 107 

Accordingly the traditional practice has become to consider together all of them without 108 

making any choice [4], an admittedly frustrating situation! 109 

Yet, it has been shown recently that although none of the available estimators 110 

consistently remains the more accurate [8], each of them may prove, in turn, being the 111 

less biased, depending on the value taken by f1 as compared to the other fx>1 [6].  112 

Accordingly, in practice, the most appropriate – i.e. the least biased – estimator of the 113 

number of unrecorded species may be selected by comparing the value of f1 to the 114 

values of the other fx for x > 1 [6, 7]. Selecting this way the least-biased type of estimator 115 

thereby provides the best possible estimate of the number Δ of “missing” species and, in 116 

turn, the best estimate of the total species richness St of the partially sampled 117 

assemblage. In addition, the less biased expression for the extrapolation of the species 118 

accumulation curve R(N) is straightforwardly derived. 119 

In practice, the formulations summarised in Appendix 1 provides (i) the expressions of 120 

Δ, St and R(N), according to each of the most commonly used types of nonparametric 121 

estimators and (ii) the key to select among them the less biased estimator and, thereby, 122 

the less-biased expressions for Δ, St and R(N). Also, in order to reduce the influence of 123 

drawing stochasticity, which affects the as-recorded values of the fx, it is advisable to 124 

regress the as-recorded distribution of the numbers fx versus x. 125 

 126 

RESULTS 127 

The survey conducted by NIDUP and coworkers yields R0 = 91 recorded species from N0 = 128 

1319 observations. The recorded values of the numbers fx at the end of sampling are 129 

plotted in Figure 1 (grey points) together with their values after regression (black 130 

points) which are considered for the extrapolation of the species accumulation curve. 131 
 132 
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 133 
 134 

Figure 1 – The recorded values of the numbers fx of species recorded x-times (grey discs) and the 135 

regressed values of fx (black discs) intended to reduce the consequences of stochastic dispersion. 136 
 137 

The extrapolations respectively associated to six types of non-parametric estimators – 138 

Chao and the five first Jackknife’s at orders 1 to 5 – are plotted at Figure 2. As the 139 

(regressed) values of the fx satisfy the inequality f1 > 4f2 – 6f3 + 4f4 – f5, it follows that, 140 

here, the more accurate extrapolation of the species accumulation curve is that 141 

associated to Jackknife-5 (cf. Appendix 1). Figure 2 and Table 1 highlight the strong 142 

differences between the different extrapolations, in particular the strong difference 143 

between the selected extrapolation, associated to JK-5, and the extrapolations associated 144 

to JK-2, JK-1 and Chao (even though the latter are among the most widely used 145 

estimators however!). 146 
 147 

ESTIMATOR TYPES JK-5 JK-4 JK-3 JK-2 JK-1 Chao 

nb. missing species  Δ 28 27 26 23 17 13 

total species richness  St 119 118 117 114 108 104 

completeness   R/St 76% 77% 78% 80% 84% 87% 

sample size N for 90% compl. ≈ 4250 ≈ 4000 ≈ 3700 ≈ 3100 ≈ 2100 ≈ 1550 

sample size N for 95% compl. ≈ 9500 ≈ 8500 ≈ 8000 ≈ 6000 ≈ 4100 ≈ 2200 
 148 

Table 1 – The estimated number of missing species Δ, the resulting total species richness St and the 149 

sampling completeness R/St, according to the type of estimator involved. Here, the selected 150 

estimator, providing the less-biased extrapolation, is Jackknife at order 5 (JK-5). Also computed are 151 

the predicted sampling sizes required to reach 90% and 95% completeness, according to each kind of 152 

extrapolation. 153 
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 155 
 156 

Figure 2 – Extrapolations of the Species Accumulation Curve (S.A.C.) respectively associated to each 157 

of the six estimators: Chao and the five Jackknife’s at orders 1 to 5. The grey point is for the actually 158 

performed sampling: N0 = 1319 individuals, R(N0) = 91 recorded species. Extrapolations differ 159 

markedly according to the corresponding type of estimator. Selecting the least-biased extrapolation 160 

is therefore very important, not only for a reliable estimation of the number of missing species and 161 

the total species richness, but also for a reliable prediction of the extra-sampling effort required to 162 

reach a given level of completeness. Here, the least-biased extrapolation is associated to Jackknife-5 163 

(JK-5).  164 
 165 

The practical importance of selecting the more accurate extrapolation is obvious: for 166 

example, the estimated number of missing species differs by a factor ≈ 2 and the 167 

required sampling size to reach 90% (resp. 95%) completeness differs by a factor ≈ 3 168 

(resp. ≈ 4) when comparing the extrapolations respectively associated to Jackknife-5 169 

and Chao (Table 1). 170 

According to the selected least-biased extrapolation of the species accumulation curve, 171 

here associated to Jackknife-5, the number of missing species is estimated at 28, the total 172 

species richness at 91 + 28 = 119 species and, accordingly, the degree of completeness 173 

reached by the inventory is estimated at 74%. 174 

Although this level of sampling completeness is fair, a more thorough investigation still 175 

features desirable, since a quarter of the total number of species still remains to be 176 

recorded, among which a majority of them are expected to be comparatively rare 177 

species, thereby of particular potential interest, scientific and patrimonial. As sampling 178 

“performance” –  in terms of the ratio between the number of newly discovered species 179 

and the corresponding additional effort required –  consistently decreases severely, as 180 

the inventory goes on, the additional investment is expected to be heavy. This is why a 181 

reliable estimate of the additional sampling investment needed to reach a given 182 

improvement of completeness would be so useful, in term of prospective programming. 183 

An accurate extrapolation of the species accumulation curve opportunely answers this 184 

need: Figure 2 shows the expected additional effort required to increase the 185 

completeness, from the present 76% level up to any higher values. 186 
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Besides, it is also possible to derive the extrapolation of the numbers fx of those species 187 

that would be recorded x- times after any additional sampling effort, by applying 188 

equation [A.1] to the selected extrapolation of the species accumulation curve (that is, 189 

here, R5(N)). Accordingly, fx is given here by: 190 

fx(N)   =  (– 1)(x-1) (Nx/x!).∂xR5 (N)/∂Nx 191 

with the expression of R5 (N) given in Appendix 1. 192 

The expected variations of f1, f2, f3, f4, f5, for sampling sizes beyond the realised 193 

inventory, are plotted in Figures 3 and 4.    194 
 195 

   196 
 197 

Figure 3 – Extrapolations of the numbers f1, f2, f3, f4, f5 of those species recorded respectively 1-, 2-, 198 

3-, 4-, 5- times, plotted against increasing additional sampling size. 199 
 200 

 201 
 202 

Figure 4 – A zoom on the extrapolations of the numbers f4 and f5 of those species recorded 203 

respectively 4- and 5- times, plotted against increasing additional sampling size. 204 
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 205 

Numbers f1, f2, f3 have already pass their respective maxima and accordingly are 206 

consistently decreasing along continuously progressing sampling, while f4, f5 207 

respectively reach their maximum values at sampling size N ≈ 1500 and ≈ 1700, 208 

respectively (Figure 4) and then continuously decrease. As expected, the rate of 209 

decrease of the fx, slows down consistently from f1 to f5. 210 

A more thorough theoretical analysis of the regulation process that applies to the series 211 

of the fx is given in [10].  212 

 213 

DISCUSSION 214 

To extrapolate the species accumulation curve and estimate the number of missing 215 

species, I have considered the series of the more commonly implemented types of 216 

nonparametric estimators (Chao and the five first Jackknife’s). All of them are based on 217 

the values taken by the series of the number fx of those species recorded x-times at the 218 

end of sampling. But each type of estimator is, yet, formulated differently and thus 219 

provides an estimation which is distinct from the others. Accordingly, a procedure of 220 

selection among them all is necessary to resolve this hardly acceptable ambiguity. 221 

Applying the procedure of selection recently developed for this purpose [6] makes 222 

possible to remove this ambiguity and, here, leads to retain:  223 

(i) Jackknife-5 as the least-biased estimator of the number of missed (still unrecorded) 224 

species and  225 

(ii) the expression associated to Jackknife-5 (see Appendix 1) for the least-biased 226 

extrapolation of the species accumulation curve.  227 

Incidentally, the selected estimator proves, here, to be the one having the highest value 228 

(Figure 2). This, indeed, is not surprising since all the non-parametric estimators 229 

available in the literature (including the six types considered in the implemented 230 

procedure) are considered as yielding under-estimates of the true number of missing 231 

species [1, 2]. Accordingly, it is logically expected that the less-biased, among them, 232 

should be the one leading to the highest estimate.  233 

In fact, this trend is quite general indeed, as demonstrated directly from the inequalities 234 

defining the respective ranges of appropriate use of each of the Jackknife estimators (see 235 

Appendix 1 for more details).   236 

Apart from the range of non-parametric estimators considered above; a series of purely 237 

empirical formulations of the species accumulation curve R(N) might also be considered 238 

alternatively. These empirical formulations are not associated to any kind of estimator 239 

of the number of missing species, but have adjustable parameters that enable them to 240 

satisfy the two following compulsory conditions:  241 

(i) the computed number, R(N0), of recorded species at the end of the actually 242 

performed sampling (size N0) should be equal to the number of actually recorded  243 

species R0 (here R0 = 91);  244 

(ii) at N = N0, the computed slope of the species accumulation curve, ∂R(N)/∂N, must be 245 

equal to f1/N0, a condition originally demonstrated by TURING [11] (and subsequently 246 

generalised independently by BÉGUINOT [10, 12]: see equation (A.1) in Appendix 1). 247 

Among empirical formulations involving two adjustable parameters, the six following 248 

are commonly considered for the extrapolation of the species accumulation curve 249 

(reviewed in [13]: 250 

“Clench” model:  R(N) = a.N/(1+b.N)  251 

“Negative exponential” model:  R(N) = a.(1 – exp(– b.N)) 252 
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“Exponential” model:  R(N) = a + b.ln(N) 253 

“Logarithmic B” model:  R(N) = a.ln(1+ b.N) 254 

“Power” model:  R(N) = a.(N)b  255 

with a and b as the two adjustable parameters. 256 
 257 

    258 
 259 

Figure 5 – Extrapolations of the Species Accumulation Curve (S.A.C.) associated (i) to the selected 260 

estimator Jackknife 5 and (ii) to six empirical models: “Clench”, “Negative exponential”, 261 

“Exponential” (or “Logarithmic-B” which is practically superimposed), “Power” and, at last, the model 262 

derived from the Margalef index. 263 

 264 

Also, a model with only one adjustable parameter may be easily derived from the 265 

Margalef index, as: R(N) = a.Ln(N) + 1 (the derivation is based on the postulated 266 

independence of Margalef index upon sampling size N, which is implicit in the 267 

conception of this index, although this is practically never the case in practice). 268 

As already mentioned, the adjustable parameters a and b are defined, for each model, in 269 

order to satisfy both relationships R(N0) = R0 and ∂R(N)/∂N = f1/N0 at N = N0 (see 270 

Appendix 2 for the computations of the values taken by parameters a and b in each 271 

case). 272 

Figures 5 and 6 and Table 2 provide representations of the extrapolated species 273 

accumulation curves at sampling sizes N > N0, for each of the six empirical models and 274 

for the least-biased extrapolation associated to Jackknife-5 estimator. 275 
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 277 
 278 

Figure 6 – Extrapolations of the Species Accumulation Curve (S.A.C.) associated (i) to the selected 279 

estimator Jackknife 5 and (ii) to six empirical models:  a zoom of Figure 5 focusing on the details of 280 

empirical models deviations from the selected extrapolation. 281 
 282 

All six empirical models lead to extrapolations that differ more or less markedly from 283 

the least-biased extrapolation associated to Jackknife-5. 284 

At first, Exponential model, Logarithmic B model, Power model and Margalef-index 285 

associated model all are non-asymptotic models, thereby being inappropriate to 286 

estimate the number of missing species and the resulting total species richness. Clench 287 

model and Negative exponential model, on the contrary, are asymptotic expressions 288 

which may deliver, accordingly, finite estimations of the number of missing species and 289 

of the resulting total species richness (Table 2).  290 

As compared to the least-biased estimate of 28 missing species, the estimates provided 291 

by Clench model and Negative exponential model are substantially lower: 21 and 6 292 

missing species respectively. Therefore, here, Clench model works better than Negative 293 

exponential model (Exponential, Logarithmic B, Power and Margalef models being out of 294 

competition as mentioned above). 295 
 296 

Extrapolation

types 
JK-5 CLENCH NEG. EXP. EXP/LOG POWER MARGAL. 

nb. missing 

species  Δ 
28 21 6 undefined undefined undefined 

nb. newly 

rec. species   
10.5 9.4 5.8 11.8 12.6 8.7 

 297 

Table 2 – The estimated number of missing species Δ and the expected number of newly recorded 298 

species after doubling the sampling size. As a whole, it is the extrapolation according to Clench model 299 

which deviates the least from the selected less-biased extrapolation (associated to Jackknife 5). 300 
 301 
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As regards, now, the comparison between the extrapolations according to Clench model, 302 

on the one hand and the series of Jackknife estimators on the other hand, Figure 7 shows 303 

that, here, the Clench model delivers a better prediction than Jackknife-1, but does less 304 

good than the species accumulation curves respectively associated to all the other 305 

Jackknife’s : JK-2, JK-3, JK-4 and, of course, JK-5. 306 

 307 

 308 
 309 

Figure 7 – Extrapolations of the Species Accumulation Curve (S.A.C.) respectively associated to the 310 

Clench model and to the series of Jackknife estimators (JK-1 to JK-5). Clench model works better than 311 

does the extrapolation associated to Jackknife-1 but less well than do the extrapolations associated 312 

to the other Jackknife estimators.  313 

 314 

CONCLUSION 315 

Incomplete inventories of local biodiversity, which are doomed to become most often the 316 

ordinary rule in practice (at least for speciose taxonomic groups and/or for local 317 

investigations involving insufficient sampling efforts) may provide, however, much more 318 

information than would be expected from the crude consideration of the crudely 319 

recorded data. Releasing this additional information requires, however, that species 320 

inventories include not only the simple list of occurring species but also the respective 321 

abundances of each recorded species. Under this condition, extrapolating the Species 322 

Accumulation Curve, beyond the actually achieved inventory, may easily be 323 

implemented, using either non-parametric estimators of the number of missed species or 324 

considering alternatively, several kinds of empirical models. Literature provides 325 

numerous types of non-parametric estimators as well as several kind of empirical 326 

models of species accumulation function. Reliable extrapolation, however, is conditioned 327 

by the rational selection, for each inventory, of the least-biased estimator of the number 328 

of missing species, among the series of estimators made available in the literature. 329 

Empirical models, for their own, prove hardly appropriate, especially those models 330 

having non-asymptotic expressions. Among the asymptotic empirical models, Clench 331 
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model performs more or less as the average of the non-selected non-parametric 332 

estimators (compare Figures 5 and 2) while the Negative-exponential model is very 333 

strongly negatively biased.  334 

According to the least-biased extrapolation of the species accumulation curve (involving, 335 

for this particular inventory, the Jackknife 5 nonparametric estimator), 28 additional 336 

species would still remain unrecorded by the present inventory. The 91 recorded 337 

species thus represent about three quarters of the true species richness (≈ 119 species) 338 

of the set of investigated ecosystems within the Manas Range.  339 

This, indeed, invites to add some supplementary sampling effort, at first applied to the 340 

same set of ecosystems already inventoried partially. In this perspective, the least-341 

biased extrapolation of the species accumulation curve provide useful information that 342 

may serve to predict the level of additional sampling effort (in term of sampling size, i.e. 343 

number of individual records) that would be necessary to reach a given increment of 344 

sampling completeness. As might be expected, the additional sampling effort needed to 345 

progress in completeness increases very rapidly, that is, the cost of recording new 346 

species becomes progressively but rapidly higher and higher. Beyond this intuitive 347 

expectation, it is the merit of a reliable extrapolation, as plotted in Figure 2, to quantify 348 

the rapidly increasing cost required by a continuous improvement of completeness of 349 

inventory. For example, increasing the completeness from the actual 76% level to 90% 350 

completeness would require multiplying by a factor ≈ 3 the currently achieved sampling 351 

size (≈ 4250 individuals to be recorded, as compared to the 1319 presently recorded). 352 

And reaching a desirable 95% level of completeness would imply increasing the present 353 

sampling size by a factor ≈ 7 (≈ 9500 individuals to be recorded against 1319). 354 

Finally, this opens the desirable possibility of comparing, on a rational common basis,  355 

 (i) the expected number of newly recorded species, many if not all of them being of 356 

potential scientific and patrimonial interest (as they are admittedly expected to be 357 

among the rarest species of the sampled assemblage) and, 358 

(ii) the additional sampling efforts/costs that would be required to obtain this expected 359 

number of new records.  360 

 361 

Appendix 1 - Bias-reduced extrapolation of the Species Accumulation Curve  362 

and associated bias-reduced estimation of the number of missing species, 363 

based on the recorded numbers of species occurring 1 to 5 times 364 

Consider the survey of an assemblage of species of size N0 (with sampling effort 365 

N0 typically identified either to the number of recorded individuals or to the number of 366 

sampled sites, according to the inventory being in terms of either species abundances or 367 

species incidences), including R(N0) species among which f1, f2, f3, f4, f5, of them are 368 

recorded 1, 2, 3, 4, 5 times respectively. The following procedure, designed to select the 369 

less-biased solution, results from a general mathematical relationship that constrains 370 

the theoretical expression of any theoretical Species Accumulation Curves R(N) (see [6, 371 

12, 14]):  372 
 373 

∂xR(N)/∂Nx   =   (-1)(x-1) fx(N) /CN, x    ≈   (– 1)(x-1) (x!/Nx) fx(N)     ( ≈ as N >> x)     (A.1) 374 
 375 

Compliance with the mathematical constraint (equation (A.1)) warrants reduced-bias 376 

expression for the extrapolation of the Species Accumulation Curves R(N) (i.e. for N > 377 

N0).  Below are provided, accordingly, the polynomial solutions Rx (N) that respectively 378 

satisfy the mathematical constraint [1], considering increasing orders x of derivation 379 
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∂xR(N)/∂Nx.   Each solution Rx (N) is appropriate for a given range of values of f1 380 

compared to the other numbers fx   (according to [6]): 381 
 382 
 383 

* for f1 up to  f2    �  R1 (N) = (R(N0) + f1) – f1.N0/N  384 
 385 

* for f1 up to  2f2 – f3   �   R2 (N) = (R(N0) + 2f1 – f2) – (3f1 – 2f2).N0/N –  386 

     (f2 – f1).N02/N2  387 
 388 

* for f1 up to  3f2 – 3f3 + f4   �  R3 (N) = (R(N0) + 3f1 – 3f2 + f3) – (6f1 – 8f2 + 3f3).N0/N   389 

     – (– 4f1 + 7f2 – 3f3).N02/N2 – (f1 – 2f2 + f3).N03/N3   390 
 391 

* for f1 up to  4f2 – 6f3 + 4f4 – f5     �  R4 (N) = (R(N0) + 4f1 – 6f2 + 4f3 – f4) – (10f1 –  392 

      20f2 + 15f3 – 4f4).N0/N – (– 10f1 + 25f2 – 21f3 + 6f4).N02/N2 – (5f1 – 14f2 + 13f3  393 

      – 4f4).N03/N3 – (– f1 + 3f2 – 3f3 + f4).N04/N4   394 
        395 

* for f1 larger than  4f2 – 6f3 + 4f4 – f5  �  R5 (N) = (R(N0) + 5f1 – 10f2 + 10f3 – 5f4 + f5) 396 

     – (15f1 – 40f2 + 45f3 – 24f4 + 5f5).N0/N – (– 20f1 + 65f2 – 81f3 + 46f4  397 

     – 10f5).N02/N2 – (15f1 – 54f2 + 73f3 – 44f4 + 10f5).N03/N3 – (– 6f1 + 23f2 – 33f3  398 

     + 21f4 – 5f5).N04/N4 – (f1 – 4f2 + 6f3 – 4f4 + f5).N05/N5   399 
 400 

The associated non-parametric estimators of the number ΔJ of missing species in the 401 

sample [with  ΔJ = R(N=∞) – R(N0) ] are derived immediately:  402 
 403 

 404 

  *  0.6 f2  <  f1  <  f2    �      ΔJ1 = f1  ;    R1 (N)           405 
 406 

  *  f2  <  f1  <  2f2 – f3    �      ΔJ2 = 2f1 – f2  ;    R2 (N)   407 
        408 

  *  2f2 – f3  <  f1  <  3f2 – 3f3 + f4    �      ΔJ3 = 3f1 – 3f2 + f3  ;     R3 (N)         409 
 410 

  *  3f2 – 3f3 + f4  <  f1  <  4f2 – 6f3 + 4f4 – f5    �      ΔJ4 = 4f1 – 6f2 + 4f3 – f4  ;     R4 (N)     411 
   412 

  *  f1  >  4f2 – 6f3 + 4f4 – f5     �     ΔJ5 = 5f1 – 10f2 + 10f3 – 5f4 + f5  ;     R5 (N)   413 
 414 

N.B. 1: As indicated above (and demonstrated in details in [6]), this series of inequalities 415 

define the ranges that are best appropriate, respectively, to the use of each of the five 416 

estimators, JK-1 to JK-5. That is the respective ranges within which each estimator will 417 

benefit of minimal bias for the predicted number of missing species.  418 

Besides, it is easy to verify that another consequence of these preferred ranges is that 419 

the selected estimator will always provide the highest estimate, as compared to the 420 

other estimators. Interestingly, this mathematical consequence, of general relevance, is 421 

in line with the already admitted opinion that all non-parametric estimators provide 422 

under-estimates of the true number of missing species [1, 2]. Also, this shows that the 423 

approach initially proposed by BROSE et al. [8] – which has regrettably suffered from its 424 

somewhat difficult implementation in practice  – might be advantageously reconsidered, 425 

now, in light of the very simple selection key above, of far much easier practical use. 426 
 427 

N.B. 2: In order to reduce the influence of drawing stochasticity on the values of the fx, 428 

the as-recorded distribution of the fx should preferably be smoothened: this may be 429 

obtained either by rarefaction processing or by regression of the as-recorded 430 

distribution of the fx versus x. 431 
 432 
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N.B. 3: For f1 falling beneath 0.6 x f2 (that is when sampling completeness closely 433 

approaches exhaustivity), then Chao estimator may be selected: see reference [7]. 434 
 435 
 436 

Appendix 2 – Computations of the adjustable parameters for each empirical 437 

model of species accumulation curve  438 

The adjustable parameters a and b are defined, for each model, in order to satisfy both 439 

compulsory relationships:  (i) R(N0) = R0 and (ii) ∂R(N)/∂N = f1/N0, at N = N0. 440 

It follows, for the different kinds of empirical models: 441 

* Clench model:  R(N) = a.N/(1+b.N) : 442 

relationship (i) imposes a = R0.(1+ b.N0)/N0, with parameter b defined as b = (R0/f1 – 443 

1)/N0, so as to satisfy relationship (ii). Thus, finally, a = R02/N0/f1. 444 

* Negative exponential model:  R(N) = a.(1 – exp(– b.N)) : 445 

relationship (i) imposes a = R0/(1 – exp(– b.N0)), with parameter b defined implicitly by  446 

b = f1/(a.N0 .exp(– b.N0)), so as to satisfy relationship (ii).  447 

* Exponential model:  R(N) = a + b.Ln(N) : 448 

relationship (i) imposes a = R0 – b.Ln(N0), with parameter b defined as b = f1, so as to 449 

satisfy relationship (ii). Thus, finally, a = R0 – f1.Ln(N0). 450 

* Logarithmic B model:  R(N) = a.ln(1 + b.N) : 451 

In fact, this model, while formally quite different from the Exponential model, yet proves 452 

being practically identic to it, as soon as N becomes large enough, which will be usually 453 

the case in practice for the extrapolated part of the curve.  454 

* Power model:  R(N) = a.(N)b  455 

relationship (i) imposes a = R0/(N0)b, with parameter b defined as b = f1/R0, so as to 456 

satisfy relationship (ii). Thus, finally, a = R0/(N0)(f1/Ro). 457 

* Margalef-index associated model:  R(N) = a.ln(N) + 1 458 

relationship (i) imposes a = (R0 – 1)/ln(N0) and, as  this model has only one adjustable 459 

parameter, it is not possible to satisfy relationship (ii) in general; thus this model does 460 

not respect the slope imposed to the species accumulation curve at N = N0 (this, indeed, 461 

is well apparent at Figures 3 and 3bis). 462 

 463 
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