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Abstract
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1.Introduction

Many important phenomena occurring in differentdéeof engineering, physics, biology and
another science are frequently modeled througterdifftial equations. However, it is still
very difficult to get exact solutions form for masbdels of real life problems abroad class of
analytical methods and numerical method were usdtndle such problem. In recent years,
many authors have attention to study the solutiblinear and Nonlinear PDEs by using
different methods. For example Adomain decompasitinethod [1-6], finite different
method [7, 8], variational iteration method [9-1@fighted finite difference technique [13],
Laplace decomposition method [14-16], integral ¢sfarm [17], He-Laplace method,
Homotopy Perturbation Method, Successive approxananethod, etc . This paper outlines
a reliable Comparison between two powerful methtbds were recently developed. The first
is the successive approximations method (SAM) s dassical method for solving integral
equations [18]. It is also called the Picard iteratmethod in the literature. In fact, this
method provides a scheme that one can use fomgoinitial value problems. First to starts
by finding successive approximations to the sofutiy writing an initial guess, called the
zeroth approximation, which is any selective reglied function that one uses in a
recurrence relation to determine the other apprations [18].The second is He-Laplace
method is combination of the Laplace transformatida’s polynomials and the homotopy
perturbation method. We use the homotopy pertuwbatnethod coupled with the Laplace
transformation for solving some problems of linaad nonlinear PDEs.

This paper has been designed as following. Nexticgset¢he methods, Then, application,
lastly, conclusion.

2. The methods

To convey first Homotopy Perturbation Method #Rand He’s Polynomials, second the
He-Laplace Transform Method, third Successive apprations Method.

2.1 Homotopy Perturbation Method (HPM) and He’s Poynomials
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We suppose a general equation of the form
L(u) =0, 2.1

where L is any integral . We define a convex hompgtdl(u, p) with boundary conditions of
H(u,p) = (1 - p)F(u) + pL(w) (2.2)

whereF(u) is a functional operator with known solutions.[19] It is clear that, for

H(u,p) =0 (2.3)
Then we get
H(u,0) = F(u), H(u,1) = L(u)

This suggests th&t (u, p) continuously traces an implicitly knows curve freine
beginning poinH (v, 0) to a solution functioH (u, 1)[19]. The embedding parameter
monotonically increases from zero to unit as theairproblenf (u) = 0, is continuously
deforms the original problefu(u) = 0. The embedding parametee (0,1] can be
supposed as an expanding parameter [19-41]. dimetopy perturbation method uses the
homotopy parametqras an expanding parameter [19-27] to get

u= Z Plu; = ug + puy + +p2u, + piug + -+ (2.4)
i=0
If p — 1, then (2.4) corresponds to (2.2) and becomesppmaimate solution of the form:

u=lirr%un=u0+u1+u2+u3+~- (2.5)
p—)

It is well known that series (2.5) is convergentrimst of the cases and also the rate of
convergence is Relies bfu); [19-27]. We suppose that (2.5) has a unique swiuThe
comparisons of like powers pfgive solutions of different orders. In sum, ac@ogdo [28,
29], He's HPM supposes the nonlinear teNfu) as:

N(u) = Z p'H; = Hy + pH; + p*H, + -+, (2.6)
i=0
whereH,,’s are the so-called He’s polynomials [28, 29], efhcan be calculated by using

the form

10" .
Hy(ug, -+, up) = Eap“ [N <Z p‘ui>l n=20,12,-- 2.7)

2.2. He-Laplace Method

We suppose a general nonlinear nonhomogerieanisl differential equation with initial
conditions [19]

Py

u T Riy(x,t) + Ryy(x,t) + Ny(x,t) = f(x, 1) (2.8)
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dy
y(X, 0) = (X.(X), a (X, 0) = B(X);

whereR; = 9?/0x? andR, = d/0x are the linear differential operatoRsrepresents the

general nonlinear differential operator dix] t) is the source term[19]. Applying the Laplace
transform (denoted bly) on both sides of (2.8) we get

2
L [%] +L[R1y(x, ) + Roy(x, )] + L[Ny (x, )] = L[f(x, )]

0
= s?Lly(x,t)] —sy(x,0) — a—}t, (x,0) (2.9)

= _L[R1Y(Xr t) + RZY(X' t)] - L[NY(X' t)] + L[f(X, t)]

Applying the initial conditions given in (2.8), vimve

1
Ly e 01 = 20 PO iR,y ) + RayGe 0] — LNy 9D
1
+ S_Z(L[f(x' )]) (2.10)

Operating the inverse Laplace transform of (2.0@) get
y(60) = F(x, 1) = L7 [ 5 (LIR1y(x ) + Roy (s, 9] ~ LNy DD (211),

whereF(x, t) represents the term arising from the source terirtlze prescribed initial
conditions. We apply the homotopy perturbation radth

Y0 = ) plyn(s0), 212)
n=0
and the nonlinear term can be decomposed as
NyG©) = ) p"Hy (). (2.13)
n=0

For some He’s polynomiald,, (see [42, 43]) with the coupling of the Laplacengfarm and
the homotopy perturbation method are given by

Z p yn(xt) = F(x,t)
n=0

1 o0 o0
-p (L‘l [s—zL Ry +Ry) Y pyn(x0 + ) p“Hn(y>”> 214)
n=0 n=0

Comparing the coefficients of same powerp,ain (2.14) we have the following
approximations

p% yo(xt) = F(x,1),



1
P31 060 = —L7 (S LIR: + Ro)yo(x 0] + How)] ),
P2 y2(x, ) = =L (FLIR, + Ry: (x O] + Hy(»)]), (2.15)

1
p? ys(xt) = L7t (S—ZL[(R1 + Ry (x, )] + HZ(Y)])'

2.3 SUCCESSIVE APPROXIMATION METHOD (SAM)

To convey the basic idea of the successive appwatioms method (SAM), we suppose the
following general nonlinear differential equation:

Llu(t)] + R[u(®)] + N[u(t)] = K(1v), t> 0. (3.1)
where L = ;—n; ,m eN is the highest order derivativRju(t)] is the reminder linear term,

N[u(t)] is a nonlinear operator and K(t) is the inhomogesesource term, subject to the
initial conditions

u®0)=¢c ,k=012,..,m—1 (3.2)
We are looking for a solution u of (3.1). We shwlppose that (3.1) admits a unique solution.
Otherwise, the SAM will give a solution between m#possible) other solution.
The successive approximations method considerapgpeoximate solution of an integral
equation a sequence usually converging to the atesplution [18]. For solving Eq. (3.1)
using SAM we apply.~1[.], which is

L] = ﬁf:(t — M1 ]dr (3.3)
on both sides of (3.1) so that we get
m-1 k
u® = Y e 17 (KO) - L RUOD - L NR©OD (4
k=0

The SAM consists of representing the solution of)as a sequence
{un®)}n=0 (3.5)
The method introduces the recurrence relation

m-—1 k

Ui = D e+ 17 (K®) L Ru, 0D - L N, 0D  36)

k=0

where the zeroth approximatiog(x) is an arbitrary real function. Several successive
approximationsi,,n = 1 will be determined as

m-—1 tk _ _ B
uy () = Z g + L7 k(D) = L7 Rluo(®)]) — L™ (N[ug()])
k=0



m-—

u () = Z g K () — 17 Rl O ~ L (N O) 3.7)

k=0

"’chk,wl(k(t)) L RlupOD ~ L (N ) (3:8)

k=0

up41(t) =

and the solution computed as:
u(x) = lim u, (x) (3.9)
n—oo

The SAM is very simple in its principles. The diffities consist in proving the convergence
of the introduced series. For convergence of thathiod we refer the reader to [18].

3. Applications

Example 4.1. [19], [45]: Suppose the following

ay oy 9%y
at +&_W 0 (4.1

with the following conditions:
dy
y(x,0) = e* —x, y(0,t) =1 +t, a(l, th=e—1 (4.2)
4.1.1. Using He-Laplace method

Applying the He- Laplace method of both sidesapiaions (4.1) & use the conditions(4.2),
we get

(=% 1 dy 9%y
y(x,8) = . ax 2 (4.3)
The inverse of the Laplace transform of (4.3) ireplihat
0 = et —x— 11| L[ Y 44
y(x,t) =eX —x slax "3 (4.4)

We apply the homotopy perturbation method botesif (4.4); we have

= pi1 |22 45
Zp yn(xt) =e* —x— < [&‘ﬁ]) (4.5)

Comparing the coeff|C|ent of same powerppbdn (4.5) we get

P%iyo(xt) = ¥ —x,

_ a 92
pliyi(x,t) = —L [ 2= ] = (4.6)
1 aY1 0° Y1
2, t -1 =
p YZ(Xr) [ aX aXZ
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We have

p3ys(x,t) =0,
ptya(xt) =0, (4.7)
The solution is
yx,t)=e*—x+t+0+0+- (4.8)
=eX—x+t

the exact solution of (4.1) & (4.2).
4.1.2. The successive approximations method
Equation (4.1) can be write as

ay _ 9y 9y
ot~ ax2  ox (4.9)

We applyingL—[-] on both sides of (4.9),

02 a
y(x,t) = y(x,0) + [ - a—i] dr. (4.10)

For the zeroth approximatign (t), we can selegt,(x,t) = 0. then the equation (4.10)
we have the iteration formula

t [92 i)
(ot =X —x+ ;|22 - 2] . (4.11)
Substitutingy, (x,t) = 0 into (4.11) we obtain
yi(x,t) = e* —x,
50 = e =x+ i[5 (¥ —x) - 2 (e —x)|dv=e' —x+1t, (4.12)
Y2% 0 [ox2 0x ’ ’

tr 92 0
y3(x,t)=ex—x+f [ﬁ(ex—x+t)—&(ex—x+t)]dt=ex—x+t,
0

the solutiory(x, t) is given by

y(X,t) = YO(Xft) + Y1(Xft) + YZ(Xft) + Y3(X,t) + e
yx,t) =e*—x+t (4.13)
which is exact solution of (4.1)&(4.2).

Example 4.2.[19],[45]: Suppose the following
9%y 9%y

a2 Y Tk

with the following conditions:

0, (4.14)



9
y(x,0) = e +x, a—}t,(x,0)=0 (4.15)

4.2.1. Using He-Laplace method

Applying the He- Laplace method of both sidesaiations (4.14) & use the conditions
(4.15), we get

e X+x 1 9%y
y(xs) = [

LY "o
The inverse of the Laplace transform of (4.16) iegpthat

] (4.16)

s s2

— X -1 1 - azy 4.1
yx,t) =e*+x—1L S_ZLy_ﬁ (4.17)

we apply the homotopy perturbation method bothssafg4.17); we have

pny X = _X+X—[) L1_—1Ly——2 4.18
n=

Comparing the coefficient of same powergppbn (4.18) we have

POy, (X, 1) = e X +X,

1 9%y —xt?
1. — 1 -1|= v oIl —
phy,(x ) = —L S2L[y0 —axz]]— - (419

1 92 t4
& 1 9x? 41

pZ: yz(X, t) -~ _L_l

We have
i

3. _
Py, ) = B

000 =5, (4.20)

) _ (=1)"xt?"
pn'YIl(Xrt) - 2n! ’

The solutiory(x, t) is

y(X't) = yo+y1+y2+y3+

o xt?  xt* xtb (—1)"xt2"
=@ +X—E+I—§+“' T (421)
t2 t4 (_1)[1 t2n
— X —_ —_—— e —_—
- ¢ +X<1 2 2 on )
= e * + x Coqt),
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the exact solution of (4.14)&(4.15).
4.2.2. The successive approximations method

Equation (4.14) can be write as

8%y _ 92
=53y (4.22)

We applyingL—[-] on both sides of (4.22),

t taZ
Yy, t) = y(x,0) + fo fo [%—y] de (423)

For the zeroth approximatigr (t), we can selegt, (x,t) = 0. then the equation (4.23) we have
the iteration formula

t aZy
yn+1(X, t) = exX+x+ .L [ﬁ - y] dt (4.29

Substitutingy, (x,t) = 0 into (4.24) we obtain
y,(xt) =eX+x

t ot 62 t2
— aX (X AV a=x — X v
Yo%) = e +x+ fo -fo [6x2 eE*+x)—(e*+ x)] dt=e*+x—-x > (4.25)

t ,t 62 t2 t2 t2 t4

t — X R —X v ) —X RV, dt= — X v _

ys(x, ) =€ +f0f0[6x2<e + X x2> (e +x xz)] e X+ X x2+x4!,
And so on

The solutiory(x,t) is
y(Xr t) = yo(Xr t) + y]_(Xr t) + yz(X, t) + y3(X, t) + -

2 t {6 {8
y(x,t)=e‘x+x—x§ X xg txg T (4.26)
b = N L t2 t4 tG t8 (_1)nt2n
yxO=er+x{ -t a-ata T

y(x,t) = €* + xCoqt),
the exact solution of the (4.14)&(4.15).

Example 4.3[19][34]: Suppose the following

ay ody 0%y
at Vox ae (427

which the following conditions:

y(x,0) =1-x, y(0,t) = y(1,t) = 0. (4.28)

1
(1+1v)°
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4.3.1. Using He-Laplace method

Applying the He- Laplace method of both sidesabaations (4.27) & use the condition
(4.28), we get

y(x9) =+L [ax2 yZ (4.29)

The inverse of the Laplace transform of (4.29) iegpthat

,s) =1— Lt
y(X, ) X+ %2

we apply the homotopy perturbation method botesif (4.17); we get

1 [0%y oy

Fop (D =1 x+ (L L2 + LISmop HawI}]). (4.3D)

where H,(y) are He’s polynomials. The first few components$iefs polynomials are given
by

yo

Ho(y) =Yoo =—(1= X),

ad
Hi(y) =, y1+y1 Yo — 21— 0t (4.32)

ay ay, ay,
Ho(y) = Yo g 2t Yo +¥, 5. = —3(1— 0t

Comparing the coefficient of same powers afrp(4.31) we have
POy, (x, 1) = 1—x,

1(. [0?
pliyi (D) = —L7! [ { [ ay2°]+L[Ho<y>]}]=—<1—x)t, (4:33)

et =2 2] o] = e

We have

3py;(x, 1) = —(1—x)t3, (4.34)
ptiy,(x, ) = (1 —x)t

The solutiory(x,t) is

yx O =yy+y, +y,+y;+
= (1-X)-(1-X)t+(1-XPH (L — X)t3 + -
= (XUt + 2 -2+ 14— ] (4.35)
(1-x)
a+v’

=1-xA+) 1=
9



the exact solution of the (4.27).& (4.28).

4.3.2. The successive approximations method
Equation (4.27) can be write as

ay oy o%
a = Y& + W, (4.36)

We applying LC[-] on both sides of (4.36),
2

t) = y(x,0 o 94 43
y(x,)—y(x,)+f Yax T 32| (4.37)

0

For the zeroth approximation{), we can selectyx,t) = 0. Then the equation (4.37)

we have the iteration formula

H=1 1, azyd 4.38
oD =1-x+ [ |y Solae a3

Substituting y(x,t) = 0 into (4.38) we get

y]_(X' t) = 1_Xr
t 9 62
y, (%0 = 1—x+f0 [(l—x)&(l—x)+m(l—x)]dr= 1-x)—(@A-xt,

(4.39)

t Kl 02
yz(x,t)—l—x+f0 [(1—x—t+xt)&(1—x—t+xt)+W(l—x—t—xt) dt

= (1—x)—(1—x)t—(1—x)t2—(1—x)§,

The solution yx, t) is
y(x,t) = Yot VY tYs+Yys+-
_ 2_ 8
=(1-0(1-t-2-5--) (4.40)
the exact solution of (4.27)& (4.28).
Example 4.4(34): Suppose the following

dy %y (a\? _
a—y—)/ﬁ—(a) =0 (4.41)

with the following conditions:

y(x,0) =+% yO1t =0 1yt =¢€ (4.42)
4.4.1. Using He-Laplace method

Applying the He- Laplace method of both sides tipgagions (4.41) & use the condition
(4.42), we get
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%y 9\’
Yot (ax) ] (449

The inverse of the Laplace transform of (4.43) iegpthat

Vx 1
y(x, ) —?+EL[y+

1 3%y (Oy\’
L2 (@) ]] (a9

we apply the homotopy perturbation method of (1.44 get
Z P"Hn(Y) }

1
Zpyn(xt) \/_+p< H[y]ﬂ
n=0

where I—,|1(y) are He’s polynomials. The first few component$iefs polynomials are given
by

y(x,t) =vx + L7t

0

) (4.45)

Ho(y) = —°+( ) =0

09x2 " \ax
9%y ay, dy
Hi(y) =Y, axl ty, 52 +25.5:=0 (4.46)

2
y2 Bzyl azyo ay, Y, 9Y,
Ha(y) =Y, 2 Vo T P\ ax) Tk ax

Comparing the coefficient of like powersppbn (4.46) we have
P2y, (% D) = VX,
it
Py, 0 = L7 L (L] + LMoY = VRt 447)

\/' t2
p2ys (60 = L[ {Lys] + LB, D) =
We have
3
5 t
p :y3(X,t) = 3' )
4
By, (x, D) = % (4.48)
The solutiorny(x, t) is
y(x v = Yot VY, tY, Tyt
Vxt \/?tz Wt
=Vx+ TR TR
t 2t th
=X Ity tgtotogt (4.49)



The exact solution of (4.41)&(4.42).
4.3.2. The successive approximations method

Equation (4.41) can be write as

ay _ %y | (0y)?

We applyingL—[-] on both sides of (4.50),

t 62 Kol 2
y(xt) =y(x0) + fo [y + ya—x)zl + (a—i) ]dt (451

For the zeroth approximatign (t), we can selegt, (x,t) = 0. then the equation (4.37) we
have the iteration form

t 62 9 2
yn(x,t)zx/§+fo [y+ya—x)2/+(%) ]dt (452)

Substitutingy, (x,t) = 0 into (4.52) we get

y, = VX,

y,(x 0 =

y3(x, t) = & +

So that the solution(x, t) is given by

y(X't) = yo+y1+y2+y3+

The exact solution of (4.41)&(4.42).
4. Conclusions and Discussions

The main goal of this work is to conduct a compaeastudy between the successive
approximations method and the He-Laplace method.twb methods are powerful and
efficient methods that both give approximationfigher accuracy and closed form solutions
if existing.
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An important conclusion can made here .The suceesgiproximations method for
solving the some problems of partial differentigliations. The same problems are solved by
He-Laplace method. However, He-Laplace is combomadif the Laplace transformation, the
homotopy perturbation method and He's polynomisligreover, He-Laplace method.
provides the components of exact solutibine He-Laplace is capable of reducing the volume
of the computational works as compared to the idaksmethods while still maintaining the
high accuracy of the numerical results.
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