A NEW CHEBYSHEV SPECTRAL-COLLOCATION METHOD FOR
SOLVING A CLASS OF ONE-DIMENSIONAL LINEAR PARABOLIC
PARTIAL INTEGRO-DIFFERENTIAL EQUATIONS

ABSTRACT. In this work, the Chebyshev spectral-collocation method is applied to ob-
tain approximate solution for some types of linear parabolic partial integro—differential
equations (PPIDEs). In the first approach, we convert our equation into two coupled
Volterra integral equations of the second kind by using a proper transformation. In
the second approach, the integration in the resulting equations are approximated by
replacing the integrand by its interpolating polynomials in terms of the Chebyshev
polynomials instead of using the approximation by Gauss quadrature rules. After ap-
proximation a linear algebraic system were raised, then it tested by the conditional
number. Finally, some numerical examples are included to illustrate the validity and
applicability of the proposed technique.

1. Introduction

In recent years, the scientists have paid much attention to spectral method due to its
high accuracy; they also have exponential rates of convergence (see for instance, [1-5, 37]
and the references therein). Spectral methods were employed for numerical solution many
types of integral and differential equations, due to their ease of using them for finite and
infinite domains [6-9]. Many problems in science and engineering arise in the mixed
system of a partial differential equation and the integral terms involving the unknown
function.

We are concerned with an efficient numerical approximation scheme of the mathe-
matical model of a physical phenomenon involving contaminant transport process with
memory term. Mathematically, the simplest example of such a problem would be rep-
resented by the one dimensional parabolic partial integro—differential equation of the
form:

t

(1.1) Ou(x,t) — Uge (z,t) + p(a)uy(z,t) = / k(z,t — $)uze(x, s)ds + f(x,t),
0

associated with the initial condition and Dirichlet boundary conditions:

(1.2) u(z,0) uo(x), reQ=[-1,1],
(1.3) u(0,t) = 0, wu(l,t)=0, tel=][0,T].
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Here (z,t) € Q = Q x I, where I =[0,T], T > 0 is a time interval and Q C R = [-1,1]
is a bounded domain with boundary 02 = {—1,1}. For implementation of high-order
methods such as spectral methods, we assume that the functions p(z), f(z,t), k(t — s)
and ug(x) are smooth enough on Q.

Problems of type (1.1)—(1.3) represent the mathematical model of several physical
phenomena involving process with memory term. For example, they describe poro-
viscoelastic media [10, 11], heat conduction through materials with memory term [11, 12],
the flows in porous media with nonlocal reactive [13, 14], and non-Fickian flow of fluid
in porous media [15]. Many authors have considered the numerical solution of parabolic
partial integro—differential equations by various methods. The method of lines was used in
[16] and the discontinuous Galerkin method was reported in [17]. In [20], Galerkin mixed
finite element methods and ADI orthogonal spline collocation have been investigated
[21, 22] and the references therein. Also in [18, 19] some solutions to a class of (PPIDEs)
have been introduced. In [25, 26], the method of radial basis functions was used to
nonlinear and linear equations respectively. Finally, F. Fakhar-Izadi and M. Dehghan
proposed spectral method for parabolic-type Volterra integro-differential equations based
on Legendre collocation scheme [23].

As mentioned in [24], Spectral method with many types were devoted to Volterra
integral and ordinary Volterra. In [27], H. Brunner has used Collocation methods for
second-order Volterra integro-differential equations. Multistep collocation method is also
used for Volterra integral equations [28]. Chebyshev spectral collocation method for the
solution of Volterra integral and ordinary Volterra integro-differential equations are dis-
cussed in [29]. In [30], Tang introduces Legendre-spectral method with its error analysis
for ordinary Volterra integro-differential equation of the second kind. Another spec-
tral method using Legendre spectral Galerkin method was introduced for second-kind
Volterra integral equations [31]. Also some authors [32-34] have introduced Chebyshev
spectral—collocation method for Volterra integral equations. Most of the reported papers
were specified to VIEs and ordinary VIDEs. However, in this article the solution of
parabolic partial integro—differential ones (PPIDES) were considered. In this article, the
new Chebyshev spectral-collocation method was applied for both space and time that
are an extension of the method presented in [33, 34].

The organization of this work is as follows. In Section 2, some preliminaries, notations
and the new Chebyshev spectral-collocation method introduce for numerically solving
the described problem. In this section, the resulting set of algebraic linear equations
are formed. In Section 3, presents the study the convergence behavior of the presented
method and some numerical examples to demonstrate the effectiveness of the proposed
method. Finally, in Section 4 we review some concluding remarks.

2. Chebyshev Spectral-Collocation Method

In this section, the Chebyshev spectral-collocation method is applied to problem (1.1)—
(1.3). First some basic properties of the most commonly used set of orthogonal polyno-
mials [35, 36]; Chebyshev polynomials will be introduced.
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2.1. Chebyshev polynomials

The Chebyshev polynomials T,,(z), n = 0, 1, ..., are the Eigen-functions of the singular
Sturm-Liouville problem [6, 37]

2

d dT, (x) n
£ (V) i

They are mutually orthogonal with respect to La-inner product on the interval (—1,1)
with the weight function w(x) = 1/4/1 — 2. This imply

/ T () T () (2)dr = 228,

-1

where d,,,,, is the Kronecker delta, ¢y = 2 and ¢,, = 1¥n > 1. The Chebyshev polynomials
satisfy the following three-terms recurrence relation

To(z) = 1, Ti(z) ==z,
(2.1) Tor1(z) = 22T,(x) —Th—1(x), n>1,
and
To(@) = Ti(), 2Ti(x)=05Ty(x),
(2.2) T@) = gopTen(® - g Taa@), n>1,

A unique feature of the Chebyshev polynomials is their explicit relationship with a

trigonometric function:

(2.3) T, (x) = cos(n arccos(z)).

In this work, the Chebyshev—Gauss (CG) points and the corresponding quadrature

weights are taken as

2n+ )m ™

e —— Wnp = )
2N +2 N+1

in addition, the Chebyshev—Gauss—Lobatto (CGL) points and the corresponding quad-
rature weights are defined as

(2.5) x——cos(ﬁ) by = =42 0N,
' " N/ " e, N " L, 1<n<N-1L

(2.4) L, = — COS 0<n<N,

2.2. Chebyshev Spectral-Collocation Scheme

Now, consider problem (1.1)—(1.3) on bounded domain @. Because of the orthogonally
property of the Chebyshev polynomials on the interval [—1, 1], we transfer equation (1.1)
from [0,7T] to an equivalent problem defined in the interval [—1,1], by using the next
substitution [30, 38]

T
t:5(7+1), Te-1,1],
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then equation (1.1) becomes, for all z, 7 € [—1,1]

20U U Fr+D) T
(2.6) T " o2 +p(x)U, = /0 k (x, §(T +1) - s) Uy (2, 8)ds + g(z, T),

in which
Ulz,7) = u < Tt 1)) g(a,7) = f (m S 1)> .

By using the following linear transformation in equation (2.6)

T

by converting the integration interval from [0, T(7 4 1)/2] to the interval [—1, 7], so that
equation (2.6) becomes

20U 0%*U
(2.7) TE — @ */ K a:x(x p)dp+g(x 7)

where K(x,7 — p) = k(z,T(T — p)/2). Define an auxiliary function [38]

(2.8) O(x,7)=g(z,7) + g /T1 K(z, 7 — p)Ugs(z, p)dp,

which will be used it in the next approximation. In order to approximate problem
(1.1)—(1.3) by spectral methods, we rewrite equation (2.7) as two equivalent Volterra
integro-differential equations by using equation (2.8) as follows

O(x,7) = g(z,7) / K(x,7 — p)Uys(z, p)dp,
(2:9) 20U 62
¢($,7—) = T 37_ axg +p(m)U£Ea

by integrating both sides in the second line of equation (2.9) over the interval [—1, 7] with
respect to 7, we can get the required two linear equations of (VDEs) as the following

O(z,7) = g(z,7) / K(x,7 — p)Uzs(z, p)dp,
Ue,m) = wole) + 5 / [#@.9) + Ul &) = pla)U (0.

Let the collocation points{(x;, ;) }i ; be the set of (N+1)(M+1) points, in which {z;}}¥
are the Chebyshev-Gauss-Lobatto points (CGL nodes), and {7; }jM:o are the Chebyshev—
Gauss points (CG nodes). Equation (2.10) holds at the collocation points such that, for
all 0 <5 < M yields

(2.10)

(b(xi’TJ)_g x“TJ / K quJ )wa(xl7p>dp7 OS’LSNa

U<xi77-]) = UO( )+ 2 /_1 [(b(xwg) +Ua::r(xw§) —p(xz)Uw(xz,f) dg,
1<:<N-1.

(2.11)
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For approximating the integral terms in equation (2.11), first the integral interval will be
transfered from [—1, 7] to a fixed one [—1, 1] by using the following change of variables

11 1
63,0 = plr,0) = D00+ =, 0e[-11)
where {0}}_,are roots of the (p+1)-th Chebyshev polynomials. Then (2.11) becomes:
T(r; +1
O(zi,75) = 9@ 75) + %
1
. / ) K(xzu Tj — p(Tja 0)>Umc (l'iﬂ'j - p(ij 9)>d97
(2.12) e Tirs 11
Uaim) = wo(aw) + D [ (g, 0)) o + T
4 . 4
1
. U‘L‘f l'iyf 7'»',9 — DP\T; U.L xiag T'aa de.
[ [ (wo.0)) = v (16000

Now, we use

N M
(I)N T, (T ~ Z Zln )(I)<33n77—m)7
(213) nEOmEO
~ Z Zln(x)Fm(a)U(xn,Tm),
n=0 m=0

to approximate the functions ® and U, where [,,(z) and F,,(o)are the n-th and m—th
Lagrange basis functions corresponding to non—uniform meshes of {z;} and {r;} respec-
tively. After enforcing the homogeneous boundary conditions at xg = —1 and zy = 1
the first and the last terms in the interpolation polynomial of U are omitted. Therefore,
we have

m (VU (2, 7).

N—
UNIO'%E

Now we can approximate U, and Ugcgc in equation (2.12) by using the interpolation
polynomial of U from the previous equation as the following

ﬁM:

N—-1 M
Uy ~ YD (@) Fn(0)U (@, ),
(2.14) n=1m=0
(UN ), 0) Z Zl” WU (0, m),
n=1 m=0

where I/ (z) and I/(x) are the first and the second derivative of Lagrange interpolation
basis polynomials [,,(x) respectively, such that I/, (z) € Py_1 and I]/(z) € Pn_s.

Now, the differentiation matrices can be defined as an essential building block for
collocation methods used in spectral schemes [6, 7, 37]. Denoting d7, := I;/(x;), we
introduce the second order differentiation matrix as the following D* = (d7 ;)o<ik<N-
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By writing the entries of D? = D7, for {z;} as

1
2D; <Di’i_ac-—mk)’ i#k
Dig,k = N '
- Z D?lv 1= k7
1=0,i#l

where D, j, are the entries of the so—called differentiation matrix of dimension (N + 1).
The entries of the differentiation matrix can be defined in [37] for (CGL) points as the
following

_2N27+1, i=k=0,
6i+k
& )T itk
R T 1<i=k<N-1
_W’ SrEREATS
2N6+1’ i— k=N,

with ¢; = 2 for ¢ = 0, N, where ¢; = 1 otherwise.

In this paper, the integration in equation (2.12) can be approximated by replacing the
integrad function by its interpolation polynomial approximation of ®, U. In addition, by
using the approximation to U, and U,, from equations (2.13) and (2.14), respectively in
equation (2.12) and write

O(zi,75) = @iy, Ulziy7y) =Uij,  9(%i,7j) = i js
p(75,0k) = piks  E(75,0k) = &k

Our main goal is to find the approximation U, ; so after replacing in equation (2.12) we
get

T(Tj + 1)
4

./_11 v [K(mi,Tj - p(Tj,6>)(U]J\\/‘4)xa: (331‘77'3‘ - p(ﬁﬂ))]da

(2.15) Ur o)+ W /_11 I [ @8 (wir€(7,0) ) a0 + w

./11 1 (U)o (0 €71.0)) = pla) W, (w1.€(71.0)) | o

Dij ~ 9ij+

where I3 is the interpolation operator associated with the Chebyshev mesh points
{zi,7;}:; defined as the following

N M

IJ]{f/[Q(xaT) ~ Z Zln(I)Fm(J)Q(xnaTm)'

n=0m=0



CHEBYSHEV SPECTRAL-COLLOCATION METHOD 7

Now each equation in (2.15) can be reformulated respectively as
N 1 M

(I)i,j ~ gi,j Z Zl” ‘Tl xnmi)

n=1 m=0

p—1 p 1
(2.16) Sl Y K @i = 0300 Pulpsn) [ F0)d8
=1 k=0 -
T(r +1) ¢ L N-1 M
Ui = uo(w;) + ]4 {Z D (@) @@, ) + Y U@ U (20, Tn)
Nt n=0m=0 - ) n=1 m=0 )
017 ple) 3 S LU N L)Y Pl / L (0)d0.
n=1 m=0 z=1 k=0 -

1

Now we discuss an efficient way to find di = / Fy(0)df and express it in an explicit
-1
form. First we express Fj(s) in terms of Chebyshev functions as in [30, 33]:

(2.18) = wC Z p(@5)/ ) Tp(s),

where w is the Chebyshev weight corresponding to Chebyshev points {x]} . Let

B 2 . C _ T, p:(]a
(2.19) T = ZTP (@i)wi = { /2, 1<p<M,

where vy = 7/2 if {x;} are the Chebyshev—Gauss or the Chebyshev-Gauss-Radau
points. However, if we use {z;} as the Chebyshev—Gauss—Lobatto then v,y = 7. Now
from equations (2.18) and (2.19), we can calculate d as follows

(2.20) di, = w§ Z (z1)/7p) [ lTp(G)dG.

1

To compute / T,(0)df we use the recurrence relation in equation (2.2) which yields
—1

1 .
[ 2/(1—p?), p is +ve even number,
(2.21) [1 Tp(0)d6 = { 0, p is +ve odd number.

Now rewrite equations (2.16) and (2.17) in the matrix form as

PNt = Garnyarsy) F LUN- vt
(2.22)

Un—pyoitn = U1 + A® vy + (B 4+ C)Un—1yant),

where ®, G, U and U_; represent vectors defined as in the following:

Dyt = vee[®i ], Guugnsr) = veelgijl, 0<i <N,
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Un—yygry =veclUs;], 1<i<N, 0<j<M,

uo(w2) wo(zs) - wuo(rn-1)
Uy =vee| L A
uo(w2) wo(zs) -+ uo(rn-1)
in which the (vec) operator reshapes any matrix into a vector by placing columns of the
matrix below each other from the first to the last. For the other matrices, each one can
be described as block ones as the following:

o A= (A), where A is a matrix with a dimension of (N +1)(N —1) x (N +1)® in
which the first and last (N + 1) columns are zeros, and each block matrix (A%)
has a dimension of (N +1) x (N+1). Foreach0<m <M, 0<j<M,1<i<
N —1,1<n < N —1, the other entries of (A;) can be given by the following

formula
i T(r; +1) ¢
(ADimsr = =22 diFn(€ ).
k=0
In addition, the shape of the global matrix A will be
0 A, 0 - 0
A= 0 U
0 -~ 0 A" o0

o L = (L%), where L is a matrix with a dimension of (N +1)? x (N 4+ 1)(N —1) in
which the first and last (N + 1) rows are zeros, and each block matrix (L}) has
a dimension of (N +1) x (N 4 1). For each m, j, i, n, the other entries of (L")
can be obtained by the following formula

T(r; +1)
]f > dkK (i, 75 — pjk) Fon(pjk) D s

k=0
e B = (B}), where B is a matrix with a dimension of (N +1)(N—1)x (N+1)(N—1)
in which each block matrix (Bj) has a dimension of (N +1) x (N 4 1). For each
m, j, i, n, the entries of (B;) can be calculated from the following relation

(L;)i+1,n =

i T(r+1) v 2
(B)in = =D diFn(&n) D},
k=0
e Finally, C = (C’;) which is similar to the matrix B. For each m, j, i, n, the
entries of (C%) can be found from the following relation
T(Tj +1

p
(C;i)m = —%p(xi) Z A Fn (&,5) Din.-
k=0
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To solve the coupled equations system in equation (2.22), we convert them to a linear
algebraic system

(2.23) AUn_1yisn) = F,
where

A = (I-(B+C)—AL)

F = U1 +AGu1)+)-

By solving the system of equations in (2.23), we obtain an approximation to U n_1)m+1)
and hence the approximation to the original problem for all x € (—1,1) and ¢ € [0, T
can be obtained by

N-1

M 2
u(x,t) ~ Z Zl”(x)Fm(Tt — DU (xp, Tm)-

n=1 m=0

3. Numerical examples

In order to test the utility of the proposed new method, we apply the new scheme to
the following two examples whose exact solutions are provided in each case. For both
examples, we take T'=1, p = N = M, and consider {Hk}évzo as the Chebyshev-Gauss
points as described in Section 2. To show the efficiency of the presented method the
comparison with the exact solution introduced in the next tables. Also, to study the
convergence behavior of the presented method [42, 43] the following laws for different
values of N are applied.

e The ||E||o error norm of the solution which is defined by

1Bl = U@ 0) = ula Ol = _max | Uiy = ulzit;)].
1<j<M

e The ||E||2 error norm of the solution which is defined by

N-1 M .12
1Bl = 1. 6) — uz. )2 = [Z > (Vs - ulaty)) ] ,

i=1 m=1

e The condition number K,(A) of the coefficient matrix A is given by
Ky(A) = [Alg AT g, g=2,00.
The condition number K,(A) has the following properties [44]:

(1) The condition number shows that a small perturbation in initial data may pro-
duce a large amount of perturbation in the solution [45].

(2) The condition number of an interpolation matrix gives information on the nu-
merical stability of the interpolation process.

(3) The condition number depends more on the separation distance than on the
number N of centers[46].
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(4) The condition number grows with N with the number of interpolating points in
order to produce an interpolation matrix that is well-conditioned enough to be
inverted in finite precision arithmetic [47].

(5) When the number of mesh points increases, the condition number of the matrix
becomes very large and the matrix tends to be ill-conditioned [45].

In this study, all the mathematical computations were executed in double precision arith-
metic using Matlab 7.9.0 (R2009b). To obtain a very accurate calculations, variable
arithmetic precision (vpa) was used with digits being assigned to be (32). The program
was executed on a second generation Intel Core 15—2410M, 2.3 Ghz Laptop. Finally, the
CPU time for all operations for the solution of the entire problem is presented in Tables.

Example 3.1. Consider the linear PVIDE (1.1)—(1.3) with the kernel k(z,t) = xt with
p(x) = x¥sin(x)e® /(1 + 2?), and the leading function

f(z,t) = (92 — 82 — 1 — p(z)(1 — 42*)) sin(z + t) — 82" (t cos(z) + sin(z))
+(2° — 2" —122° + 122° — 2 + 1 — 42°p(z)) cos(z + t)
—(2° — 122® — z) (t sin(z) — cos(z)),
so that the exact solution will be u(x,t) = (1 — x%) cos(x + t).

TABLE 1. ||EF||s error, ||E|2 error, condition number of g = 00,9 = 2
and CPU time with different values of N for Example 3.1.

N Bl Kx(A) 1E]2 K3(A)  CPU(s)
6 1.9I3E-03 3.128E+2 4.659E-03 6.159E+1 5.775
8 1.527E-05 1.143E+3 4.373E-05 1.820E+2 11.057
10 7.030E-08 3.057E+3 2.407E-07 4.358E+2 19.473
12 2.013E-10 6.887E+3 8.215E-10 8.970E+2 31.442
14 3.883E-13 1.346E+4 1.825E-12 1.657E+3  53.030
16 1.346E-14 2.429E+4 5.186E-14 2.825E+3 125.18
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In Figure 1, the exact solution, numerical solution are plotted with || E||, and the
nonuniform set of collocation points (z;,t;) at N = 16.

Exact solution Approximated solution

‘ ~
Wosrr/ = .
(7777777 S NN

. SN

(a) Exact solution (b) Approximated solution

FIGURE 1. Exact and Approximated solutions for p(z) with z € [—1,1]
and t € [0,T] at N = 16. See Example 3.1.

Example 3.2. Consider the linear PVIDE (1.1)-(1.3) with the kernel k(z,t) = sin(zt)
with p(z) = 2° cos(z)e”/(1 + 22) and the leading function
flz,t) = (82% +122° + p(z)(1 — 42® — x4))e(‘”+t)
ot + 1227 4 823 — 1
+( ;
1+=x
so that the exact solution will be u(z,t) = (1 — z*)e(®+t),

) (ze' — sin(xt) — z cos(wt))e”,

TABLE 2. ||E||« error, ||E||2 error, condition number of g = 0o, g = 2
and CPU time with different values of N for Example 3.2.

N Bl Kx(A) 1E]2 K3(A)  CPU(s)
6 7.414E-03 3.094E+2 1.677E-02 6.154E+1  8.928

8 5.673E-05 1.310E+3 1.563E-04 1.817TE+2 12.828
10 2.597E-07 3.035E+3 9.047E-07 4.350E+2 23.067
12 7.218E-10 6.823E+3 2.975E-09 8.952E+2  34.251

14 1.367E-12 1.336E+4 6.598E-12 1.653E+3 53.734
16 7.105E-14 2.409E+4 1.858E-13 2.818E+3 115.770
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In Figure 2, the exact solution, numerical solution are plotted with ||E||s and the
nonuniform set of collocation points (z;,t;) at N = 16.

Exact solution Approximated solution

(a) Exact solution (b) Approximated solution

FIGURE 2. Exact and Approximated solutions for p(z) with z € [—1,1]
and t € [0,7] at N = 18. See Example 3.2.

Example 3.3. Consider the linear PVIDE (1.1)-(1.3) with the kernel k(x,t) = e—e"t
with p(z) = cos(x)/(1 + z?), and the function

f(z,t) = (122° + 302 + p(x)(1 — 62° — x6))e(m+t)

_ 1 —302* — 122° — 28 (m+t_ (m2+t))
e e e ,

so that the exact solution will be u(x,t) = (1 — 2%)e* ™.

TABLE 3. ||E||x error, ||E||2 error, condition number of g = 00,9 = 2
and CPU time with different values of N for Example 3.3.

N Bl Kx(A) E]]2 K3(A)  CPU(s)
8 1.271E-03 1.507E+3 3.452E-03 2.436E+2  8.910

10 1.412E-05 3.999E+3 3.858E-05 5.698E+2 16.344
12 5.329E-08 8.904E+3 2.186E-07 1.156E+3 33.014
14 1.529E-10 1.726E+4 7.384E-10 2.115E+3 54.946
16 3.341E-13 3.099E+4 1.709E-12 3.581E+3 100.49
18 1.221E-13 5.155E+44 4.438E-13 5.705E+3  288.43

Tables “ 1 — 3", shows the absolute (Error) between the exact and numerical solutions,
|E||co-error, Koo (A), || E||2-error, K2(A) and CPU-time in some points of the interval
(—1,1) and ¢t = [0, 7] for 6 < N < 18. These tables indicates that as N increases, the
Error decreases more rapidly (exponentially). From Tables “ 1 — 37, it can be observed
that the accuracy increases with the increase of number of collocation points.
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4. Conclusion

In this work, a new modified numerical method based on developing the Chebyshev
spectral—collocation method. The method is based on converting the problem equation
into two coupled Volterra integral equations of the second kind. The use of the Cheby-
shev spectral—collocation method lead to solving a linear algebraic system, then finding
the approximate solution for parabolic partial integro—differential equations. The major
progress of using the Chebyshev polynomials basis instead of using Legendre ones is that
its quadrature points are known with explicit and simple expressions as well as the corre-
sponding weights. Moreover, in this work the integration was approximated by replacing
the integrand by its interpolating polynomials instead of using Gauss quadrature approx-
imation and this increases the accuracy of the suggested method. The examples given
in this work have demonstrated the potential of the newly presented numerical method
in solving parabolic partial integro—differential and similar equations even with using a
small number of collocation points. The stability of the resulting system was proved by
helping of the condition number K (A).
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