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1.0 Introduction

Many problems in various disciplines such as engineering,
medicine, economics, environmental sciences, and so
forth have various uncertainties. These problems, which
one comes face to face within life, cannot be solved using
classical Mathematics method. In classical mathematics,
a mathematical model of an object is devised and the
notion of the exact solution of this model is determined.
As for these problems of uncertainty, the mathematical
model is too complex, the exact solution cannot be

found. There are several well-known theories to describe
uncertainty. Considering the uncertainty factor, Lotfi
Zadeh [1] introduced Fuzzy sets, in which a membership
function assigns to each element of the universe of
discourse, a number from the unit interval [0,1] to
indicate the degree of belongingness to the set under
consideration

Fuzzy set theory has become a very important tool to solve
problems and provides an appropriate framework for
representing vague concepts by allowing partial membership.
The theory has been studied by both mathematicians and
computer scientists and many applications of fuzzy set theory
have arisen over the years, such as fuzzy control systems, fuzzy
automata and fuzzy logic [2], analysis and fuzzy topology
[3,4,5,6,7] etc..

However, many fields of modern mathematics have been
emerged by violating a basic principle of a given theory
only because useful structures could be defined this way.
Set is a well-defined collection of distinct objects, that is,
the elements of a set are pair wise different. If we relax
this restriction and allow repeated occurrences of any
element, then we can get a mathematical structure that
is known as multisets or bags. For example, the prime
factorization of an integer n > 0 is a multiset whose
elements are primes. The number 120 has the prime
factorization 120 = 23315! which gives the multiset
{2,2,2,3,5}.



A complete account of the development of multiset
theory and applications can be seen in Blizard [8] and
[9,10] respectively.

As a generalization of multiset, Yager [11] introduced
the concept of fuzzy multiset. An element of a fuzzy
multiset can occur more than once with possibly the
same or different membership values.

Fuzzy multisets have found several applications in areas
[12,19],
engineering [13], computer science [14,19], medicine

including mathematics statistics and
[15], economics and environmental sciences [16].

Since the original paper by Yager, different definitions of
the concept of fuzzy multiset, and the corresponding
operators, are available in the literature, as well as some
extensions of the union, intersection and difference
operators of sets, and new algebraic operators [17, 18,
19, 15]. In this paper, a study of the algebraic properties
of these operators in the context of membership
sequence is presented: Some basic definitions and
notations are given in section 2. The operations on fuzzy
multisets with membership sequence are recalled and
some results also proposed in section 3. Section 4

summarizes the entire study.

2.0 Preliminary, Definition and Notation

Definition 2.1 [20]. A collection of elements which may
contain duplicates is called a multiset (mset for short).
Formally, if X is a finite set of elements, a mset M drawn
from the set X is represented by a function Count M or
Cy defined as Cy:X — N where N represents the set
of non-negative integers. For each x € X, Cy(x) is the
Note that M, Cy(x) are
assumed finite and Cp;(x) = 0 implies that x ¢ M. For a
different expressions such as

M ={mi/x;,my/ %z, .., My / X0}

characteristic value of x in M .

mset,

and

mq my mn
M = {xl,xl, vy X1, X2, X9, ey X3, ...,xn,xn,...,xn} are

used indicating m; times membership of x; in M. In other

words, M ={a,a,a,a,b,b,b,c,c,c} can be rewritten
M ={4/a,3/b,3/c} where

Cy(a) =4,Cy(b) =3,Cy(c) =3. A mset M is a set if
Cy(x) =0 or1 forall x €X. Note that M, Cp,(x) are
assumed finite and Cy(x) = 0 implies that x € M. A
mset is said to be empty or null denoted @ if Cy(x) =0
for all x € X. The set of all finite msets over a finite set §
is denoted by M(S).

Definition 2.2 [11]. For any msets

M,N € M(S), the following operations are defined:

(i). (inclusion) : M € N & Cy(x) < Cy(x)forall x € X
(ii). (equality): M = N & Cy(x) = Cy(x) forall x € X
(iii). (Union): Cprun (x) = max{Cy(x), Cy(x)}

(iv). (intersection): Cyan(x) = min{Cy (x), Cy(x)}

(v). (addition): Cpryn(x) = Cpr(x) + Cy(x)

Theorem 2.1 [21]. For any msets

M, N, P € M(S), the following properties are established
(i) M+(N+P)=(M+N)+P

(i)) M+N=MUN)+(MnNN)

Definition 2.3 . Let § be a finite set of elements. A fuzzy
mset (fuzzy bag) A drawn from § is a function

Yy S - M(0,1]).

Where M([0,1]) is the set of all finite msets drawn from
the unit interval [0,1].

In particular, a fuzzy mset is a mset in which each
occurrence of each element is associated with a grade of
membership. For example if § = {a, b, c,d} and

A ={(a,0.2),(a,0.3),(b,1),(b,0.5),(b,0.5)}, A can be
rewritten:

A ={{0.2,0.3}/a,{1,0.5,0.5}/b} where

¥Y,(a) ={0.2,0.3} and ¥, (b) = {1,0.5,0.5}

Note that every mset M € Mi(S) is a fuzzy mset since if
S = {x1,%5, ..., Xy} and

M ={my/x;,my/x5,...,my/x,} then M can be
rewritten :



mq ms

(x1,1), (xq, 1), e, (1, 1), (2, 1), (x2, 1), ., (2), -ovs

Mn

(e, 1), (x, D), .00, (1)

my m,
- {{1,1,...,1}/x1,{1,1,...,1}/x2,...

m;

——t
Here, Wy, (x;) = {1,1,...,1} foralli € [1,n].

m

The class of all finite fuzzy msets drawn from the set §
shall be denoted by FM (S).

A fuzzy mset M € FM (S) is empty denoted @ if and only
if W5(x) ={0,0,...,0} forallx € S.

Forany M € FM(S), x € M & Wy (x) # Yy(x).

The root (Support) set of a fuzzy mset M € FM (S)
denoted M* is defined:

M* = {x € §|Wy(x) # ¥y(x))

Notes that forany M,N € FM(S),

Puen () = Py (x) + Py (x),

M =N & ¥y, (x) = Yy(x) and

M S N & ¥y (x) € Wy(x) forallx € S where + and S
are msets addition and inclusion relations respectively.

Definition 2.4 (membership sequence). The
membership sequence for an element x € S in the fuzzy
mset M is defined to be the decreasing ordered elements
of Wy (x) . Itis denoted by Wy (x) where Wy (x) is
defined:

Wiary () = (P (1)) = (ahy (), 13 (), .., 1y (x)) such
that py(x) = piy(x) = - = pl, ().

For example from if

A = {{0.2,0.3}/a,{0.3,0,2,1,0.5,0.5}/b}, then

Way(a) = (0.3,0.2) and W4 (b) = (1,0.5,0.5,0.3,0.2).
Notes that W, (x) = (uag (), iy (%), ..., uf; (x) ) implies
that Wy (%) = {uyy (%), 13y (), oo, 1y () }.

When an operation between two fuzzy msets M and N is
defined, the lengths of the membership sequence
Wiany () = (ks (), 13 (), ., 1y (2)), and

Yoy () = (ufy (), p& (x), ..., u}y (x)) are set to be equal.

Note that for an empty fuzzy mset @ € FM (S),
Wi (x) = (0,0, ...,0). In particular, ,ué)(x) = 0 foralli.

Definition 2.5. Let M € FM (S). The set

(M) = {‘P(M)(x)/x |x € S}
Is called the membership sequenced fuzzy multiset for M

Definition 2.6 [19] (Length of a membership
sequence). Let M, N € FM (S). The length of the
membership sequence W (x) denoted L(x; M) is
defined:

L(x; M) = max{j: ,ul{;(x) > 0} and

L(x; M,N) = max{L(x; M), L(x; N)}

However,

L(x;0)=0and L(x;®,N) =L(x;N,0) =L(x;N)
When no ambiguity arises, L(x) = L(x; M, N).

For example, let M = {{0.2,0.3}/x,{1,0.5,0.5}/y}

N = {{0.6}/x,{0.8,0.6}/y,{0.1,0.7} /w}

From Wy (x) Winy(x), ¥y ), Py ), Py (W)
and Wyy(w), L(x)=2,L(y) =3,L(z) =0,L(w) =2
and M = {{0.3,0.2}/x,{1,0.5,0.5}/y,{0,0}/w},

N = {{0.6,0}/x,{0.8,0.6,0}/y,{0.7,0.1}/w}

Definition 2.7. For any msets M,N € FM(S) the
following hold:
(i). Yy (x) < Wiyy(x) ifand only if L(x; M) < L(x; N)

and uh(x) <pi(x), i =1,2,..,L(x;N),
Note that Wy (x) < W(yy(x) if and only if
i, (x) < pl (x), for some i € [1,L(x; N)]
().
W) COVE ) () = (g ) v ity )| £ = 1,2, ., 1))
Where ik, (x) V ufy (x) = max{u, (x), iy ()}
(iii).
W) CONY ) () = (g ) Aty ()| £ = 1,2, ., 1(0) )
Where ik, (x) A pfy (x) = min{uj, (x), puy (%)}

(iv). Wiy (x) = Piny (x)



= {#ILVI(x) - Hle(x) v 0|l =12, ,L(X)}
(v). Yoy () W Py (%) = Wiy ()
(vi). Wiary(x) + Wy (x)
= (G + e 0) — sy Oy @] i = 12,..., L))

(vii).

Wiy (). Wy () = (1t (). 1y ()] 1 = 1,2, ., L(x))

3.0 Operations and Algebraic properties
multisets with membership sequence

on fuzzy

Definition 3.1. For any M,N € FM(S), the basic
relations and operations on membership sequenced fuzzy
msets (M) and (N) from the literature are defined:
(i). (inclusion) : (M) € (N) & Wy (x) < Wiuy(x),
forall x €S.
(ii). (equality): (M) =(N) & Wy (x) = ¥y (x)
forall x € S.
(iii). (Union): LP(M)U(N)(x) = LP(M)(X)VIP(N)(X)
forall x €.
(v). (additive Union): W vy () = Wipry () W Wy ()
forall x €.
(vi). (addition): LP(M)GB(N)(x) = LP(M)(X) + LP(N)(X)
(vii). (Multiplication): W yeny () = Wipry(x). Wy (x)
(viii). (intersection): Wannvy (X) = Wy COAWY vy (x)
for all x € S.
(ix). (difference): W py—ny(x) = Wipy(x) — Wy (x) for
all x € S.
(x). (complement): Wpye(x) = Wiyry—(mry (%)
Where U is a mset such that |Wy,(x)| = Cy(x)

Note that yiu(x) =1 and ub(x) — yf},{(x) =0

In particular, uj(x) — pup (x) V 0 = pj(x) — ppr(x) .
e Wpe(x) = (1 — iy ]i = 1.2, ., L(x; M)).
Let 1 — pb,(x) = ,uliwr(x) so that

W gy (x) = (yfwf(x)li =12, ..., L(x; M))

Proposition 3.1. Let us suppose that M,N € FM(S),
then the following properties hold:
(i) (M)=(N) > M =N
(ii) Wiy () < Wiy () AWy (x) < Wiagy ()
= Wy (x) = P (x) .
(i) (M) S (N) A(N) S (M) > (M) =(N)

Proof:
(i). if (M) = (N), we have ¥, (x) = Wy (x) for all
x € S(by definition)
Thus, (W (%)) = (Py(x)). In particular,
Yy(x) =¥y(x)forallx eSand M =N
Conversely, let M = N. We have W, (x) = Wy (x)
forall x € § (by definition).
In particular, (W3 (x)) = (Py(x)) and

Wiy (x) = Wiy ().
Thus, (M) = (N) (by definition)
(ii). Assuming Wy (x) < Wyy(x). We have

L(x; M) < L(x;N) (1) and
() < py(x), i =1,2,..., L(x; N), (2)
Now Wy (x) < Wy (x) implies
L(x;N) < L(x; M) (3) and
iy () < phg (), i =12, ..., L(x; M) (4)
From (1) and (2), we have L(x; M) = L(x; N)
From (2) and (4), we have
why () = uhy (), i =1,2,...,L0;; M) = L(x; N)

In particular, Wy (x) = Wiy (x)

(iii). Now (M) € (N) A(N) < (M)

= P () < Wiy (0) A Wiy (%) < Py ()

Hence, Wy (x) = W(yy(x) forallx € §.

In particular, (M) = (N) .

For any fuzzy mset M € FM (S), we denote the root
(support) set of it membership sequence by (M)*
define:

(M)* = {x € 5|‘P(M)(x) > W(@)(X)}

Definition 3.2. Let M, N € FM (S). The membership
sequenced fuzzy mset (M) is said to be a whole fuzzy
submset of the membership sequenced fuzzy mset (N) if
(M) € (N)yand pb, (x) = pb(x) foralli = 1,2, ..., L(x: M)
and (M) is said to be a full fuzzy submset of (N) if

(M) € (N)and L(x:M) = L(x:N) = L(x).

The powerset of a sequenced fuzzy mset (N) denoted by
P (N)) is defined: p((N)) = {M)|(M) S (N)}

The powerwhole set of (N) denoted by gow({N)) is
defined:

PW(N)) = {{M)|(M) is a whole submset of {(N)} and
The powerfull set (N) denoted by gf ({(N)) is defined:
PfUN)) = {{M)|(M) is a full submset of (N)}



Clearly, (@),(N) € ¢f((N)) and N € ow((N)) but
0 & pw((N)).

Proposition 3.2. If N € FM(S), then any
(M), (P) € ppw((N)), we have:
(i) (MYU(P) € pow((N)) (ii). (M)N(P) € ppw((N))

Proof:
(i).Now (M), (P) € gow({N)) implies that

(M) € (N and pi, (x) = pb (x) foralli € [1, L(x; M)],

(P) S (N) ub(x) = uk(x) foralli € [1,L(x; P)].
Now pb, () V ub(x) = b (x) foralli € [1, L(x)]
and L(x) < L(x;N).

Thus, (MYU(P) € ow((N))

(ii).We show that (M)N(P) € ow((N}))

Now, pb, (x) A ub(x) = uk (x) foralli € [1, L(x)]
and L(x) < L(x; N). Hence,

(MYN(P) € pw((N))

Proposition 3.3 . If N € FM (S), then any
(M),(P) € ¢f((N})), we have:
(i) (MYU(P) € of (AN)) (ii). (M)N(P) € of ((N))

Proof:

(i). For (M),(P) € gof ((N)), we show that
(MYU(P) € of ((N)).

Now since (M), (P) € gof ((N)), we have

(M) € (N), L(x:M) = L(x:N) (1) and

(P) € (N), L(x:P) = L(x:N) (2)

Now ki, (x) V ub(x) < uk (x) foralli € [1,L(x)]
(since ity (), 1b (%) < ply ()

From (1) and (2), L(x) = L(x: N)

Thus, (M)U(P) € fof ((N})).

(ii). Now, up(x) A pp(x) < py(x) foralli € [1, L(x)]
(since pjs (x), up (x) < py (%))

From (1) and (2), L(x) = L(x: N)

Thus, (M)N(P) € of ((N))

Proposition 3.4. Let M,N € FM (S). The following are

decreasing membership sequence for any x € §.
(0). Wonyuny () (i) Panneny () (). ¥ ryuny ()

Proof:

(i) Let Wpy (0) = (g (0), iy (%), .., 1y (%)) and

Yo () = (ugy (), p& (x), ..., uky (x)) such that

uag (%) = iy (x) = -+ =y (x) and

i () = uZ (x) = -+ = k' (x) respectively.

We show that

Honum (0 = B () = - &S’i’uw) ()

Where u<M)U(N)(x) =pb(x) Vv ,uN(x),l 1,2,...,L(x).

Now we prove by induction starting withi = 1andi = 2

To show that s (%) V ud (x) = pz,(x) v uZ(x).
But 37 (x) V uy (x) = uf(x) and

uy () V ux (x) = pi (x) (by definition above).
Thus, us () V ud (x) = pz(x) v ué(x)

In particular, y%M)U(N)(x) = .“(ZM)U(N)(x) .

Now assuming it is true for i —j andi=j+1
In particular, ,u(M)U(N)(x) > ll<M)U(N>(x)

e iy, (Vi (0 2 4, DV T ).

We show thatitistruefori=k+1landi=k+2
e uinum () = 1t () (1)
Nowlet k+1=j.Butk+2=(k+1)+1
Thus, i) (0 = Ky () and

k+2 _(k+1D)+1 _ o jH+1
Hanumy () = Baryuny () = Hanueny ()

Hence, ué‘,l})lu(m(x) > ué‘,\})zu(,v)(x) (by hypothesis).
In particular,

L(x)
Kanyuny () = 1anyue (6 =+ 2 1o (0

(ii). We show that
L

oo @) = Ko (0 = = = i ()
Now, iy (x) A ug (x) < #12\/1(35) < pp(x) and

tiy (0) A pR (x) < pg(x) < ppy (x) (by definition)
Thus, uz(x) A pz (x) < us () A uy (x)
In particular, ,u(le(N)(x) > ume(m(x)
Now assumingitistruefori =jandi=j + 1
In particular, ;1<Mm(N)(x) > “(M)ﬂ(N)(x)
ey, () A pdy () = el () A ().
We show thatitistruefori=k+1andi=k+ 2
i.e yé‘,;)lmm(x) 2 Hzcn;)zn(N)(x) (1)
Nowlet k+1=j.Butk+2=(k+1)+1
Thus, uinine (¥ = e () and



k+2 _ (k+1D)+1 _ o j+1
Hanyney () = Banny () = l‘(M)nuv)(x)

Hence, yé‘,;)lm,v)(x) > ué‘ﬁ)znw)(x) (by hypothesis).
In particular,

L
Hannm @ = annm @) = = = pih o, ().
(iii) the result is clear by definition.

Notes that (W (x)) = Wiy (x),
(W imy COANY (ny (X)) = W a1y () AW (y (x) and
(P imy OV 0y (X)) = W iary )V iy ().

Theorem 3.5 [18]. Let M,N,P € FM (S). The
following equalities are valid:

(i) MYU(N) = (N)U(M)

(ii). (MYN(N) = (NYN(M)

(iii). (MYU(NYU(P)) = ((MYU(N))U(P)

(iv) (M)NUNYNCP)Y) = (MYN(N))N(P)

(V) AMYUNINCP)Y) = (MYUN)NEMYUCP))
(vi) AMYNENYU(P)) = (MYNN)UM)N(P))

Proposition 3.6. Forany M,N,P € FM (S), the
following results holds:

(i). (MYUM) = (M)

(i) (MYN(M) = (M)
(iii). (MYU(@) = (M)

(iv). (M)N(D) = (D)

(v). (MYUUMIN(N)) = (M)

(vi) AMYNM)U(N)) = (M)

(vii). {M)} ¥ ((N) U (P)) = ((M) U (N)) © (P)

(viii). (M) b ((NYU(P)) = ((M) W (N)U((M) ¥ (P))
(ix). (M) ¥ ((N)N(P)) = ({M) W (N))N(M) W (P))
(x). (M) U (N) =(MUN) & (MNN).

Proof:
(i). Yanyumny () = ¥y (VP () ()
= (i () Vil )]i =12, e L M)
But b, (x) vk, (x) = pb,(x) forall x € S and
i=12,.. L0x:M)

Thus, W GOV 4y (%) = (ﬂ,iv,(x)|i =1,2, ...,L(x:M))
=Wy (x)

In particular, ¥y (x) = ¥y (x)
Thus, (M)U(M) = (M)

(ii)). Y onynomy () = ¥y (GOAWY (uy (x)

= (b ) Ay (O] = 1,2, L M),
But b, (x) A pb,(x) = ub,(x) forall x € S and
i=12,..,L0x: M)
Thus, W) COAW 4y (x) = (ﬂ,iv,(x)|i =1,2, ...,L(x:M))
= lp(M)(’C)
In particular, ¥yynmy (x) = Wiy ()
Thus, (M)N(M) = (M)

(iii). Wmyuqey (1) = Wy (VW (gy (x)
= (WG voli=12 ..., LG: M)
But uhy (x) v 0 = pfy (x)
Thus,
Wy OV (x) = (u,iw(x)|i =12,..,L(x:M))
=Wy (x)
In particular, ¥y (x) = Wiy (x)
Thus, (MYU(D) = (M)
(iv). Wiyniey(x) = Py (DAY gy (x)
= (A0 =12,..., LCx: M)
= (0li=12,..,L(x: M))
= W) (x)
Thus, ¥onyney (%) = ¥ig) (x)
In particular, (M)N(®) = (@)
(V). Yanuannavy () = ¥y GOV ayniwy (x)
= WV (W OAY g (1))

(1 v (s ) A ) |1 = 12,0, L)

= (b @i = 1.2, ., L M)
=Wy (x)
Thus, ¥ anunny ) = Py (x)
In particular, (M)U(M)N(N)) = (M)
(vi)-annmnumy () = P n COAY anyuiwy (x)
= W CON (P OV ) ()

= (#Iiw(x) A (,u,"w(x) % u,iv(x)) |i =12, ---'L(x))

={ul|i =12, ..., Lx: M)} = Py (x)
Thus, ¥annanumy () = P (x)
In particular, (M)N((M)U(N)) = (M)

(vii) ¥ anyuvpey) () = P () U ¥ (e (1)
=Wy (1) U (Py (x) U Wipy (%))
= qJ(M+(N+P))(x) = (lPM+(N+P)(x)>
= (P (x) + Wyyp(x))
= (W (x) + (Py () + P (1))



(P () + Py(0) + Pp(x))

(Pyan () + Pp(x)) = (P m4+n)+p (X))

= W msm)+py (X)) = (P () U Py (%)) U Py (%)
= Yanuwy () W P py (x) = ¥ ayuinyyuipy ()

Thus, ¥anumee) ) = P anumyue) (X)
In particular, (M) W ((N) W (P)) = ((M) W (N)) ¥ (P)

(Viil). ¥ aryucnyueey (6) = Py () © W nyupy (1)
= W () W (Y vy ()V¥(py ()
=W 40y(x) where (Q) = (N)U(P) and
= (Wh4o () = (P (%) + Po(x)) where
Wo () = {uh () v pp(0]i = 1,2, ..., L(0)}
Thus, (Wp49(x))
= (W () + {uy ) vV b 0)|i = 1,2, ..., L(x)})
But (¥ () + {uly () v up (0]i = 1,2, ..., L(O})
(Py () + {puy i = 1,2, ..., L(x: N)}) )
V(P (x) + {u,i; (x)|i =1,2,..,L(x: P)})
((Py () + Py IV (P (x) + Wp ()
Win+ny (OV¥ a4py (X)
= Winyumy (OVE (uyuipy (%)
= Ymumpuimuey (x)
In particular,
(M) v ((NYU(P)) = ((M) ¥ (N)U(M) u (P))
(ix). ¥ ayunyneey) (0 = Py () W P nynepy (x)
= Wy () ¥ (P COAY (p) (%))
= W40y (x) where (Q) = (N)N(P) and
= (Wu4o () = (Py (%) + Po(x)) where
Wo () = {uk () App(0]i = 1,2, ..., L(0)}
Thus, (War4¢(x))
= (Wn () + {uy ) App 0)|i = 1,2, ..., LX)}
But (¥ () + {uhy (00) A pp (0]i = 1,2, ..., L)
Py () + {uy 0]t = 12,...., LG NP )
ANy (x) + {yé(x)|i =1,2,..,L(x: P)})

—~

=

= ((Wy () + Py NPy (x) + ¥p ()
= Win+ny (OAY (a4py (X)
= Winuy COAY (vyuepy (X)
= Yanumpnmuey) ()
In particular,
(M)W ((N)N(P)) = ({M) W (N))N(M) U (P))
(x). llJ(M)u(N)(x) = lp(M+N)(’C) = (Y (x) + Py(x))
= ((WM(X)U‘PN(X)) + (lPM(x)anN(x)))
(Theorem 2.1(ii))
= LP(MUN)U(M[’]N)(x) (by definition)
Hence, (M) W (N) = (MUN) W (MN)

Proposition 3.7. Forany M,N,P € FM (S), we have
the following:

(i). (M)D(D) = (M)
(ii). (M)®(D) = (D)
(iii). (M)Q(N))®(P)
(iv). (M)D(N))D(P)

(MYQ((N)R(P))
(MYD(N)D(P))

Proof:

(i). Panee) () = Py (x) + P (x)

= (b () + 100 — g (). (D [i = 1.2, ., Lx; M)
(uhy o) +0 - u,iv,(x).Oli =12,..,L(x; M)

(u,iw(x)|i =1,2,..,L(x; M)) = Wy (%)

In particular, (M)®{(@) = (M)

(i) Wiaye(ey (%) = Wiy (). W) (%)
= (u,i\,,(x). (O]t =12, ., L0 M))
= (y,iv,(x).o|i =1,2,..., L(x; M))
=(0)i =1,2,..,L0; M)) = Wiy (x)
In particular, (M)®{(@) = (@)

(iii)). ¥ (yemvpery () = Panem) (). ey (x)
= (Wuy (). Wiy (x)). Wy ()

/N

(,u,i\,, (). u, (x)) 3 (x)|i =1,2,..,max{L'(x), L(x; P)})

= (bt G- (b CO-p (0) [i = 1.2, ..., max{LCx; M), L (0)3)
where L'(x) = L(x; M,N) and L"(x) = L(x; N, P).
Thus,

(‘P(M)(x)- llJ(1\1)(@) Wipy(x)
= Wy (). (‘P(N)(x)- lp(p)(x))
In particular, ¥ (mnemper) ) = Yunemery (X) and
(MYQ(N))®(P) = (M)Q((N)®(P)).
(iv). ¥ can@ner) () = Panew) (¥) + ¥y (x)

= (W) () + Wiy () + Wiy ()

(GO + () = g GOtk () + b ()

= (i 0O + iy () = g (). iy () . b ()

_ < RGO+ () + b (O — (O () )
i (- () = iy () 1t () + iy ()t (). b ()



by () + (b () + b () = ke (). b () )
~i () (ke 0+ b () = iy (). 1p ()
=W (x) + (‘Vuv)(x) + q’(p)(x))
= Wy (%) + Ymyepy (X)
= Ymewmery ).

Hence, ¥ (onamvnary ) = Yuneumer) (X)
In particular, (M)D(N))D(P) = (M)B(N)D(P))

Proposition 3.8. Forany M, N € FM (S), the following
results are valid:

(). (MUN)* = M*UN~

(i) (MNN)* = M*NN*

(i) MEN—>M"cS N*

Proof:

(i).Let x € S|x € (MUN)*. Then Wyyn(x) # Ws(x) (by
definition)

But Wyyn (%) = Py (x) Uy (x)

Thus, Wy (x)UWy(x) # Wys(x)

Thus we have @ € Wy, (x)UWy (x) such thata > 0 and
a & Wp(x). In particular, Cy,, yuwye) (@) > 0.

i.e. max{Cq;M(x)(a),ClyN(x)(a)} >0

Thus either C g, (x)(@) > 0 0or C g, x)(@) >0

In this case, W (x) # Wy(x) or Py(x) # Wp(x).

l.e€ M*"UN™.

In particular, (MUN)* € M*UN* (1)
However, if y € S|y € M*"UN”, theny € M* ory € N*.
In this case, ¥y (v) # Wy (¥) or Yy (y) # Yy (y) (by
definition).

In particular, ¥y, () U¥y () # ¥y ().

i.e Yyun() # Wp(x) and we havey € (MUN)™.
Thus, M*UN* € (MUN)* (2)

Hence, the result follows from (1) and (2) above

(ii). Let x € S|x € (MNN)*. Then Wy (x) # Wy (x)
(by definition).

But Wynn (%) = Py (x) NPy (x)

Thus we have a@ € Wy, (x)NWy (x) such thata > 0 and
a & Wp(x). In particular, Cy, onwye) (@) > 0.

i.e. min{C w0 (@), Cwyyx) (a)} >0

Thus Cy,,x)(@) >0 and Cy, ) (a) >0

In this case, W (x) # Wy(x) and Wy(x) # Py(x).
lex € M*NN*

In particular, (MNN)* € M*NN* (3)
However, ify € S|y € M*NN*,theny € M*andy € N™*.

In this case, W (¥) # Wp(y) and Wy (y) # Yp(¥) (by
definition).
In particular, ¥y, () NWy () # Wy ().

i.e Yynn () # ¥ ()
and we have y € (MNN)*

Thus, M*NN* € (MNN)* (4)
Hence, the result follows from (3) and (4) above

(ii)) MSN o ¥y,(x) €WYy(x)forallx €s.

Now let x € M*. We have Wy, (x) # Wys(x)

(by definition).

Thus we have @ € W, (x) such thata > 0.i.e.
Cy,, () (@) > 0. But Py (x) € ¥y (x).

Thus 0 < Cy,, () (@) < Cyyy (@) and Cy () (@) > 0.
Hence, Wy (x) # Wy(x) and x € N*.

In particular, M € N > M* € N*

Corollary 3.9. If M; € FM(S),i = 1,2, ...,n, then
(i). (L1 My)" =Ny M; and
(ii). (Ui M) = UL  M;

Proposition 3.10. For any M, N € FM (S), the
following results are valid:

(i). (MYU(N))" = (M)"U(N)*

(ii). (MYN(ND)" = (M)"N(N)*

(iii). (M) € (N) » (M)* € (N)*

Proof:

(i). Letx € ((M)U(N))*. We show thatx € (M)*U(N)".
Now, x € ((MYU(N))" = Py () > P gy (x)
(by definition).

But lP(M)U(N)(x) = lp(M)(.X)VLIJ(N)(.X) and

W a0y OV iy () = () V ik ()| i = 1.2, .., L))

Thus, ub, (x) V b (x) > 0 for some i € [1,L(x)]

In particular, either uk,(x) > 0 or 4 (x) > 0 for such i.

Hence, Wy (x) > Wgy(x) or Wiy (x) > W gy ().

i.ex € (M)Y*U(N)".

UMYU(NDY)" < (M)"U(N)* (1)

However, if y € (M)*U(N)*, then either y € (M)* or

y € (N)* . In this case, ui,(y) > 0 or uk (y) > 0 for

some i € [1,L(x)]. In particular, ub,(y) v uk (y) > 0 for

such i. Thus, W anumy (V) > Wi (). i.ey € (MYU(N))*

and (M)*"U(N)* & ((M)U(N)" (2)

The result follows from (1) and (2) above.



(i) Let x € ((M)YN(N))*. Thus, IP(M)Q(N)(X) > ‘P<¢)(x)
(by definition).

i.e b, (x) Ak (x) > 0forsome i € [1,L(x)].
Hence, ut,(x) > 0 and u (x) > 0 for such i.

In particular, Wy (x) > Wigy(x) and Wiy (x) > P gy (x).
i.ex € (M)*N(N)".

Thus, (M)N(N))* < (M) N(N)* (1)
However, if y € (M)*N(N)*. We have

y €{M)"andy € (N)".i.e Wy (y) > W5 (¥) and
Yy () > Wig(¥). In this case, uk; (¥) > 0 for some
i €[1,L(y:M)] and ul{,(y) > 0 for some
J€[LL(y:N)]

If L(y) = L(y: M), theni < L(y: M) and j < L(y: M).
Now for i = j, we have i, (y) A uk(y) > 0 and
Wannw) ) = P () . Thus, y € (MNN))*

and (M)'NUNY € (ONNDT (2

If j <i,then ,u,’w(y) > 0and ,u,’w(y) /\,u,’v(y) > 0and
Yonnm ) > ¥y (¥) - Thus, y € ((M)N(N))* and
MYNN) SNy @

If i < j, we have y{w(y) > 0and y{w(y) A ,u,’v(y) > 0.
Thus, Wannon (7) = Pigy () and y € (MN(N))*
In particular, (M)*N{N)* € (M)N{N)* (2)”
Similar arguments can be advanced for L(y) = L(y: N) to
get the same results as in (2)’-(2)"”” above. Thus,
(MY*N(NY < (M)N(N)* (3)

Hence, from (1) and (3) above, we have

(MINNY)™ = (M)"N(N)" .

(iii). Suppose (M) S (N), we have Wy (x) < Wipy(x).

In particular, b, (x) < uk (%), i = 1,2, ..., L(x).

Thus, if y € (M)*, we have ¥, (y) > W(gy(y)

In particular, ¥4, (y) < WYy () < Yy (y) and

Y (¥) < Wy (y) . Hence, y € (N)*. Thus, (M)* € (N)".
In particular,(M) € (N) - (M)* € (N)".

Corollary 3.11. If M; € FM(S),i = 1,2, ..., n, then
(i). (Nf={M)))* = Ni=1(M); and
(ii). (Uiz(M);)" = Ui (M);

Proposition 3.12.
following results are valid:
(i). (M) = M*

(i) (MYU(N))" = M"UN"*
(iii). (MYN{N))* = M*NN*

For any M,N € FM(S), the

Proof:
(i). If x € (M), then W3y (x) > W (gy(x).
In particular, ut,(x) > 0 for some i € [1, L(x: M)].
Thus, Wy (x) # @ and x € M. In particular,
(M)* < M* (1)
If y € M*, then W), (y) # ¥y(y) (by definition)
Hence, ul;(¥) > 0 for some i € [1, L(x: M)] and
Wimy(y) > Wig(¥). In particular,
M* c (M)* (2)
Hence from (1) and (2) above, the result follows.
(ii)-(iii). The results can be easily seen using (i) above
with reference to proposition 3.10 (i-ii)

Corollary 3.13. If M; € FM(S),i = 1,2,...,n, then
(i). (Uiz{M))™ = Uiy M{
(ii). (Ni={M);)" = Ni= M; and

Proof:
(i-ii). The results from follows from corollary 3.11
and proposition 3.12

Definition 3.3 [12]. For any fuzzy mset M € FM (S),
we define :

(M)| = Bres Ti5M 1y (x) or

(M)| = Tres|(M)], where [(M)], = S5 u], (x)

Proposition 3.14 (principle of Inclusion/exclusion).
Forany M,N € FM(S),
KMYU(NY = M) + KN — KMYNCN)

Proof:
L(x) L(x)

DUMLe = > g @) = D i GV ik ()
i=1 i=1

But

iy () + pfy () , .
= (U () V uy () + (1t () A ey (x))
Thus, (1 (0) V iy ()

= (ks () + iy (0)) = (1ahs () A iy ()



Hence, ZiLg) i (O V gy (x)
L(x)

= 3 (1 0 + i) — (a9 1 5 )

i=1
= 19 (kb (o) + iy () = ZEE (ks GO A iy ()

i=1

= YEO 4l ) + 2O ki (0) = SO (i () A iy ()

= D, HG+ ) i = ) (MG ()

ML, + 1V — AN,
Thus, KMYUN)L,, = (M1 + (N — (MDY,
In particular,

D IMDUML = D (M + KN = [MNNL)

X€ES X€ES

= Sesl Ml + Zaesl N = SeeslMINN)L,
l.e
Bres MU,

= DML+ D KN = D KN,

X€ES X€ES X€ES

In particular, (M)U(N)| = {M)| + (N)| = KM)N(N)]|

Proposition 3.15. Forany M,N € FM (S),
(i). (M)) = (M)

(ii). (MYU(N)© = (M) N(N)*

(iii). (MIN(NY)C = (M) U(N)*

Proof:
(i). Wipye(x) = (yliwl(x)li =12,..,L(x; M)) where
1—ub,(x) = ,u,iwf(x) (by definition).
Now Wyjeye () = (sl ()i = 1.2, L(x; M))
where pjyn () = 1= (1= iy (0)) = iy ().
Thus, W(aneye () = (i (0. |i =12,..,L(x; M)

= IP(M)(X).
Hence, ((M)©)¢ = (M).
(ii). ¥ (yuqvyye(x)

= (1= (@ Vi)

=12, ...,L(x))

= (1= @) A (1 - iy )

=12, ...,L(x))
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= (ufyr () A il (xi = 1.2, L))

= LP(M)cn(N)c(x).
In particular, ((M)U{(N))¢
(iii). W arynqvye ()

= (1 - (‘uliw(x) /\ﬂ;'v(x)) |i =1,2, ...,L(x))
= ((1-Hh) v (1- @) |i = 12, L)

= (i OV sty (xi = 1.2, L))

= Yaneumye ()
In particular, (M)N(N))¢ = (M) U(N)*¢

(M) N(N)*

4. Conclusion

In this paper, a symbolic representation of a fuzzy
membership sequenced mset has been introduced and
the additive union and complement operations in the
literature also redefined. The study of algebraic
properties such as commutativity, identity, idempotent,
associativity, distributivity, absorption, Demorgan’s laws
and the principle of Inclusion/exclusion have been
presented and proved valid in the context of these
structures. The compatibility of the wunion and
intersection operations on sets and these structures via
their root sets also established . It is hopeful that the
closure of the union and intersection operations
established on powerwhole and powerfull fuzzy
membership sequenced msets will pave way for future
research on these structures as topological space.
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