— O O O O > w

—_ -

12
13
14
15
16
17

18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38

Original Research Article

On The Construction of Odd Length Quantum
Codes

ABSTRACT

In this we endeavor for an extensive study of [[n,n — 3,2]]codes of odd length. We begin
with the computation of the linear programming bound on the dimension of distance 2 codes
of odd length and show that the [[n,n — 3, 2]] codes are optimal. We next find their generator
matrix, stabilizer structure and also show that these codes are impure or degenerate except
the [[3,0,2]] code which is pure by convention. In degenerate codes, distinct errors do not
necessarily take the code space to orthogonal space. So sometimes they can correct more
errors than that they can identify and has the capacity to store more information than a
nondegenerate code. The present paper also establishes the existence of ((2m +1,
22m=2 2)) codes from the ((2m,2?™7%,2 )) codes for all m > 1 . We have also constructed
another class of distance 2 codes which are constructed using distance 3 codes.

Keywords: additive codes, stabilizer, pure and impure codes, linear programming bound

1. INTRODUCTION

With the discovery of Shor’s algorithm, Quantum computing has become an active
interdisciplinary field of research. Quantum computers are able to solve hard computational
problems more efficiently than present classical computers. But reliability of the quantum
computers is questionable since the quantum states are subjected to decoherence i.e. the
interaction of the states with the environment which leads to the loss of information.
Quantum error correcting codes are the means of protecting quantum information against
external sources such as noise and decoherence.
Many explicit constructions of quantum error-correcting codes have been proposed so far.
Most of the codes known so far are additive or stabilizer codes which are constructed from
classical binary code that are self-orthogonal with respect to a certain symplectic inner
product. An [[n,k,d]] code is an additive quantum code of minimum-distance d of length n
encoding k quantum bits and an ((n, K, d)) code refers to a general code encoding K states
in n qubits with minimum distance d. A code is called nonadditive if it is not equivalent to any
additive code
Claderbank et.al.[1], gave the construction of additive quantum codes using additive
classical codes C over GF(4) which are self orthogonal under the trace inner product
defined as

u*v=Tru-\7=Z}1=1uj\7]- + v;u;,
where u,v € GF(4)". If C is an additive self orthogonal subcode of GF(4)", containing 2
vectors, such that there are no vectors of weight <d —1 in Ct/C . Then there exists a
quantum-error-correcting code with parameters [[n,n — k,d]] .A quantum [[n,n — k,d]] is
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pure if there are no nonzero vectors of weight < d in C*; otherwise it is an impure or
degenerate.

An important class of quantum codes called Stabilizer codes was defined in Claderbank
et.al.[1] and D. Gottesman,[2] which are analogous to the quantum additive codes.
An [[n, k, d]] stabilizer code encodes k logical qubits into n physical qubits, and is described
by an abelian subgroup, S, of the Pauli group with size |S| = 2"7¥ . The codespace is the set
of simultaneous eigenvectors of S with Eigen value 1.

Calderbank et.al. [1] showed that the best additive even distance 2 codes are[[n,n — 2, 2]],
for n even and[[n,n — 3, 2]], for n odd. Rains [3] presented a number of results on codes of
minimum distance 2. These minimium distance codes correct any single qubit erasure i.e. an
error which acts on a qubit at known location in an unknowm way or is used to detect a
single qubit error with unknown location. It was shown that the additive [[n,n — 2, 2]], where
n is even are optimal for they satisfy the Singleton bound. Among odd length distance 2
code the ((5,6,2)) nonadditive code was revealed by Rains et.al [4] which generated a
family of pure ((2m + 1,3.22™-3, 2)) nonadditive codes of Rains [3]. J.A.Smolin et.al. [5]
presented a new family

2
~ =201 _ |
((4k + 21+ 3, My, 2)) where My ~ 2"2(1 — | =)
of nonadditive codes which correct single qubit error while encoding a higher dimensional
space than is possible with any additive codes. K. Feng and C. P. Xing [6], conferred a
characterization of quantum error correcting codes based on which they constructed a class

2\(n—1)/2

an improvement on codes of Rains[3] . Aggarwal and Calderbank [7] gave a mathematical
framework for the design of both additive and non additive quantum codes based on a
correspondence between Boolean functions and projection operators. A. Cross et. al. [8]
presented a framework for code designs which was described by two objects: a single
stabilizer state |S), and a classical code that generates the basis vectors of this code
from [S). Such codes were called codeword stabilized quantum codes. In this framework the
((5, 6,2)) nonadditive code, the family ((2m + 1,3.22™-3, 2)) generated by it and the simple
family of minimum distance 2 codes found in J.A.Smolin et.al. [5] were constructed.

In this paper we make an extensive study of [[n,n — 3,2]]codes of odd length, by finding
their generator matrix, stabilizer structure and also show that these codes are impure or
degenerate except the [[3,0,2]] which is pure by convention. In degenerate codes, distinct
errors do not necessarily take the code space to orthogonal space. So sometimes they can
correct more errors than that they can identify and has the capacity to store more information
than a nondegenerate code. We have also shown the existence of ((2m + 1, 22m72 2))
codes for all m > 2.

a binary quantum ((n 2072 — 1( n-1 ) 2)) codes for odd length n = 5. For n > 11, this

2. EXISTENCE AND CONSTRUCTION OF|[[n,n — 3,2]], FOR N ODD

Rains [3] explored the structure of quantum codes of minimum distance 2 and showed the
existence of quantum [[n,n — 2, 2]] code, where n is even, which were optimal in the sense
that they satisfy the quantum singleton bound. This gave an upper bound on the dimension
of a [[2m, Kk, 2]] code which is k < 2m — 2. In this section we shall find an upper bound on the
dimension of odd length distance 2 codes. Quantum MacWilliams identities relate the weight
enumerators of a code and its dual which together with linear programming technique is a
powerful tool to find the bounds on dimensions of a code. This technique is will be used to
find a bound on dimension of an additive distance 2 quantum code of odd length. We shall
show the existence of [[n,n —3,2]] codes where n is odd and also show that their
construction is possible using tensor product.
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Theorem - 1 For an [[2m + 1, k, 2]] quantum code k < 2(m — 1).

Proof- Consider the weight enumeratorA(x), the dual enumerator B(x)and the shadow
enumerator S(x) of the [[2m + 1, k, 2]] code.

Then according to quantum MacWilliams identity Rains [9]

1 1—x
B(x) = — (1 + 3x)"4 ( — Sx)

Also the Shadow enumerator Rains [10]
S(x) =

= k(1+3x)”A (x_l)

Thus the coefficients

n
1
Bl = WZ(?)TI - 4‘l)Ai
i=0

n
1 .
S0 = 3 (~ 14,
i=0

m-—1

Eliminating A,_; and A, we get

1
i=0
Since the code is of minimum distance 2, we have
BO = AO and Bl = Al
Using these we get
(2 *(n-2) - (4n —4)Ap+ (2VF - (4n — 4))A,

= 25, + Z4(n — 20 = 1)(Ag + Agiry)

Now, since the coefficients on the right hand side and A, are positive and also
Seand A;,V i > 0 are all non negative, it follows that
(2" *k(n-2)-(4n—4)) =0
which is true for k <n — 3.
The next result shows the existence of optimal [[n,n — 3,2]] codes for odd n satisfying the
above bound.
Theorem-2 If [[2m,2m — 2,2]] code exists where m > 1, then [[2m + 1,2m — 2,2]] code
exists.
Proof — A[[2m,2m — 2,2]] code is constructed from a classical additive self dual code
C = [2m, 2] whose generator matrix is
1 1 11
G= [a) 0 o w]
Indeed € = {000...0,111 ...1, 0WW ... W, T ... W}
Its dual C* =[2m, 2m — 2] code conS|st|ng of all vectors of the form v,v,v;...v,, such
that v; + v, + v3+ ... + v, = 0 (Mod2).
The direct sum of € with C; = {0,1} is C' = [2m + 1, 3] additive code
The generator matrix of this code is
1 11 .. 1 1
G’=[a) 0o O . 0]
O 0 0 .. 0 1
Its dual C'* consists of direct sum of €+ with ¢; = {0,1} and also C’' < C'*.
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Thus, by the construction of additive quantum codes given in Calderbank et.al[1], we have
the existence of [[2m + 1,2m — 2,2]] code. The distance is 2 since there is no vector of
weight less than 2 in C'*t/C’
In this C'* contains the vector 000...01 of weight < 2, so this code is impure and we know
that a [[n, 0, d]] code is pure by convention, therefore m > 1. [
It can be easily verified that the explicit basis of the [[2m + 1, 2m — 2, 2]] code is obtained by
taking the tensor product of the [[2m, 2m — 2, 2]] code with |0) + |1).
For example the explicit basis of [[5, 2, 2]] code is

[00000) + [11110) 4+ [00001) + |11111),

[00110) + [11000) + [00111) + |11001),

[01010) + [10100) + [01011) + |10101),

[01100) + |10010) + [01101) + |10011)
which is a joint Eigen space of

0,00, R0, Q.. g, ® oy
0,00,80,8..00,R1
IRIRIRQ...QIR g,

If we observe the basis vectors obtained above, is just the tensor product of the basis vector
of [[4, 2, 2]] with |0) + |1) so this result can also be interpreted as following
Construction of ((2m + 1, 2?2™2,2)) codes form > 1
Theorem - 3 If there exists a pure ((n, K, 2)), then there exists a ((n + 1, K, 2)) code.
Proof- Let Qbe a ((n, K, 2)) code and v be the state |0) + [1).
Thenthe newcode Q' =Q ® visa ((n+ 1,K,2)) code.
Now there exist additive ((2m, 22™72,2 )) codes. (Rains [3])
Thus combining the two results we have the existence of ((2m + 1, 22™72,2)) codes for
m>1 [ |

So far we have proved the existence of [[2m + 1,2m — 2,2]] codes for m > 1.These codes
were impure so the above theorem is not applicable for m = 1 as the [[n,0,d]] codes are
pure by convention. So our next aim is to construct the [[3, 0, 2]] code. For this we will find a
self dual code of length 3 over GF(4) and then by construction of additive quantum codes
given in Calderbank et.al[1], we have the existence of [[3, 0,2]] code.

Consider the additive code C = [2,22% ] over GF(4). Generator matrix of this code is

i=[, 4

It is a self dual code. This code can be extended to self dual code €' = [3, 23]. For this first
add an arbitrary row x to G. Then add 1 to the last row and then adding 0 or o to first rows of
G so that they are orthogonal to the last row. Say we may choose
1 1 w
G' = [w 0w w
1 w 1
This generates the desired self dual code and it can be easily verified that there is no vector
of weight<2in C'.
Hence we have the existence of pure quantum code [[3, 0, 2]]. This code is non linear as
there does not exist a linear; trace self dual (n, 2™) code for odd n.
The stabilizer of this code is

O-X ® O-X' ® O-Z
O-Z ® O-Z ® O-Z
0, Qa, Q a,
having |000) + |110) + |101) — |011) as the joint Eigen space.
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3. CONSTRUCTION OF ANOTHER FAMILY OF QUANTUM CODES OF
DISTANCE 2

In this section another family of distance 2 quantum codes has been constructed using
quantum codes of distance 3.
Theorem — 4 There exists quantum [[n —1,n —m —1,2]] and [[n—1,n —m — 2,2]] codes
where

( ™/,

{Z 2241 oodd

i=1

Proof — It was proved in Calderbank et.al.[1] that for m = 2 there exists an [[n,n — m — 2,3]]
code where n is

(i) ¥ /222t (m even)

i M1 o2ik

(i) Yo 42 (m odd)
These codes are pure and additive but in general are not linear.
Also it was proved that if [[n, k, d]] code exists and

(a) If code is pure for n = 2 then [[n — 1,k + 1,d — 1]] code exists.

(b) lfn = 2then [[n—1,k,d — 1]] code exists.
Using the above two results we have the existence of [[n —1,n —m —1,2]] and [[n—1,n—
m — 2, 2] codes where

"/

ZZZi , meven
n=

i=0
‘m—l/2

[Z 2241 4y odd

i=1
4. CONCLUSION

We have proved that [[n,n — 3,2]] codes are optimal. These codes are constructed from
[[n,n —2,2]], where n > 3, by taking their direct sum with {0, 1}and are impure codes. It has
been also shown that this construction equivalent to constructing ((2m + 1, 22™72,2)) codes
for m > 1 from additive ((2m,22™2,2)) by taking its tensor product with the state [0) + |1).
The pure [[3, 0, 2]] have been constructed from a classical self dual code. We have also
constructed another family of additive quantum codes of distance 2 using quantum codes of
distance 3.
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