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Abstract

Based on several previous works on fractionalsttesi using the symmetry,($!(2)), we focus in this work to
present some properties of the fractional supersstmymby using the Orthofermion algebra.
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1. Introduction

In the last years, there has been some interestudying 2d field theoretical models having fracsibn
supersymmetries [1]. The latter are special subsgtries of the infinite dimensional parafermionicanance
of 2d conformal coset models [2]. Furthermore, fifaetional supersymmetries may also be viewed atefin
dimensional global symmetries extending the usdadupersymmetric algebra

2_ . 2_
(Q_% ) =P, ; (Q% ) =R 1)
generated by the supersymmetric char@es and the energy momentum vecty, .
-2

The Fractional supersymmetries are related to themsional periodic representation of(sh) ; of = 1; for
which the momentum vectd?,, is proportional to the centre of the group repnéstéon.

For the k-th root of unity; o= 1, equation (1) extend as

Q. )=ry : Q)R @

k
where Q, ; are new charge operators carrying fractional spins.
~k

Basing on the Zamalodchicov and Fateev (Zfparafermionic symmetry that we can schematize as

Q' + Q
|0) 0 0 ~|1) 0% ~|2) 0 F -|0)

Q. - Q.
|0) PO |1) &0 | 2) O 0 |O)
Scheme 1

and knowing that the operators charge is dependiiribe type of the state, the authors of [1] hawstplated
that the equation (2) must be rewriting as follow

P, = (05,005 +Q4Q0Q%)s,
oo reanals, ©)
+ (Q_'%Q_'%QE +Qo Q%Q%)S—z

whereqQ” ;r = 012 are the charge operators &d S , S, are projectors on the [0>, |[1>, |2> states reilspéet
In addition, the article suggested that the opesatbarge should check the following identities:

The first attempt to find a representation of frawiosupersymmetrids was matrix representation in [4], but
beyond of theZ; , the article didn't give a representation. The ®ebra [4] has allowed the authors of [5] to
find and generalise the equation (3) Zp representation wher& > 3. But although this success, the
representation was unable to find the equation (4).

The aim of this paper is to prove that the repriegems (3) and (4) can be found by using the dettmion
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algebra [6]. The content of this paper is as folldw section 2, we introduce the Orthofermion Algebln
section 3, we study the Representation of the ienaait supersymmetric Algebra for k = 3. In the gatéd, we
generalise the previous representation of the 84 £ 3. A discussion and a conclusion are givingection
5.

2. The Orthofermion Algebra
2.1. Orthofermion formulation
The statistics of orthofermions of order k is giv®nthe following equations.

p

CaCl + Ogp Z clhc, =0,4! (5)
y=1

CaCp =0 ©)

Knowing that the operators charge is depending@type of the stalit is possible to represent-
fractional supersymmetric algebra (FSA) operatossif@ Orthofermion algebra generators. For the

where c, and cg, are annihilation and creation operators respdgtard | stands for the identity operator. The
above algebra is a generalization of fermions énséinse that fdc = 1 we get the fermionic algebra

oe] +ele =1 : ¢ =0 7
The representation af, is given by th€k + 1) x (k + 1) matrices
[c.]; =816, 0 ; 0i, j0{1.2,....k +1 @)
k
Setting M =1 —Zc:f,ca , We can write the equation (4) as
a=1
CaCly = Fypl )
It is not dfficult to show thall is a Hermitian projection operator
nz=n=n' (10)
It follows that for alla €{1, 2, ..., k}
Me, =¢, ; C;n = C;r (11)
c,M=0 ; Ncl =0 (12)

2.2. Representation of the Orthofermion Algebra
Let F be the Fock space on which the generators of @nimion Algebra act

F ={0),a)} : a0{12,....k} (13)
The action of projection operator and orthoferng@merator on the vectors yields
njoy=lo) Mja)=0 (14)
Cal0)=0 Csl@) = 35| 0) (15)
csl0=lp) cgla)=0 (16)

Therefore 7 is the projection onto the “vacuum” state ved((b)r.

3. Representation of the Fractional supersymmetric Algebra (FSA) (k =3) :

3.1. Super charges Representations
Knowing that the operators charge is dependingheftype of the state, it is possible to represeatftactional

supersymmetric algebra (FSA) operators Q with Getimion algebra generators. For the superchargetipe
Q;,Q* and QY the representations are:
3

=q ; Q =cfc, a
Q% = o ; Q% =¢, ; Qs =cig

such as



Q5 QQ%:[0) = eiciexc|0) =[0)
QQ Q5 1) = cle,cieln) =[1) (18)

QQL%[2) =czeeic[2) =[2)
In the same way

Q1,5 Q%[0) = cocfeic]|0) =[0)
QLQLQ 1) = ¢le,cier|D) =[1) (19)

Q5Q15Q4[2) = clacle]2) =[2)
3.2. Remarks and Properties:
The representation of the fractional supersymmeiitih the orthofermion algebra allows us to dedumine

interesting properties, which are in agreement withparafermionic algebra.
1. As in parafermionic case, the same operatorataamt twice on the same state:

2 2
Q- and Qf% depend or)0) moreover(Q;j =0and (QL] =0
3 3 3
2 2
Q- and Qy depend or1) moreover[Q;) =0and (Qg) =0
3 3

2
Qo and Q", depend or}2) moreover(Qg)2 =0and [Ql) =0
3 3
2. Following [3], every operator char@@®, of spin §) has an adjoint operat@-,,, of spin(-1 + x)

(@) =2

RS

where Q7 = P,Qg .

3. Only the allowed combinations are no null:

QLQQL =N ; QQ-QL =¢je, Q-Q%Q; =cic,
_3 ) i . _3 _3 . 3 . 3 . (21)
Q_%Q%Qo =0 ; Qo Q_%Q_é =0 ) Q_%Qo Q_% =0
QLQyQ%L =N : Q5QLQ =clg : QQ%Q, =clc,
3 3 3 3 3 3 (22)
Q%Qf% QE =0 ) Q%QJ Q% =0 ; QE Q%Qf% =0
4. If we put
Q =QL+Qy+Q,
+ +3 + 43- (23)
Q :Q_% +Q_% +Q
And
Q =Q.+Q5+Q,
+ +3 + j (24)
Q7= Q_% + Q_% +Q4
We will find that
: (Qi )T =QF (25)



(@ f =Pi=070507 +%50307, +0303%
_H+Qq+%%
() =Ps =050, +070%05 +@5Q7Q"

=M +cfc, +clc,

and
' T =[Pif =es0u05 +eieQr +QQn
= +cfe, +cey)
@ =(sf =on0u07 +on@iQs +@uenQr

Both P and P} verifies:

P; =P

5. The Q™ and Q" components check the identity of Jacobi

] ]

[{o_mea} ,sz]+ [{oﬁmﬁ] ,oa]+ [ o] ,Q_n]=o
3 3 3 3 L 3 3

6. If we use eqgs (17), we will find the foIIowingerE'tons of commutations:

Q. Q]]—Qo
3
5
Qy, 2jl:
L 3 3

w\N

Q_21Q+2} =0

Ll 3 3

[ 1

Q__QOj1:| = Q_S = C;CZ -GG
L 3 3 3
e

L 3

Q 1,Q" 1 =0
3 3]
Q, Q&}Q_ﬂ
L 3 3
Q;,Q_}]——QJ
L 3 3
@194 =0
3 3
QE QJ}:Q_]
L 3 3
Q" QZ}Z—Q&
L 3 3
_2
Q__anjzjl:Q_f :chI—CICl
3 3 3
Q_1:Q+1:l:0
3 3
Q_EIQ(;— :0
3

(26)
(27)
(28)
(29)
(30)
(31)
Qo.Q 1 :_Ql
a 3] 3
Q5.Q5)=0
%22 |- Q%
L 3] 3
Q ,Ql =Q,
a 3] 3
+, “1=0
_Qo Qo - (33)
Q.Q%2 |=Q%
i 3] 3
RSk
3
0y o
3
Qo Qo :Qo = 01 Czcz



which implies

{Q__z’le}[Q__l’QjZ}'[Qa’Qg]:[Q_'Q+]:°101 c,ci=MN-n=0
3 3 3

3
1 _2
Denoting that theQg, Q 3 andQ 3 are acting on th®*, , x=0,4,2 charges as:
3 3
T . Q0.Q5|=+2Q;
_ _ - - 0+ So o
Q ng 2 :+2Q 2 Q ]:_)’IQ_]_ :+2Q_1 2
R L 5 s 3 Q0. Q5= 205
[ 2 ] [ 2 ] N
Q3.Q% | =207 Q1.0 [=2Q% 0 |2
| 3 3] 3 | 3 3] 3 - 3 3
1 ] [ 2 1 0 A+ +
3 o ; o - Q.Q7 |=+Q
Q ng_l = _Q_l Q le_E = _Q_E 0 _?]; _?];
| 3 3] 3 | 3 3] 3 - -
1 2 ] 0 A~ -
3 A + T3 A+ + QO’Q 1 =-Q 1
Q g:Q_z :+Q_2 Q f:Ql :+Q_E L "3 3
3 3] 3 L _5 3] 3 - 1
[t ) g i Q.Q"%; |=+Q%
Q3.Q [=Q +Q |=Qo L 3] 3
L 3 5
M1 2
Q_Z,QS}HQJ Q3 ,Qo]—+Qo
L 3
7. The charge operators in this representanoefyatie equalities (4)
Qfl :Q_ing
3 3
Q% =Q5Q%
3 3
Q::J_ :Q:_r1Q_11
3 3 3
8. From equation (35), we deduce that:
2 _ I
f=e" aa [@=¢

3.3. The Hamiltonian of the system
Like in [5], the expression of the Hamiltonian g representation is:

24 =p;+P;=(Q f +(o°f
=Q1QQ 2 +QQ2Q 1 +Q2Q1 %

3 3 3 3 3 3

+ Attt + N+ At + At AF

+ Q_}Qo Q_g +Qq Q_ZQ_E + Q_EQ_EQO
3 3 3 3 3 3

Using (35) and (36), the new expressions of the iHamian will be:

2H :{Q__lez +Q_+1Q__2J+{Q 2Q'1 +Q2Q

3 3 3 3 3 3 3
+(Q5% +Q3Q3)
=QQ"+Q7Q =Q'QT+Q" Q"

:

(34)

(39)

(35)

@7

(38)

(39)

(40)



The Hamiltonian H is hermitian and verify the fellimg relations of commutation with the charge opaQ™
and Q™ :

[o* H=lo h]=0 41
Furthermore, the Hamiltonian H can be decomposettir@e hermitian terms
2H =2H, +2H, +2H, (42)

where

2Hp =Q1Q7, +Q11Q%,

3 3 3 3
2H; =Q5Qq + ng Q__} (43)
3 3
2H, =Q; Q% + Q__ng
3 3

these hermetian terms verifies

Hl,Q_"lllel,sz}zo
3

A 3 (44)
H11Q—_1]: [Hng] =0
szQ__zl = [Hle;} =0
l 3 3
HZ,Q(;]: [Hz,le]: 0
3.4. The automor phism groups of the D =2(1/3, 0) Model
This FSA is invariant under two kinds of discreyemetries:
First theZ; symmetry operating as:
Q" -aQ" P} -~ o’P3 =P} (45)
Q - Py~ @°P1=P;

whereq® =g° =1.

Second, theZ, symmetry, generated by the charge conjugationavperC,, C; and C, acting on theQ*
components and* as:

CoQ1 =Q7C
3 3
CiQy =QCy (46)
C.Q, =Q"C,
3 3
and
CoPy = P1Cy ; CoP1=PiCo
cP;=PC, C,P} =PiC, (47)
CoPy =P4Cy ; C,P; =PiC,
where



Co=Q1+Q%

3 3
C1=Qp +Qp (48)
C,=Q, + le

3 3

To enclose this paragraph, the knowledge of thésege conjugation operators allows us to give tee n
expression of the hamiltonien:

3
2H= »'CCC (49)
i=j=k=Li#j#k

4. The Fractional supersymmetric Algebra (FSA) (k> 3) :
4.1. Representation of FSA components
Before starting this section, two schemes williteaduced. The first one will be for odd numkéGcheme 2)

and the second one will be for eve(Scheme 3)

Qi Q' Qe Q’ - + Qi - Q"
|0)0 OF - |10 OF ~|2)0 08 -|[3)...0 0 - le>D% k;1>m .00 - 2k2 2>D i - |o)
o 9. 9L ! o O |2k-2| 9
10) - IF0 |2) 50 [2) 050 [3)... OO ‘k21> &0 k—+1>kmj‘§m S ik ‘2'(2 2> -6 o|o)
Scheme 2
Q' o, Q' o o [2k-2\ Q'

10)0 08 -0 08 ~|2)0 OF - 3. k21>DmL ';>m2 k;2>...m |2 2>muﬂi|o>
Q Q Q. Q- - Q-
l0) -0 1) (50 [2) 050 [3). le>eD%D k—+1>kmj‘§m ...FDﬁD‘ZK 2>kuﬁlu|o>

Scheme 3

where Q* are the charge operators components. From scHgnamd (3), the representation of the components
of operators charg®* and Q™ of the FSA in orthofermion algebra are

Qionik =Ch_iC, ; 2sn<k-1
K
QI+2n—k = Cr1';+1cn ; lsns<k-2
K
(50)
- . -t
Qi=¢ ; Q k-1 =Ck1
K K
Q"1 =G ; Q' = o
K K

so, we can define the charge operators

Q ZQl—n+k+Q 1+Q71

n=1 k k (51)
Q* =ZQL2n_k *Q' + QN
n=2 k K ko

From these representations, we can see that egeryganent may act only on one state. This partigylaas in
accordance with the sectors particularity in parafenic algebra.

4.2. Remarksand Properties:
Like in previous section, the representation of B8A in orthofermion algebra will allow us to dedusome

interesting properties.

2 2
1. |]Ql_—2n+k and |]QLZn—k ; [Ql_—2n+kJ = [QIZZn—kj =0

k k k k



2. Every operator charge has his adjoint operator

+l

Qi

JQ

k-1
k

I

t
- _ + —_ + .
Ql—2n+kJ = Q_l_1—2n+k = PaQ 1onek , n0{2,.
K K K
T
+ A _ + .
Ql+2n—k] = Q_l_1+2n—k =P1Q 1ean-k ; nOft,
K K K

(52)

3. Knowing thatQ_,n. = Qi_s(nsk)ek @NA Qrion-k = QLp(nsk)-k » ONly these combinations are no null:

k k k k
QLZ(n—l)—k "'ij—lel "-QI+2(n+1)—kQI+2n—k = C;Cn ; iflsnsk-2
3 kK k 3
ot
Q-3-Q1c1Q1- = Gt (53)
K Kk
Q"1Q"%3-Q'k4.=N
kK Tk Tk
Ql_—z(n+1)+k "'Q__ki—lQ__i'"Ql_—z(n+1)+kQ1_—2n+k = CICn ; if2snsk-1
k Kk K K
Qis-Q Q1 =¢lg (54)
k Kk
Q1Q k-5 Q=
Kk K
4. Relations of commutations
o o Qmm_k ¢l cha—clc, if m=n-land2<n<k-1
| AL e 0 if m#n-land2<n<k-1
| = 55
Q__lejk—1‘|:Q 1k :C:I.Cl qcl (5%)
L k k k
[ 1
Q:k_llel] = Q_|l<;1 = 4Gt ~ CkaCia
Lk k k

which implies that

k-1
+
I:Ql anvk » Qer2(n-1)- k‘|+|iQ 1,Q"k 11"'[(? |<-11Q_1il
n=2 k k k k
de plus
2Q1-on+k if m=nand2<n<k-1
k
% -Q12(n-+k if m=n-land2<n<k-1 1+2(n-1)-k
Q. :Q1-am+k |= k +
12ntk Tm+ _ k Ql—2n+k ’Q1+2m—k
k 'Q1—2(n+1)+k if m=n+land2<n<k-1 K K
k
0 if m¢{n—ln,n+]}

=loo’]

+
Q1+2n—l<
k

N
° 2Ql+2(n—1)—k

QI—Z(n—Z)—k

k

if m=nand2<n<k-1

if m=n-land2<n<k-1
k
if m=n-2and2<n<k-1

0 if m#{n—z,n—ln}



-2Q l|fx:—% -Q*, if x=-=
k K
- k-3 k-3
k=1 Q k=gt x=-=— k-1 Qg if Xz
Q. Qjm K Q< Q= &
1 _ k-1 1 N k-1
K Q_E if X—_T k 2Q k-1 if x=———
K Tk
1 k-1 k-3
o if mt{—— -— ——} 1 k-1 k-3
' ' 0ifmg{-————-——
KW k' k { T R
- . 1 + 1
- if x=—= -2 if x=——
Q1 k Q1 k
k k
k-3 -
_% —Q_% if X=-=— 1 Q¥ 5 ff x:——kk3
Q4. = kK ofl=] &
_% ’ 2Q k1 if x= k-1 RLEER + k-1
-1 == e ——
i k “ Qi MX=777
k
1 k-1 k-3
Oifmg{-———X—-—— - -
e 0t (-1 Kk
k k k
Q¢ if x L 1
- 1 -7 + . __
o Kk —Q_E if x=——F
- . k-3 k
E _2Qk—3 if X:T + k-3
kK ool= k k-3 20", it x=-==
Q 1 3:Qx | - -==
- _ _ k-5 Q k_.of|= k
Kk 2Qk-5 if x=—— k-3 ' <X
- k -— + k-5
k k Qg i x=-—+
0 if mt{—%,—kgs,—k;ﬂ k
0if mel_ K- k=3 k-5
- 1 k k k
-Q 1 if x=-=
-t k + Lo 1
k Q4 if x——?
- .. k-3 —=
k-3 ~2Q-3 if x=—— k
K o: T k O L
Q3 Qx [= k=3 2y 5 if x=
o 20s if x=X=2 i oorll Tk k
k Qk-5 I x=—— Qs Qu |= K
k — + _k-5
k Qs if Xx=——
1 k-3 k-5 ) k
Oifm#s——,——,—— K
koK k k-1 k-3 k-5
0if m# —__’;’—;
k k k

5. The expressions d?} and P are:

k-1
Py= (Q_ )k = ZQI—z(n+1)+k Q%4 Q 1+ Qip(n1)ek Qu-2n+k
n=2 k k

K K K
+ Q3 Qk1Q 1 Q1 Qu3-Q k1 (56)
kK kK kK kK k «k
k4
= c;ﬁcn +1
n=1
and
L
F)—Jrl = (Q+) = ZQI—Z(n— Jrk '"ijﬁ—le}“QI—z(nﬂ)H( QI—2n+k
n=2 K kK k K k
+Q5-Q71Q"1 +Q"1 Q5 Qi 7
kK kK kK  k k x
k1
=M cle, +N
n=1

which implies thatP}; =P =P,



6. The generalisation of the equations (4) and {&k = 3will be:

Q'il 1-2(n+1)+k —[Ql 2(n+1)+ ] n+2 )k - Q k 1Q - Q1 2(n-1)+ ok Quan+k (58)
k Kk k k k
Q"l 1+2(m-1)-k _[Q1+2 (m-1)- ] Q1+2 (m-2 Q_LQ 1 Q1+2(m+1) k Queam-« (59)
k kK k 3 ok
i+ F AT F ¥ ¥
17Q"1Qu3Qk-5--Q«5Q k-3
s (60)
Q%1 = QuaQitos QT sQ 3 Q ks (61)
k kK k Kk k Kk
wherelsn<k-2 and2<ms<k-1. From (59 — 62), we can deduce that:
)"=0"  and )" =0 (62)
where
k=2
o - - -
Q _ZQ_1_1—2n+k +Q 1 +Q a
n=1 k k k (63)
Q" ZQ 12n-k +Q 1 +Q° k1
k k k
4.3. The Hamiltonian of the system
The Hamiltonian expression is:
(64)

oH=pPy+Pi=(07)f +o7)
=QQ"+Q"Q” =Q'Q"+Q" Q" (65)

ki
= Z[Z cle, + I'IJ (66)
n=1

The Hamitonian H is hermitian and verify the folliog relations of commutation with the charge opansQ*

and Q™ :
o, H]=]e* H]=0 (67)
Furthermore, the Hamitonian H can be decomposddhemmitian terms
k-1
2H=)"2H, (68)
n=0
where
=Q 1Q k-1 +Q 1Qka
Kk k k.
2H1_Qk1Ql+Q k-3Q "3
kK Kk T Tk

_ (69)
2H,=Q L bon- kQrionk +Q° - 1-2n+k Qu-2n+k
K K K K

2Hkl_Q +st 3+QLQ1

kK ok k

=~ \

this hermitian terms verifies

10



[ ] (70)
H n 1Q__1_1+2n—k =lH n: QI+2n—k =0
k

2
k

Hk—llQ__k—3:| = Hk—llel k—3‘| =0
K

Hk—llQ__k—:L‘| =l:Hk—l1le:| =0

k k

4.4. The automor phism groups of the D=2(1/k, 0) M odel
Like in subsection (3.4), this is also invariantantwo kinds of discrete symmetries:
First thez, symmetry operating as:
* L qQt : P o g*PL =P}
v R D)
Q -10Q ; Ph -0 P;=P,
whereg* =g~ =1.

Second, th&, symmetry, generated by the charge conjugationadpesC, (n=0, 1, 2,...,k-1 acting on theQ*
components and* as:

CnQ:IT—2n+k = Q:IJ_r+2(n—l)—k Cn (72)
k k
and
C,P" =P'C, ; C,P =P°C, (73)
where
Cn = Qiznek + Quiz(nt)« (74)
k k

To enclose this paragraph, the knowledge of thésege conjugation operators allows us to give tbe n
expression of the hamiltonien:

k-1
2H = > 'C,C.C,.-Cia (75)

ig=iy=.. S g =Li% 2K

5. Conclusion

In this paper, we have proved that the represemtati the FSA with the Orthofermion algebra is more
appropriate than the representationW algebra [5]. Moreover, we demonstrated, in eq.),(6%hat the
HamiltonianH of the fractional supersymmetry of ordecan be expressed as a sum of the k Hamiltonians of
ordinary supersymmetrif, whereO < n < k — 1. Moreover, we can prove in Part |l of this artithat the

11



Fractional supersymmetric Algebra (FSA) (k = 3) pament constitute by these 9 generators is a sihiple
algebra.
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