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Original Research Article 1 

ON PAIRWISE SINGULAR COMPACTIFICATION 2 

 3 

 4 

Abstract 5 

 6 

By introducing the notion of a pairwise singular 7 

compactification for a pairwise hausdorff, pairwise locally 8 

compact bitopological space it is proved that a αX is a 9 

pairwise singular compactification for X iff αX-X is a 10 

pairwise retract of αX. 11 

 12 

1. Introduction 13 

 14 

By a space we mean a Bitopological space and by a map we mean a pairwise 15 

continuous map between Bitopological spaces. Letters X,Y,Z are used for 16 

Bitopological spaces and f,g,h etc are used for maps between them. 17 

 18 

A Bitopological space is a triple (X, ℑ1, ℑ2) where ℑ1 and ℑ2 are topologies on 19 

a set X. 20 

J.C.Kelly [5] initiated the systematic study of such spaces and several other 21 

authors namely Weston, Lane [7], Patty [10] etc. contributed to the 22 

development of the theory. Kelly introduced pairwise Housdorff spaces, 23 

pairwise regular and pairwise normal spaces in the theory [5]. 24 

 25 

A cover U of a Bitopological space (X,ℑ1, ℑ2) is called pairwise open if                  26 

U ⊆ ℑ1∪ℑ2 and U contains at least one non-empty member of ℑ1 and one 27 

non-empty member of ℑ2. A Bitopological space (X,ℑ1, ℑ2) is called pairwise 28 

compact if every pairwise open cover of (X,ℑ1,ℑ2) has a finite subcover [11]. 29 

According to I.L. Reilly [11] a Bitopological space (X,ℑ1,ℑ2) is called a 30 

pairwise locally compact if ℑ1 is locally compact with respect to ℑ2 and ℑ2 is 31 

locally compact with respect to ℑ1. Recall that ℑ1 is locally compact with 32 

respect to ℑ2 if each point of X has a ℑ1 open neighborhood whose ℑ2 – 33 

Closure is pairwise compact. 34 

 35 

A Bitopological space (X,ℑ1,ℑ2) is called pairwise Hausdroff  if for two distinct 36 

points x and y there is a ℑ1 neighborhood U of x and ℑ2 neighborhood V of y 37 

such that U ∩ V = φ [5] 38 

 39 

A function f: (X,ℑ1,ℑ2) → (Y, L1, L2) is called pairwise continuous if the 40 

induced function f:(X, ℑ1) → (Y, L1) and f:(X, ℑ2) → (Y, L2) are continuous 41 

[11]. 42 

  43 
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Notion of the singular set of a mapping defined by Whyburn and Cain was 44 

further investigated by various workers including Cain, Chandler, Tzunng, 45 

Magill Jr. Faulkner and Duda etc. Later this concept led to the concept of a 46 

singular compactification and this combination of these two independent 47 

areas added many steps to the theory of compactifications.  48 

 49 

A Compactification αX is a compact, Hausdroff space that contains X as a 50 

dense subspace. A Compactification αX is called a singular compactification if 51 

it arises out of a singular mapping from X to αX-X. 52 

 53 

We recall the construction of a singular compactification given by Chandler 54 

etc al.: Consider a map f: X→Y with X locally compact Hausdroff and Y is a 55 

compact Hausdroff space. Equip the disjoint union X∪Y of X and Y with a 56 

topology in which all open sets of X are open in X∪Y and for y∈Y, the family 57 

{V ∪ f -1 (v) –K | V is an open set in Y containing y and K is a compact set in 58 

X} form a neighborhood base. With this topology X∪Y is easily seen to be 59 

compact and Hausdroff. Denote this space by X+fY. Here compactness of Y 60 

gives the compactness of X+fY, while local compactness of X is responsible 61 

for the Hausdroff of X+fY. 62 

 63 

The idea of the pairwise singular map between Bitopological Spaces was 64 

introduced in [17]. Recall that a pairwise continuous map 65 

f: (X,ℑ1,ℑ2) → (Y, L1, L2) 66 

is called a pairwise singular map if it is a L1 singular with respect to ℑ2 and L2 67 

singular with respect to ℑ1. 68 

f is L1 singular with respect to ℑ2 if for each U∈ L 1, ℑ2 cl f 
-1(U) is not 69 

compact and vice-versa.  70 

Continuing our study in this area we have introduced pairwise singular 71 

compactification for pairwise locally compact spaces in section 2 of this 72 

paper. Following Faulkner [3] a characterization of pairwise singular 73 

Compactifications is obtained for Bitopological spaces in terms of Pairwise 74 

retracts. 75 

 76 

One point compactification for pairwise locally compact, pairwise Hausdroff 77 

Bitopological spaces are already introduced by I.L. Reilly in [11]. For 78 

concerned definitions we follow Reilly. 79 

 80 

2. Pairwise Singular Compactifications 81 

 82 

 83 

In this section we construct an analogue of pairwise singular 84 

compactification for a given pairwise locally compact, pairwise Hausdroff 85 
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Bitopological space. The section begins with the following definition of 86 

pairwise singular sets [12]. 87 

 88 

2.1. Definition. Let f: (X,ℑ1,ℑ2) → (Y, L1, L2) be a pairwise continuous map 89 

where X,Y are pairwise locally compact pairwise Hausdroff Bitopological 90 

spaces. Then a point y∈Y is called L1 singular point with respect to L2 if for 91 

each open set U∈L1 of Y with y∈U, L2 cl f
-1(U) is not compact. 92 

 93 

A Point y∈Y is called L2 singular point with respect to ℑ1 if for each open set 94 

V∈L2 of Y with y∈V, ℑ1 cl f
-1(V) is not compact. 95 

 96 

A Point p∈Y is called a pairwise singular point if it is L1 singular point with 97 

respect to ℑ2 and L2 singular point with respect to ℑ1. 98 

 99 

The set of all pairwise singular points of f: X→Y is called the pairwise 100 

singular set of f and it is denoted by SB(f). 101 

 102 

2.2.Definition.  Let f:(X,ℑ1,ℑ2) → (Y, L1, L2) be a pairwise continuous map 103 

with f(x) pairwise dense in (Y, L1, L2). Then f is called pairwise singular if 104 

SB(f)=Y. 105 

 106 

The pairwise singular set of f:(X,ℑ1,ℑ2) → (Y, L1, L2) denoted by SB(f) is in 107 

fact the following: 108 

SB(f) = S (f, L1,ℑ2) ∩ S (f, L2, ℑ1). 109 

 110 

Let X be a pairwise locally compact, pairwise Hausdroff Bitoipological space 111 

and K be a pairwise compact Bitopological space. Let f: X→Y be a pairwise 112 

continuous and pairwise singular map with f(X) pairwise dense in Y. Consider 113 

the following: 114 

 115 

B1 = ℑ1 ∪{U∪f-1 (U) – H | U∈ L1 and H is pairwise compact, H is ℑ1 – 116 

compact, ℑ2 – compact} 117 

B 2 = ℑ2 ∪{V∪f-1 (V) – M | V∈ L2 and M is pairwise compact, M is ℑ1 – 118 

compact, ℑ2 – compact} 119 

 120 

Then B 1, B 2 form bases for two respective topologies on X∪fY, thus making 121 

it a Bitopological space. We denote it by (X∪fY,P1, P2). 122 

 123 

1. (X∪∪∪∪fY, P1, P2) is pairwise compact : Take a pairwise open cover U of 124 

(X∪fY,P1, P2). We take U to consist of basic open sets (X∪fY, P1, P2). Clearly 125 

U forms a pairwise cover of (Y, L1, L2). Since Y is pairwise compact, U 126 
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permits a finite subcover say: {UiUf-1(Ui)-Hi | i=1…..n}∪{VjUf-1(Vj)-Mj | 127 

j=1…..m}. 128 

          n         m 129 

Note that this family covers the whole of X∪Y except the union of  ∪  Hi and 130 

∪ Mj.           i=1          j=1  131 

These are pairwise compact and pairwise compact is an absolute property. 132 

Hence we get a finite subcover for U, giving the pairwise compactness of 133 

(X∪fY, P1, P2). 134 

 135 

2. (X∪∪∪∪fY, P1, P2) is pairwise Hausdroff: To show that (X∪fY,P1, P2) is 136 

pairwise Hausdroff, there are three cases arises. 137 

 138 

1. If x, y ∈ X, then we get U ∈ ℑ1, V ∈ ℑ2 with x ∈ U, y ∈ V 139 

Such that U ∩ V = ∅ using the pairwise Hausdroff of X. 140 

 141 

2. If x, y ∈ K, choose U ∈ L1, V∈ L2 with U ∩ V = ∅. 142 

U ∪ f –1 (U) and V ∪ f –1 (V) are the required members of P1, P2. 143 

 144 

3. If x ∈ X, y ∈ K then choose V ∈ ℑ1 such that x ∈ V and U ∈ L2              : 145 

y ∈ U  146 

now V ∩ [U ∪ f –1 (U) - ℑ2 clV] =  ∅. 147 

 148 

  149 

 150 

Since K is L1 compact therefore (X∪fY,P1, P2) is pairwise Hausdroff. 151 

 152 

3. (X, ℑℑℑℑ1, ℑℑℑℑ2) is pairwise dense in (X∪fY,P1, P2): 153 

To show that X is a dense subspace of X ∪ Y, take a non empty open set U ∈ 154 

P1 or U ∈ P2. If there are non empty members of ℑ1 and ℑ2, then U ∩ X ≠ ∅. 155 

 156 

Take U ∪ f-1 (U) – H ∈ P1, where U ∈ L1, then (U ∪ f-1 (U) – H) ∩ X ≠ ∅. 157 

Since f-1 (U) is not contained in H. 158 

∴H is ℑ2 compact. 159 

 160 

Similarly if V ∪ f-1 (V) – M ∈ P2, where V ∈ L2.  161 

Then (V ∪ f-1 (V) - M) ∩ X ≠ ∅. 162 

 163 

Since f-1 (V) is not contained in M. 164 

 165 

 166 

 167 

 168 
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Gaglielmi [4] obtained that a compactification  αX of a locally compact space 169 

X is singular iff α X – X is a retract of αX. In this section we obtain a 170 

characterization of pairwise singular compactifications for Bitopological 171 

spaces in terms of pairwise retracts. 172 

 173 

2.3. Theorem: - A pairwise compactification of a pairwise locally compact 174 

space X is pairwise singular iff αX – X is a pairwise retract of αX. 175 

 176 

Proof: - If αX is a pairwise singular compactification through the map f: X → 177 

αX-X. 178 

Define r: αX → αX - X by  179 

              x; if x ∈ αX-X 180 

          r(x) = {   181 

              f(x); if x∈X. 
182 

We need only show that r is continuous. 183 

 184 

If V is an open set in αX-X then r-1(V)=V ∪ f-1 (V) is obviously open in αX . 185 

Thus αX-X is a pairwise retract of αX. 186 

Conversely, if r is a pairwise retraction of αX onto αX-X, then the restriction 187 

r/x = f. 188 

 189 

If U is an L1
*open set around P ∈ αX-X. 190 

Since X is dense in αX and r-1 (U) is an open neighborhood of p. p is 191 

necessarily in  192 

  L 1
* cl αX (X ∩ r-1 (U)) = L 1

* cl αX(f
-1 (U)) 193 

Implying that  194 

  ℑ2 cl αX(f
-1 (U)) ≠ L 1

* cl αX(f
-1 (U)) 195 

This shows that ℑ2 cl αX(f
-1 (U)) is not compact and hence p ∈ SB(f). 196 

 197 
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