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Abstract

In this work, we investigate and compare the Swgieesapproximations method and He-
Laplace method for solve the linear and nonlingatig differential equations.
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1.Introduction

Many important phenomena occurring in various fiefl engineering and science are
frequently modeled through linear and nonlineafedéntial equations. However, it is still
very difficult to obtain closed-form solutions fanost models of real life problems abroad
class of analytical methods and numerical methodewssed to handle such problem. In
recent years, various methods have been proposgd asi finite different method [1,2]
Adomain decomposition method [3-8], variationatateon method [9-12], integral transform
[13], weighted finite difference technique [14],dlace decomposition method [15-17], but
all these method have some limitations. This pap#iines a reliable Comparison between
two powerful methods that were recently developd@dhe first is the successive
approximations method (SAM) is one classical metfuwdsolving integral equations [18]. It
is also called the Picard iteration method in ftiberdture. In fact, this method provides a
scheme that one can use for solving integral egisr initial value problems. One starts by
finding successive approximations to the solutigpmiiting an initial guess, called the zeroth
approximation, which is any selective real-valuediction that one uses in a recurrence
relation to determine the other approximations [M&. second is He-Laplace method an
elegant combination of the Laplace transformatibe, homotopy perturbation method and
He’s polynomials. we use the homotopy perturbatmethod coupled with the Laplace
transformation for solving linear and nonlinear RDE

This paper has been designed as following. Nexiosethe methods, Then, application,
lastly, conclusion.

2. The methods

To convey basic idea of Homotopy Perturbatiorihdd (HPM) and He's Polynomials, the
He-Laplace Transform Method and Successive appiaioms Method.

2.1 Homotopy Perturbation Method (HPM) and He’s Poynomials

To explain the He’'s homotopy perturbation methee consider a general equation of the
type

L(u) =0, 2.1

where L is any integral or differential operatore\define a convex homotopi(u, p) by
with boundary conditions of

H(up) = (1 - p)F(u) + pL(w) (2.2)

whereF(u) is a functional operator with known solutiong which can be obtained easily. It

is clear that, for
H(u,p) =0 (2.3)



we have
H(u,0) = F(u), H(u,1) = L(u)

This shows thall (u, p) continuously traces an implicitly defined curverfr a starting
pointH (vy, 0) to a solution functiol (y, 1). The embedding parameter monotonically
increases from zero to unit as the trivial problega) = 0, is continuously deforms the
original problemL(u) = 0. The embedding parameteE (0,1] can be considered as an
expanding parameter [19-41]. The homotopy pestimh method uses the homotopy
parametep as an expanding parameter [20-27] to obtain

u= Z Plu; = ug + puy + +p2uy, + piug + - (2.4)
i=0
If p - 1, then (2.4) corresponds to (2.2) and becomesgphmaimate solution of the form:

y=1in}un=u0+u1+u2+u3+--- (2.5)
p—)

It is well known that series (2.5) is convergentrfwst of the cases and also the rate of
convergence is Dependentlgn); [20-27]. We assume that (2.5) has a unique swiuthe
comparisons of like powers pfgive solutions of various orders. In sum, accaydim[28,
29], He's HPM considers the nonlinear tedigu) as:

N(W) = ) piH; = Ho +pHy + p?H, + =, 26)
i=0
whereH,'s are the so-called He's polynomials [28, 29], ethcan be calculated by using

the formula

1 9n 4
H,(ug, -+, uy) = niaph [N (Z p‘ui>l n=0,1,2,-- (2.7)

2.2. He-Laplace Method

To illustrate the basic idea of this method, wesider a general nonlinear nonhomogeneous
Partial differential equation with initial conditis of the form

2
T4+ Ryy(x,t) + Ry (5, 0) + Ny(x,£) = £(x, ) (2.8)

oy
y(X, 0) = (X.(X), E (X, 0) = B(X);

whereR; = 9?/0x? andR, = d/0x are the linear differential operatoksrepresents the

general nonlinear differential operator i t) is the source term. Taking the Laplace
transform (denoted bly) on both sides of (2.8)

2
L [%] + L[R1y(x,t) + Ryy(x, )] + L[Ny(x,t)] = L[f(x,1)]



0
= s?Lly(x,t)] —sy(x,0) — a—}t, (x,0) (2.9)

= —L[Ry(x,t) + Ry (x, )] — L[Ny(x, )] + L[f(x, D)].

Applying the initial conditions given in(2.8) , viwve

1
Ly e 01 = 220 PO L LR,y ) + Ray(e 0] — LNy 0D
1
+ 5 (LG O (210)

Operating the inverse Laplace transform on botassaf (2.10), we have
y(8) = FG,8) — L7 |5 (LR ©) + Roy(x 9] — LINy G, )] 241),

whereF(x, t) represents the term arising from the source terirtlze prescribed initial
conditions. Now, we apply the homotopy perturbatioethod :

Y0 = ) p"yn(s0), @12)
n=0
and the nonlinear term can be decomposed as
NyGo©) = ) p"Hy (). (213)
n=0

For some He's polynomiald, (see [42, 43]) with the coupling of the Laplacensfarm and
the homotopy perturbation method are given by

D a0 = Fx 0

1 o0 o0
-p <L‘1 [S—ZL Ry +Ry) Z P yn (%) + Z p“m@)”) (2.14)
n=0 n=0

Comparing the coefficients of like powerspgfwe have the following approximations

P yo(x D) = F(x,0),
1
pyaCo) = —L7 (ZLIR, + Ro)yo(x 0] + Ho)]),
P 3200 = —L7 (SLIR +Rya(x, 0] + Hi 1), (2.15)

1
b 3060 = L (S LIR: + Ry)ya (s 0] + Ho0)] ),

2.3 SUCCESSIVE APPROXIMATION METHOD (SAM)



To convey the basic idea of the successive appwiiams method (SAM), we consider the
following general nonlinear differential equation:

Llu(t)] + R[u(t)] + N[u(t)] = g(1), t>0. (3.1
where L = ;—Z ,m eN is the highest order derivativRju(t)] is the reminder linear term,
N[u(t)] is a nonlinear operator and g(t) is the inhomogasesource term, subject to the
initial conditions

u®0)=¢ ,k=012,..,m—1 (3.2)
We are looking for a solution u of (3.1). We stwlppose that (3.1) admits a unique solution.
Otherwise, the SAM will give a solution among mgpgssible) other solution.
The successive approximations method considergpgpeoximate solution of an integral
equation a sequence usually converging to the atesgplution [18]. For solving Eqg. (3.1)
using SAM we apply.~1[.], which is

L_l[.] = ﬁj:(t - T)m_l[.]d‘[ (3.3)
on both sides of (39) so that we have
m-1 k
U = Y g+ 17 (80) - L RUOD - L Nu®D  (34)
k=0

The SAM consists of representing the solution of3as a sequence

{un(x)};}‘f:O (35)
The method introduces the recurrence relation

m-—1 tk
U1 (® = ) g+ L (@0) - L Run®OD - L N (0D (36)
k=0

where the zeroth approximatiog(x) is an arbitrary real function. Several successive
approximationst,,n = 1 will be determined as

m-1 tK » . »
=Y it E0) =L RIOD ~ L (N(D
k=0
m— k
up (1) = Zl Ck%* L7 (g(®) - L Rlus (0]) — L7 (N[uy ()] (3.7)
k=0
m— k
U (8) = Zl Ck%* L (g®) — L' Rlup 0D = L' (N[un (DD (3:8)
k=0

and the solution computed as:
u(x) = lim u,(x) (3.9
n—oo



The SAM is very simple in its principles. The diffities consist in proving the convergence
of the introduced series. For convergence of tlathod we refer the reader to [18].

3. Applications

To demonstrate the applicability of the above-pméesg: method, we have applied it to two
linear and two nonlinear partial differential ejaas. These examples have been chosen
because they have been widely discussed in literatu

Example 4.1Consider the following homogeneous linear PDE [44]:

ay 9y 0%y
———=0 4.1
at + 0x 0x? 1)

with the following conditions :

d
yx0) = —x  y(0,0) =1+t 6—1(1,0 —e—1 (4.2)
4.1.1. Using He-Laplace method

By applying the aforesaid method subject to theaihtondition, we have

(e* —x) 1_[ay d%y
(X t) = ——L &_W (43)
The inverse of the Laplace transform implies that
(0 = e —x— 171 [£[¥ 2 44
ynt =€~ % slox  ax2 (4.4)

Now, we apply the homotopy perturbation method haee

Z xt)=eX—x—P(L? Q—i (4.5)
P"¥n - slox ax2||) '

Comparing the coeff|C|ent of like powersive have

pyo(xt) = X —x,

1. _ _q- 9yo _
puyi(xt) = —L [ x axz ] = (4.6)
11 6y1 0° Y1 _
p*:y,(x,t) = —L [ ax ax2 =
Proceeding in a similar manner, we have
p3: Y3(Xlt) =0
p* ya(x,t) =0, 4.7)
So the solutioly(x, t) is given by
yxt)=e*—x+t+0+0+ - (4.8)
=eX—x+t
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which is the exact solution of the problem.
4.1.2. The successive approximations method
Equation (4.1) can be write as
oy _2%y_ %y
at axr ax (4.9)

We applyingL—1[-] on both sides of (4.9),

y(x,t) = y(x,0) + f; Py _ %] dr. (4.10)

0x2

For the zeroth approximatign (t), we can selegt,(x,t) = 0. The method of successive
approximations admits the use of the iteration idem

t [92 a
() = e —x+ [ |22 - 2] au, (4.11)
Substitutingy, (x,t) = 0 into (4.11) we obtain

yi(x,t) = e* —x,

2
V200 = X —x+ [ [%(ex —x) — 2 (e —x)] dr=e*—x+t (4.12)

tr 92 0
y3(x,t)=ex—x+f [ﬁ(ex—x+t)—&(ex—x+t)]dt=ex—x+t,
0

So that the solutiop(x, t) is given by
Y& =yox ) +y:1 X0 +y.(x0) +yz3(x,0) + -

yx,t) =e*—x+t (4.13)
which is exact solution of the problem.

Example 4.2Consider the following homogeneous linear PDE (#@ordon equation)
[44]:

02 02
Py, 0y _
ot2 0x2

with the following conditions:

0, (4.14)

9
y(x,0) = e +x, a—}t,(x,0)=0 (4.15)

4.2.1. Using He-Laplace method

By applying the aforesaid method subject to initiahdition, we have

P L e | B
ys) = s s2 y 0x2 )



The inverse of the Laplace transform implies that

=e X L1 1L 62y 417
yxt) =e *+x— 2= a2 (4.17)

Now, we apply the homotopy perturbation methodhaee

N 1 92
Z P yn(x,t) =e X+ x—p <L‘1 [S—ZL [y - a—;;”) (4.18)
n=0

Comparing the coefficient of like powersgfwe have

POy (%, 1) = e +X,

1 9%y, —xt?
1. _ 1 -1|= _ o] —
pry,(xt) =-L 2 L [yo ax2] = (4.19)
1 9%y xt4
2. Y et i =
p 'yz(x't)_ L SZL[yl axz] = 4':
Proceeding in a similar manner, we have
b
psi)/g(X. t) = o
xt8
000 =35 (4.20)
Py, 000 = S5
I 2n
So that the solutiop(x, t) is given by
y(x,t) = Yot VY tYs,+Yys+-
)Y, xt? N xt*  xt® - (—1)"xt2" o1
B TRV T 2n (4.21)
t2 t4 (_1)n t2n
= _X —— —— s ee .
- € +X<l 2 " T )
= e X+ x Coqt),

which is the exact solution of the problem.

4.2.2. The successive approximations method

Equation (4.14) can be write as



%y 2
=53y (4.22)

We applyingL—[-] on both sides of (4.22),

t ot 62
y(x,t) =y(x,0) + -fo fo [&2/ - y] dr (4.23)

For the zeroth approximatign (t), we can selegty(x,t) = 0. The method of successive
approximations admits the use of the iteration idem

0
Substitutingy, (x,t) = 0 into (4.24) we obtain

t aZy
yn+1(X, =eX+x+ f [ﬁ - y] dr (4.24)

y, (Xt =e*+x

2

t pt 62 t
— a—X _ (X — —X =X — X—
Y, ) =e*+x+ fo fo [ax2 E*+x) - (e + x)] dt=e*4+x=x > (4.25)

t pt 62 t2 t2 t2 t4
— aX | /X v ) _ rax - N — aX v s
y;(x,) =€ +f0 fo [ax2 <e + X=X 2) (e +x—X 2)] dt=e*+x—-x > + x4!,

And so on
So that the solutiop(x, t) is given by

Y(X, t) = yo(x' t) + yl(xf t) + yZ(XJ t) + yg(x' t) +

t2 4 8 8
y(x,t)=e‘x+x—x§ t X Xgtxg T (4.26)
. L N " t2 N t4 t6 N t8 N (_l)nth
yxo=eT+x{l-g+a-gtg 2l

y(x,t) = €* + xCoqt),
which is the exact solution of the problem

Example 4.3Consider the following homogeneous nonlinear PD&¢Br equation)(33):

ay ody 0%
at Yox eV (429

which the following conditions:

y(x,00 =1-x, y(O1t) = y(1,t) =0. (4.28)

a+v’

4.3.1. Using He-Laplace method

By applying the aforesaid method subject to thiaihtondition, we have
8



LI +y

1, [d% ay
Lze P (4.29)

y(xs) =+

The inverse of the Laplace transform implies that

lL azy+ 9y 4.30
s |ox2 yax ' (4.30)

Now, we apply the homotopy perturbation methodhaee

y(x,s) =1-—x+L71t

roPYo ) = 1= x + (L L [2Y + LIZioHa 1)), (4.31)

where H,(y) are He’s polynomials. The first few components$iefs polynomials are given
by

ay
Hoy) =Yo7/ = —(1 =),
a a
Hi(y) = Yo 32+, 52 = 21— X)t, (4.32)
ay ay ay,
Hay) = Yo 3 2+ Y5 + Yo 5 = —3(1L =0t

Comparing the coefficient of like powers gfvge have
POy, (6 ) = 1-x,

1( [82
pliyy(x,t) = —L1 [g {L [ ajzo] + L[Ho(y)]}] =—(1-xt (433)

2
PPy, t) = —L7t E{L [a yl] + L[Hl(y)]}] =(1-xt,

ox2
Proceeding in similar manner, we have

py;(x 1) = —(1 =X, (4.34)
p*ya(xt) = (1 -xt*
So that the solutiop(x, t) is given by

Y(X,t) =Y +y1 +y2 +y3 + o
= (1-X)-(1-X)t+(L-XPH (1 — X)t3 + -

= (XU~ t+ 2 -8B+t — ] (4.35)
B 2 _@-x
=(1-xA+D) 1= a+0’

which is the exact solution of the problem.

4.3.2. The successive approximations method
Equation (4.27) can be write as



ay oy 0%
a = Y& + W, (4.36)

We applying LC1[-] on both sides of (4.36),
2

t) = y(x,0 o P 43
y(x,)—y(x,)+f Yax T 52| (4.37)

0
For the zeroth approximation{), we can selectyx,t) = 0. The method of successive

approximations admits the use of the iteration fdem

ay %y

t
yn+1(Xl t) =1-x+ -L [y& + W] dr (438)
Substituting y(x,t) = 0 into (4.38) we obtain

y]_(X' t) = 1_Xr
t 9 62
y, (%0 = 1—x+f0 [(l—x)&(l—x)+m(l—x)]dr= 1-x)—(@Q-xt,

(4.39)

t Kol 02
yz(x,t)—l—x+f0 [(1—x—t+xt)&(1—x—t+xt)+m(l—x—t—xt) dt

= (1—x)—(1—x)t—(1—x)t2—(1—x)§,

So that the solution(x, t) is given by
y(x,t) =Y +y1 +y2 +y3 + o

:(1—x)(1—t—t2—§—-~-). (4.40)

which is the exact solution of the problem.

Example 4.4Consider the following homogeneous nonlinear PD&: (3

dy %y (oy\? _
ay-ya—(G) =0 (441)

with the following conditions:

y(x,0) =vX y@Ot =0yt =F¢. (442
4.4.1. Using He-Laplace method

By applying the aforesaid method subject to theaihcondition, we have

Vx 1 9%y 1Oy\2
y(X'S)_?+§L|:y+yW+(&):|' (443)

The inverse of the Laplace transform implies that

Lly+ 62y+(ay)2 (4.44)
s y yax2 ax) ||’ '

10

yx,t) =Vx+ L7t




Now, we apply the homotopy perturbation method haee

0 1 0
D Py, 00 =V + p(L-1 HLM LD )
n=0 n=0

|

)

where H,(y) are He’s polynomials. The first few components$iefs polynomials are given

by
2

y ay
Ho(y) = Y, ax;’ (5) =0

Y ay, 9y
Hi(Y) =Y, axl Y ax20+ 2 af axl 0

%, O, P @)Z 95,3,

HZ(y)_yOaZ+y16x2 +y26X2+ X X ax:0

Comparing the coefficient of like powergofve have
P2y, (%) = VX,
41
Py, 00 = L7 [S{Llyo] + LM@Y = vt 447)

2
! Vxt
Py,000 = LS Ly, + LIHaon)| = S
Proceeding in a similar manner, we have

£
3. —
P> y,(x 1) = T’

ﬁy4(X )= 4, TR

So the solutiory(x, t) is given by

y(x,t)=y0+y1+y2+y3+
VKt Wt Wkt

=X+ ETR T
t t2 t
= (1+—= Tttt (449
=x/§et,

which is the exact solution of the problem.

4.3.2. The successive approximations method
Equation (4.41) can be write as

11

(4.46)

(4.48)



ay _ % (@)2
6t_y+y6x2+ ax

We applyingL—[-] on both sides of (4.50),

2

t Kl F] 2
y(x,t) = y(x,0) + fo [y + ya_x)zl + (—y) ]dr (451)

ox

For the zeroth approximatign (t), we can selegty(x,t) = 0. The method of successive

approximations admits the use of the iteration idem
2

L N CAY
yn(x,t)—\/?+L [y+ym+(&) ]dr

Substitutingy, (x,t) = 0 into (4.52) we obtain

y; = VX,

So that the solutiop(x, t) is given by

y(X't) = yo+y1+y2+y3+

which is the exact solution of the problem.

4. Conclusions and Discussions

(452)

y,(xt =

y3(Xr = & +

The main goal of this work is to conduct a compaesstudy between the successive
approximations method and the He-Laplace method.twb methods are powerful and
efficient methods that both give approximationfigher accuracy and closed form solutions

if existing.

An important conclusion can made here .The suceesgiproximations method for
solving Linear and nonlinear partial differentigluations. The same problems are solved by

12



He-Laplace method. However, He-Laplace is an eliegambination of the Laplace
transformation, the homotopy perturbation methadi lda’s polynomials. Moreover, He-
Laplace method. provides the components of exdutiso, The He-Laplace is capable of
reducing the volume of the computational works@sgared to the classical methods while
still maintaining the high accuracy of the numeriesults.
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