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ABSTRACT

The new Hybrid Adams type Block Methods (HATBMsY &iep lengtht = 2,3 and4 were
developed for the solution of first order ordinadifferential equations. Collocation and
interpolation of Chebyshepolynomial approximation were adopted to derive samplicit
linear multi-step methods at different valueskofAnalysis of all the methods show that they
were consistent, zero stable and convergent. Adl tiewly constructed methods were

demonstrated with numerical experiments to ascetteir level of convergence.
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1. Introduction
Numerical analysis is the area of mathematical @rputer sciences that creates, analyses and
implements algorithms for solving numerically thelgems of continuous mathematics. Such
problems originate from real world applications a@fjebra, geometry and calculus, these
problems occur throughout the natural sciencesialsaciences, engineering, medicine and
business studies. Solutions to ordinary differérgguations were derived using analytical or
even exact methods but many often cannot be sairalytically because most real life problems
are modeled into non linear equations involve cax@hapes and processes. Hence there is a
great need to develop an algorithm to cater far type of differential equations.
Chebyshev polynomials are special group of polymdsnivhose properties and applications
were discovered a century ago by the Russian matteen Patnuty Lvovich Chebyshev. Their
importance for practical computations was redisoedé&0 years ago by Comelious Lanczos the
father of Numerical Analysis. (see [1] and [7])
A simple way of constructing Chebyshev polynomiadbes on the recurrence relation of the
form

Tpi1(x) = 2xT, (x) — T,p_1 (x). Vn>2.

However,To(x) andT4(x) are constant terms with respect to the recurreelegion as 1 and

x respectively.
Definition 1: Hybrid Linear Multistep method

The k step general linear multistep method can figew as

k k

D @¥ns =h ) Bifuey+ hBy fuso. D
j=0 j=0
wherea;, # 0, a +p§ >0,u ¢ {0, k}

Definition 2: Zero Stable

The method in (1) is said to be zero stable ifowt of the first characteristic polynomial



k
p(r) = 2 ajr’
=0

has modulus greater than one and if every root mitkdulus one is simple
Definition 3: Order and Error Constants

A linear multistep method of the form
k

k
z X; Yn+j = hz Bjfn+j
j=0

j=0
k > 2 issaidto be oforderP i€y =C; =C, =--Cp =0

butCpyq # 0 and Cp, is called error constant (see [6]

2. Background of the Study

Numerical methods for solving first order initiablue problems often fall into two large
categories, linear multistep and Runge-Kutta methddfurther division could be realised by
dividing methods into those that are explicit angplicit methods. For examplan implicit

linear multistep of Adams Moulton is of the form

k
Vusk + Ynckr =h ) Bifuei @
i=0

Most resent researchers have worked in this aremgihem are ([1-5]) to mention only a few,
in their proposed methods the approximate solutimges from power series, exponential
functions, Chebyshev polynomials. The aim of thesearch work is to use the Chebyshev
polynomials as our trial basis to develop some Aslaype hybrid block methods at various

values of step length k.

Theorem 1; Well-Posed Condition

Suppose thdt and fy , its first derivative with respect §oare continuous fax € [a, b]. Then

the initial value probleny’ = f(x,y),a < x < b, y(a) = a has a unique solution



y(x) for a < x < b and the problem is well posgdee [6])

Theorem 2: Fundamental Theorem of Dahlquist

The necessary and sufficient condition for linealtratep method to be convergent are that it be

consistent and zero- stable. (see [6])
2. M ethodology

a) Two step Adams type hybrid block method &t£€ 2)

Given an approximate solution of the form

P(x) = Z a,T, . 3)
n=0

P'(x) = Z a,T', . (4)
n=0

From equation (3) and (4)

m

> @I’ = f(x,) 5)
n=1

wherea,, are the parameters to be determined Bpa@re Chebyshev polynomial. We collocate
(4) at x = xp4j,j = (u,1,v,2), specificallym = 5,u = % andv = g and interpolate (3) at

X = X,4+1 to have the following non linear system of equagiof the form

5

Z anTn(x) = Yn+1

n=0

5

D aT'w(® = fayy  J=WLv,2) ©)

n=1



Our propose continuous formulation of the two siéelams type hybrid block method will be of

the form

2
V() = s @Ynar + b D B fsy + U frss+ BBy s o
j=0

By using maple 17 mathematical software to deteertie values oft and B's and substituting

to obtain the following continuous formula of thetmod as

25 (x—=x5)% | 35(x—xp)% 5 (x—xp)* 2 (x—xp)°
YOO = Ypar + [~ oo h o+ (x =) — Sl BT 30 | 2B

3(x— xn) 4(x— xn)z 5_2(x xn)3 _i(x_xn)S
[ 45h+ T Ty 15 nt ]fn% +

3(x—xp)? 19 (x—xp)3 4(x—xn)4 4 (x— xn) 4 (x- xn)2 28 (x—xp)3
- - D - =ht? ] frs + |3 D

h 3 hZ2 h3 9 hZ2
E (x_xn)s 7 (x— xn) ] [ 1 (x— xn) 2 (x xn)s E (x_xn)3 _
15 h* h+ fn+—+ h+ h# +18 h2
1 (x xn)
] fn+2

(8)

Equation (8) is evaluated at= x,.;,j = 0, ; '3 , 2 to obtain the following discrete schemes as

our two step Adams type hybrid methods (ATHBMS).

19 173 3
1— = h [_ - - T —— 1 I 3

29 2 1 31 1
Yn~Yn+1=h [—ﬁfn TSy Los Ry AT —Ef“;]

37 173

11 19 19
s = Yt = h| s fu 5o Frt — s vz = g Fst 75 |

31
Yn+2 — Yns1 = h[ mfn+15fn+1+180fn+2+45fn+_ Efn+%]

(9)

Equation (9) is of ord€[i5, 5, 5, 5]7 with error constants of



[1.1194x107 %, —1.7361x107%,1.1194x10°%,—1.7361x10~4]7

b) Schemesasour three step Adamstype hybrid block methods (HTHBMS) at (k = 3).

Equation (4) is collocated at= x,,;,j = 0,v,w,2 and 3, speciallym = 6,v =

le
E
I

N |

Also equation (3) is interpolated at= x,,,., to obtain the following system of non linear
equation of the form

6

Z anTn(x) = Yn+1 -

n=0

6
Y T @ =fuy,  J=@1923), (10)

n=1

Our propose continuous formula of three step Adeypes hybrid block method is of the form

3
V() = s (Ot + 1 ) Bi(f sy + BBy s + BB (O i (D
j=0

By using maple 17 mathematical software to deteentlire value ofx and B's and substituting

in (11) to obtain the continuous formula of the hoet as

11 29(8€)2 29(8€)3 31(O* 4 (> 1 (¥)°
y(x)=yn+1+[—mh+(f)— €3 ) ) €3, (E)lfn

200h 27 R 72 R a5 ht 135 IS

1502 193 | 119O* 673 6({)5 1(9)° 40(5)2 136(5)5 104
e U

2 h 2 h? 24 h3 360 5 h% 9h5 45 h* t 45

104 (©)* | 536(9° 8 (§)° 45O _ 18(9)° EQ_E("‘E)S 1(" 96
o 1w T e 27h5]fn+ +[ 120h+4 h 2 T 5 mt T3 ]f"+2

1% 77%3

32, 16@O' 24® 8 ©° 80° 8®° 43, 71O
+[ t oz ]fn+ [360h+72h3 27 h> 54 h2

3 k3 5 h 45 hS h2 5 ht

14@ﬁ 5@#
45 ht h4 ] [ns3- (12)



where & = (x — x,,)

Equation (12) is evaluated at= x,,j = (O,;,Z,g,and 3) to obtain the following discrete

schemes as our three Adams type hybrid block mgtHéd BM s)

11 673 104 211 32 43
— =h|—— - +— 3 —— + — -
Yn — Yn+1 20 fn 360 fn+1 45 f"+f 120 fn+2 15 fn+g 360 fn+3

1 1139 139 217 13 31
3 — =h|-—foto—frs1t—f 3~ frizto=hf s——
yn+5 Yn+1 [ 640 fr 5760 Jrea 360 fn+5 1920 Juvz 360 fn+5 5760 Juss

1 7 88 7 1
—_ = h —_——_— —_ —_— —_ e
Yn+2=Yn+1 1080 fot 70 forr 135fn+% T fn+2 1080 fn+3

1 123 23 333 9 7
s=YVni1 = | fot = frnir+ —f 3+ fniz+—h s——h
yn+5 Yn+1 [ prrd gy EES! 4ofn+5 sa0fnr2 T 55 n+> 640 fnss

7 32 4 32 7
Yurs = Ynrs = h| e Furt + 35 s + 15 Fusz + 2S5+ fuva (13)

Equation (13) is of ordd, 6, 6, 6, 6] T with error constant of
[1.9428(—03),5.9420(—05),2.4802(—05),6.9754(—05),6.6138(—05)]"

c) Schemesasour four step Adamstype hybrid block method (HATBMs) at (k = 4).

Equation (4) is collocated at= x,,,j = (1,v,2,w, 3,4) , speciallym = 7,v = % andw =

g . Also (3) is interpolated at = x,,,1 to obtain the following system of linear equatadrthe

form

7

Z anTn(xn+1) = Yn+1

n=0

7
2 anT'n(xn+j) = fn+j ) j=@,v,2,w,3,4) (14)

n=1



Our propose continuous formula of the four steprAdlaype hybrid block method is of the form

4
VG = Yuer +h D Bi(Of sy + RBu () fns + BB (O i (15)
n=1

By using maple 17 to determine the valuesmofind B's substituting them in (15) to obtain the

continuous formula of the method as

63 (x—xn)2 1421 (x—xn)3 91 (x—xp)* 7 (x—xn) 7 (x—x,)0
Yn=¥n+1t [ 1080  h2 wmow TR T o w
3923 h+ 1 (x- xn)7] fo+ [10(x xn)2 16483 h 263 (x—xp)° 2 (x—xn)7 647 (x—xp)*
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3 h? n+l 945 3 h 315 k6 27 kS
4768 (x—xn>3 _ 220 (x—xn)‘*] - [59 (x— xn)“ _219Gox)®  1Gox)” | 45 Gox)® 159 o) |
135  h? 9 h3 n+— 20 h* 7 h® 2 h 4 h2
2(x—x,)® 221 ]f n [_ 164 (x— xn)4 + ﬁ(x—xn)5 n 32 (x—xn)7 _ ﬁ(x—xn)z n E(x—xnp 4
hS n+2 9 ht 315 kS 5 h 15  h2
1612, 184 (x—xn)ﬁ] fos [ﬂ (x—xn)‘* L 10Gox)? | 2 Goxa)? 61 Gemxw)® | 11 (emxn)®
945 135 hS n+; 72 k3 3 h 63 hé 30 h* 27 kS
3253 169 (x—x 29 (x—x 431 (x-x)° 1 (x—xp)? 47 1 (x—xp)7
_ 169 (x—x,)° n)]fn+3+[ (x—xn) 31 (x—xp)° 1 (x—xpn) n h+—( )’
7560 27 144 h3 360 h% 8 h 3024 630 h6
1 (x—x,)° 29 (x xn)
a h5 fn+4
(16)

Evaluating equation (16) at = x,,j,j = (0,%, 2,;, 3 and 4) to have the following discrete

schemes as our four steps Adams type hybrid blcztkoal

3923 16483 3124 2 1612 3253
—y.=h 34+ fniz ———hf s+—
Yn+1 = Yn 15120 fn 7560 fria = 945 fn+5 70 fuiz 945 fn+§ 7560 fniz =

3024 fn+4-]



503
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3 —— + —
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+ —_
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Yned ™ Yne1 = h [_ 241920
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31 11 4
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1
5040 fn+4—]

171 1053 73

9 811 99
Y1 = e frst F o [ 3 et o f 5= —fria
yn+g Yn+1 8960 fa 4480 fnia 280 fn+5 2240 frz 280 fn+§ 4480 fni3

1
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1 157 128 11 128 157
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1890 "+4]
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36 243
METY AT Ity -

9 167 657 29
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(17)

Equation (17) is of ordd7,7,7,7,8,7]T, with error constant
[1.0045(—03),—2.3542(—05),—1.2401(—05),3.8508(—05), —1.0044(—03)]"

3. Convergence Analysisof the Two Step Hybrid Adams Type Block Method (HATBMYS)

The two step hybrid Adams type block method is egped in the form

—173 19 37 1
1 -1 0 0]Yn+1 [0 0 0 o]Pn-3] |72 & 73 140 frat
0 —1 0 Of|yner| |0 0 0 1||¥n-1 w5 15 a5 180 ||fa+1 +
0 —1 1 Of(Yne2[ |0 0 0 Offypzf |37 10 173 -1 [fng
720 60 720 1440
0 -1 0 1lly,,, 0.0 0 O0lly, 1 2 31 29 |Lfpy,
- 45 15 45 180 -




IOoool
o © o ©
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B0 —

o ©o o o
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= o oo
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1440
29

180
11

1440
-1

180-

We normalized the block method (18) with the inees§A(® and applied the condition
p(A) = det[14@(A@)=1 — AW (A= =

(=l = )

1 0
_1,]0 1
p(/l)—/loo

00
100 0
01 0 0
00 A 0
00 0 A

yl

0

det

0

0

FE

- o O O

o O O o
oo o

Therefored; =1, =1;=0, 1, = 1.

oo oo
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From definition (2), the method (9) is zero staduhel since the order of the methog iz 1, the

method is consistent, thus convergent.

Similarly methods (13) and (17) were treated ingame manner and have shown their

consistencies and convergent.
4, Numerical experiments.

All the three newly constructed Adams type hybiiock method at various values bf=

2,3 and 4, were demonstrated with three different linear and non linear problems

Problem 1
y=—y, y0)=1, 0<x<1, h=01
Exact solution

y(x) =e™*

Problem 2
y' =xy, y(0) =1, 0<x<2, h=01

Exact solution

x2

y(x) =e?

Problem 3
y=y-x2+1,  y(0)=: h=01

Exact solution

1
y() = (x+ 1)~ et

Problem 4
y =1-y2 y(0) = 0, h=0.1
Exact solution
e?* —1
o) = e?* +1

11



Table 1: Approximate Solutions to problem 1

X

Method of k=2

Method of k=3

Method of k=4

0.1000 0.904837417895975 0.904837417881202 0.9a48828227
0.2000 0.818730753110534 0.818730752939751 0.8¥3380'1073
0.3000 0.740818220855484 0.740818220548903 0.7228635358
0.4000 0.670320046323450 0.670320045918305 0.67a8237833
0.5000 0.606530660091209 0.606530659599218 0.6665882672
0.6000 0.548811636543486 0.548811635994641 0.5438211386
0.7000 0.496585304294834 0.496585303694640 0.4365257860
0.8000 0.449328964660269 0.449328964033219 0.4988286345
0.9000 0.406569660311169 0.406569659658082 0.4689696824
1.0000 0.367879441759379 0.367879441100594 0.36483191442

Table 2: Absolute Errors of Problem 1

X Method (OR) Error at k=2 Error at k=3 Error at k=4
0.1000 1.5490(-08) 1.3999(-10) 1.5476(-10) 7.7388)-
0.2000 9.3743(-09) -3.2552(-11) 1.3823(-10) 6.900%)
0.3000 1.6932(-08) -1.7377(-10) 1.3282(-10) 6.3617)
0.4000 1.6406(-08) -2.8781(-10) 1.1733(-10) -2.1910)
0.5000 2.5228(-08) -3.7858(-10) 1.1342(-10) 3.1912)
0.6000 1.9716(-08) -4.4946(-10) 9.9385(-11) 2.832)
0.7000 2.3504(-08) -5.0342(-10) 9.6770(-11) 2.63172)
0.8000 2.1992(-08) -5.4305(-10) 8.4003(-11) 2.941R)
0.9000 2.6862(-08) -5.7057(-10) 8.2517(-11) 8.14IR)
1.0000 2.2220(-08) -5.8794(-10) 7.0848(-11) 6.96I8)

Method (OR):- Method in Odekunleetal (2012)
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Table 3: Approximate Solutions to problem 2

X Method k=2 Method k=3 Method k=4
0.1000 1.005012518167810 1.005012524024950 1.0630628150
0.2000 1.020201340025330 1.020201343118400 1.0333792430
0.3000 1.046027862950250 1.046027863348370 1.0868527300
0.4000 1.083287074401830 1.083287071288450 1.08862865950
0.5000 1.133148464484150 1.133148457147040 1.1338852280
0.6000 1.197217380713540 1.197217367631370 1.1872701250
0.7000 1.277621339108210 1.277621318512900 1.2748214160
0.8000 1.377127803635090 1.377127770522030 1.3070331000
0.9000 1.499302555226830 1.499302507651910 1.499803550
1.0000 1.648721347944550 1.648721280024100 1.648723562990
Table 4: Absolute Errors of Problem 2

x Method (OR) Error at k=2 Error at k=3 Error at k=4
0.1000 3.1386(-07) 2.69159(-09) 3.16555(-09) 1.581D)
0.2000 1.3364(-07) 1.43000(-12) 3.17164(-09) 1.2340D)
0.3000 3.1819(-07) 3.04153(-09) 3.43965(-09) 1.28D9)
0.4000 9.8972(-09) 6.72687(-09) 3.61349(-09) 9.0(0D)
0.5000 6.9521(-07) 1.14173(-08) 4.08021(-09) 3.399
0.6000 | 4.0794(-07) 1.75917(-08) 4.50965(-09) 3.5488
0.7000 7.7319(-07) 2.59033(-08) 5.30801(-09) 3.809)
0.8000 7.0821(-07) 3.92991(-08) 6.18607(-09) 3.82
0.9000 2.8682(-06) 5.51701(-08) 7.59514(-09) 1.3D8
1.0000 2.0664(-06) 7.72444(-08) 9.32397(-09) 1.4408)

Method (OR):- Method in Odekunleetal (2012)
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Table 5: Approximate Solutions to problem 3

X Method k=2 Method k=3 Method k=4
0.1000 0.657414541069634 0.657414616647980 0.654408468716
0.2000 0.829298620944187 0.829298629148387 0.8320927051
0.3000 1.015070596134470 1.015070596059230 1.058620 /970
0.4000 1.214087650978350 1.214087651011410 1.2680881800
0.5000 1.425639364300310 1.425639480369200 1.4368895610
0.6000 1.648940599300000 1.648940599593540 1.6489430980
0.7000 1.883123643700000 1.883123646024930 1.8836887190
0.8000 2.127229525000000 2.127229535488470 2.1%32342820
0.9000 2.380198432346940 2.381019844412120 2.3860381810
1.0000 2.640859072215840 2.640859085437560 2.6068599960
Table 6: Absolute Errors of Problem 3

X Error at k=2 Error at k=3 Error at k=4
0.1000 1.07459(-10) 1.22237(-10) -6.54100(-12)

0.2000 2.42720(-11) 1.33398(-10) -7.13600(-12)
0.3000 7.75300(-11) 1.52770(-10) -7.97000(-12)
0.4000 2.01010(-10) 1.67950(-10) -2.44000(-12)
0.5000 3.49630(-10) 1.91450(-10) -2.56700(-11)
0.6000 5.27260(-10) 2.11200(-10) 7.37600(-11)
0.7000 7.38400(-10) 2.39830(-10) -3.42430(-10)
0.8000 1.07538(-08) 2.65290(-10) 1.41094(-09)
0.9000 1.20746(-08) 3.00320(-10) -5.96029(-09)
1.0000 1.35546(-08) 3.32920(-10) 2.50505(-08)
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Table 7: Approximate Solutions to problem 4

X Method k=2 Method k=3 Method k=4
0.1000 0.099667998229271 0.099667958427121 0.0983866123
0.2000 0.197375318495844 0.197375285530702 0.13038898647
0.3000 0.291312602600503 0.291312578047386 0.2802557245
0.4000 0.379948943860190 0.379948931365855 0.3P834538561
0.5000 0.462117132110030 0.462117128154898 0.482B959080
0.6000 0.537049538236968 0.537049538236968 0.53204681565
0.7000 0.604367748161445 0.604367754450766 0.608%621352
0.8000 0.664036743935206 0.664036751802030 0.6620391427
0.9000 0.716297848263363 0.716297853189866 0.7642331265
1.0000 0.761594139111875 0.761594142508150 0.76006565570
Table 8: Absolute Errors of Problem 4

X Error at k=2 Error at k=3 Error at k=4
0.1000 -3.60432(-09) 3.61978(-08) 1.2312(-09)

0.2000 1.72906(-09) 3.46942(-08) 1.2343(-09)
0.3000 9.85108(-09) 3.44042(-08) 1.2814(-09)
0.4000 1.83950(-08) 3.08893(-08) 9.0100(-12)
0.5000 2.51500(-08) 2.91051(-08) 3.3949(-09)
0.6000 2.87611(-08) 2.46756(-08) 3.5428(-09)
0.7000 2.89557(-08) 2.26664(-08) 3.8244(-09)
0.8000 2.63326(-08) 1.84658(-08) 3.8293(-10)
0.9000 2.19357(-08) 1.70072(-08) 1.3275(-08)
1.0000 1.68439(-08) 1.34476(-08) 1.4427(-08)

5. Conclusion

We conclude that this research paper demonstratescassful derivation and implementation of
Adam’s type hybrid block linear multi-step methaging Chebyshev polynomial as trial bases

functions. Based on the problems solved all thénods at various values &f= 2,3 and 4
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performed better than the existing methods, pddituin problems 1 and 2, for example see
Method (OR). All the methods are stable, constsa@nd convergent.
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