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ABSTRACT .   We have suggested improved and robust  es t imators  for  the est imation of  f in i te  
populat ion variance using non-convent ional  populat ion parameters  as  auxi l iary var iables  to  
enhance the eff ic iency of  proposed est imators .  A comparison between suggested est imators  
and exis t ing est imators  has  been made through a  numerical  demonstrat ion.  The expression for  
b ias  and mean square error  has been der ived up to  the f irs t  order  of  approximation.  The  
improvement  of  proposed est imators  over  exist ing est imators  shown is  c lear ly based on the 
lesser  mean square error  of  proposed est imators .   
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1.  Introduct ion;  The improvement of  the es t imators  through proper  u t i l izat ion of  auxi l iary 
information has been widely discussed by the Stat ic ians  when there exis ts  a  c lose associat ion 
between auxi l iary var iable  (X )  and Study var iable  (Y ) .  Some of  them from the l i terature  are  
Isaki  [1] ,  who proposed rat io  and regression est imators .   Kadilar  & Cingi[2]  u t i l ized the 

coeff ic ient  of  skewness  xC as auxi l iary populat ion parameter  to  enhance the eff ic iency of  

es t imator .  Subramani.  j  and Kumarapandiyan .G [3] used quart i les  as  auxi l iary information  
to  improve the eff ic iency of  modif ied es t imators  over  exist ing est imators .  On the same l ines ,  
Singh.  D,  and Chaudhary,  F.S [4],  M .Murthy [5] ,  Arcos .  A .  M.  Rueda,  M.  D,  Mart inez.  S .  
Gonzalez and Y.  Roman [6],  have ut i l ized th is  auxi l iary information in  d ifferent  forms to 
enhance the precis ion and eff ic iency of  proposed est imators .  Recent ly,  Subhash Kumar  Yadav 
[7] ,  Khan.  M and Shabbir .  J  [8],  Jeelani .  Iqbal  and Maqbool.  S [9] ,  have used different  
populat ion parameters  as  auxi l iary var iables  to  improve the precis ion and eff ic iency of  
var iance est imators .  Similar ly Bhat  e t  a l .  (2018)  [10] have used l inear  combinat ion of  
skewness and quart i les  as  auxi l iary information to  obtain  the precis ion of  es t imators   

Let  the f in i te  populat ion under  survey be  NUUUU ,...,, 21  ,  consis ts  of  N  d is t inct  and 

ident if iable  uni ts .  Let  Y be a  real  var iable  with  value Yi  measured on NiU i ........3,2,1,  ,  

g iving a  vector     NyyyY ,...,, 21  .  The goal  is  to  es t imate  the populat ions mean 
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from a populat ion U .  In  th is  paper ,  our  a im is  to  es t imate  the precise and rel iable  es t imates 
for  f in i te  populat ion variance when the populat ion under  invest igat ion is  non-normal  or  badly 
skewed as  non-convent ional  parameters  are  robust  measures  for  skewed populat ions.  

2 .  Materials  and methods :  

2.1  Notat ions:  N  Populat ion s ize.  n Sample s ize .  
n

1


   ,
Y= study var iable .  X= 

Auxil iary var iable .  YX , = Populat ion means.  yx , Sample means.  22 , xY SS  populat ion 

var iances .  22 , xy ss = sample var iances .  yx CC , Coeff icient  of  var iat ion.   Correlat ion 

coeff ic ient .  )(1 x
 

Skewness of  the auxi l iary var iable .   )(2 x  Kurtosis  of  the auxi l iary 



var iable.   )(2 y  Kur tosis  of  the s tudy var iable ,  Bias  of  the est imator .  MSE(.)= Mean square 

error .   2ˆ
RS  Rat io  type var iance est imator ,  D=Downton;s  method . ,  D i ,  i  =1,2,…10 = Deci les .  

2.2 .  Exist ing Est imators  from the l i terature;   

2 .2 .1.  Ratio type Variance est imator proposed by Isaki [1]:  
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2.2 .2 Ratio type Variance est imator proposed by Kadilar and Cingi [2]:  













xx

xx
ykc Cs

CS
sS

2

2
22

1
ˆ             

Bias  ( )ˆ( 2
1kcS =   )1(1 22)(211

2   xy AAS  

MSE ( )ˆ( 2
1kcS =   )1(2)1(1 221)(2

2
1)(2

4   AAS xyy  

2.2 .3.  Ratio type Variance est imator proposed by Subramani and Kumarapandiyan [3]   
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4.  Modif ied and suggested est imators:  
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We have der ived the b ias  and mean square  error  of  proposed est imators   up 

to  the f i rs t  order  of  approximation as  g iven below: 

Let  and .  Fur ther  we can wri te   and   1
22 1 eSs xx 

and from the def in i t ion of  and we obtain:  

, ,   ,  

The proposed est imator  is  g iven below: 

           (1)  

              Where          

   

 1, and  

          (2)  

      (3)  

Expanding and neglect ing the terms more than 3r d  order ,  we get  

     (4)  

                       (5)  

By taking expectat ion on both  s ides  of  (5) ,  we get  

   (6)  

       (7)  

                                  (8)  

Squar ing both  s ides  of  (6)  and neglect ing the terms more than 2n d  order  and taking 
expectat ion,  we get   
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5.  Eff ic iency condit ions:  we have der ived the eff ic iency condi t ions of  proposed est imators  

with  o ther  exis t ing est imators  under  which proposed est imators  ........3,2,1ˆ 2 PS P   are 

performing bet ter  than the exis t ing est imators   ........3,2,1ˆ 2 KS K  

The bias  and Mean square error  of  exis t ing rat io  type est imators  up to  the f irs t  order  of  
approximation is  g iven by 

       (1)  

     (2)

 

Bias ,  MSE and constant  of  proposed est imators  is  g iven by 

       (3)  

     (4)

 

From Equat ion (2)  and (3) ,  we have 
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By solving equat ion (13) ,  we get  
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4.  Numerical  I l lustrat ion:  

We use the data  of  Murthy (1967)  page 228 in which  f ixed capi ta l  is  denoted by X( auxi l iary 
var iable  )  and output  of  80 factor ies  are  denoted by Y(study var iable) .we apply the proposed 
and exis t ing es t imators to  th is  data  set  and the data  s ta t is t ics  is  g iven below: 
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Table-1 Bias  and Mean Square Error of  exist ing and proposed est imators  

Est imators  Bias  Mean Square Error  

Isaki  [1] 10.8762 3925.1622 

Kadilar&Cingi [2]  10.4399 3850.1552 

Subramani&Kumarapandiya
n [3]  

6 .1235 3180.7740 

Proposed (  MS1) 4.1794 2330.0997 

Proposed (MS2) 3.9258 2297.7372 

Proposed (MS3) 3.6113 2258.5616 

Proposed (MS4) 3.4257 2236.8446 

Proposed (MS5) 3.2468 2215.5535 

Proposed (MS6) 3.0290 2191.7075 

Proposed (MS7) 1.8584 2078.8646 

Proposed (MS8) 1.3512 2041.8180 

Proposed (MS9) 0.4832 1999.2338 

Proposed (MS10) 0.4143 1999.2353 
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 Table-2  Percent  relat ive eff ic iency of  proposed est imators with exist ing est imators 

Estimators  Isaki  [1]  Kadilar&Cingi 
[2]  

Subramani&Kumarapandi
yan [3] 

P1 168.4543 165.2356 136.5089 

P2 170.8272 167.5629 138.4315 

P3 173.7929 170.4693 140.8327 

P4 175.4776 172.1243 142.2000 

P5 177.1639 173.7784 143.5665 

P6 179.0915 175.6692 145.1285 

P7 188.8127 185.2047 153.0060 

P8 192.2385 188.5650 155.7824 

P9 196.3331 192.5813 159.1004 

P10 196.2593 192.5089 159.0407 

Decis ion and conclusion:  

In  th is  manuscr ip t ,  empir ical  s tudy clear ly reveals  that  our  proposed est imators  are  more 
eff ic ient  than exis t ing es t imators  which can be seen from tables  viz ;  table-1 ,  table-2  as  b ias  
and mean square  error  of  suggested est imators  is  less  than the a lready exis t ing est imators  in  
the l i terature.  and also by the percentage rela t ive eff ic iency cr i ter ion.  Hence the proposed 
est imator  may be preferred over  exis t ing est imators  for  use in  pract ical  appl icat ions.   

References:  

 [1] . Isaki ,  C.T.  (1983) .  Var iance est imat ion using auxi l iary information.  Journal  o f  the 
American Stat is t ical  Associat ion,78,117-123 .  

[2] .  Upadhyaya,  L.  N.  and Singh,  H.  P,  (1999) :  use o f   auxi l iary variable   in  the est imation 
of  populat ion variance,   Mathematical  forum, 4 ,  33-36 (1936).  

[3] .Kadilar ,  C.  & Cingi,  H.(2006a) . Improvement  in  Var iance est imation using auxi l iary  
information  Hacet tepe   Journal  o f  mathematics  and Stat is t ics ,  35(1).117-115.  

 [4] .Subramani,  J .  and  Kumarapandiyan,  G.  (2015) .   General ized modif ied  ra t io  type 
est imator  for  es t imation of  populat ion  var iance.  Sri-Lankan journal  o f    appl ied 
Stat is t ics ,vol16-1,69-90 .    

[5] .  Singh,  D.   and Chaudhary,  F.  S.   Theory and analysis  o f  sample survey   designs.  New 
age   publ ishers  1986  

[6] .M.  N Murthy,  Sampling theory,  Theory and Methods,  S ta t is t ical  publ ishing Society ,  
Calcut ta ,1967.  

 [7] .Arcos,  A. ,  M.  Rueda,  M.  D.  Mart inez,  S.  Gonzalez and Y.  Roman.  2005.   Incorporatin  
the auxi l iary information avai lable  in  var iance est imation.  Applied  Mathematical  and       
Computat ion,  Vol  160 :  387-399.   

 [8] .  Subhash Kumar Yadav,  Sheela Misra and S.S Mishra .  American Journal  o f  operat ional  
Research,  2016,6(1):9-15 



[9] .M .a  .  Bhat* 1 ,  S  .  Maqbool2 ,  S  .A .Saraf2 ,  Ab.  Rouf2and S .H Malik2 .  Journal  of  Advances 
in  Research 13(2):  1-6  ,  2018 Art icle  no.37321.  ISSN: 2348-0394 ,  NLMID: 101666096 

 

  

 


