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ABSTRACT

Downward movement of solid particles within a flumd the presence of a gravitational field
occurs in many industrial and engineering processgs particulate processing and two phase
solid-liquid applications. Three highly viscousuids including water, glycerin and ethylene-
glycol were selected to study the motion of spladon-spherical solid particles for a wide
range of Reynolds numbers employing a drag coefiicias defined by Chien [10]. The
governing equation of the motion is strongly noaén due to the nonlinear nature of the drag
force exerted on the solid body during falling.this paper, a numerical technique, namely the
Laplace Decomposition Method (LDM), is applied tdve the governing equation. This method
applies the Laplace transform to the differentiguaion whereas the nonlinear term is
decomposed in terms of Adomian polynomials. A gagckement was achieved when compared
with a famous numerical method, then the effectsadifi sphericity were tested for the different
liquids. This study demonstrates the effectivengfsthe present mathematical technique and
illustrates a simple application for this type @blplem which may be used for a large class of

nonlinear differential equations.

Key-Words. Laplace Decomposition Method, Motion of Particl8pherical/non-Spherical
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immersed body.

1. INTRODUCTION

There are many conditions where a solid partidiengawithin a fluid may occur. For instance,
petroleum engineering applications, unsteady ptietdis about liquid-solid mixtures (these
predictions may relate to terminal velocity or deca&tion of a particle falling within a fluid.),
fixed/fluidized bed reactors, etc. For applicatiaueh as these, it may be desirable to track the
trajectory of a moving particle for the proposeaafindustrial operation or chemical process [1].
There are two important design parameters for teatimned applications: 1) terminal velocity
of the particle settling through a fluid and 2) gifarce exerted on the falling solid body due to
the viscosity of the fluid. The drag coefficient iafh determines the amount of drag force, has
undergone extensive investigation during past desaflhese studies evaluated the amount of
drag coefficient in terms of the Reynolds numbRe, for spherical solids. A comprehensive
review of previous works may be found in review @apby Khan and Richardson [2], Chhabra
[3], Clift et al. [4] and Hartman and Yutes [5].

It is important to note, however, that most realesaare related to non-spherical solid particles,
the drag coefficient should be evaluated for swatid particles because drag force is affected by
the particle shape and its orientation. Less in&drom exists about drag coefficient of non-
spherical particles with respect to spherical oAeailable predictions may be found in [6-8].
Haider and Levenspiel [9] presented a predictingetation for drag coefficient covering both

spherical and non-spherical solids in term&@&nd sphericityp:

_24 (2.3288-6.45819+2.4486°) [ (0.0964+0.55655) 7369 %% Re
CD - E (1+ e Re ) + S e (1)

whereRe, Cp are:

Re= 9P (2)
7
_ F
Co —n—Dz (3)
e

Fp illustrates drag force exerted on the solid bagdis sphericity which denotes the amount of
the surface of a sphere having the same volumbeaparticle to the actual surface area of the

particle. In other words, sphericity is a quantdythe value of a solid particle’s deviation fram
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spherical configuration. The more the particle depftom a spherical shape the more the unit
aspect ratio is lower thang (s 1 for a true spherical shape.). After Haidedt avenspiel, other
researchers suggested a more exact correlatioand@1]. Chein [10] showed that the following
relation can predict the drag coefficient more @&y using the concept of sphericity:

Cp= ;—2 +67.28% %% (4)

In this study we use Eq. 4 for the drag coefficiealue, because it is precise and in a simple
form which can be employed in differential equasion

The nonlinear governing equation which will be ded in the next section is solved using the
Laplace Decomposition Method (LDM). This techniquas first proposed by Adomian [12 - 13]
and is appropriate for a wide range of nonlinefedéntial equations. This technique assumes an
infinite solution in the formu = Y;_,(u,), then the Laplace transform is applied to the
differential equation. Adomian polynomials are thesed for the nonlinear terms and after their
decomposition, an iterative manner is creatednd theu. This technique was investigated by
other researchers [14-18] and their results shawatthe exact solution is approximated with a
high degree of accuracy using only the few termsthef scheme. This paper shows the
application of this technique on the strongly noe#r governing equation for motion of
spherical/non-spherical solid particles within Hyghviscous fluids. The results are then
compared with the Runge-Kuttawhich is applicable for this kind of ODE.

2. PROBLEM DESCRIPTION

Assume a solid particle with the sphericity @ffalling from rest through a Newtonian and
viscous fluid which is initially quiescent. The pale will accelerate under the gravity field until

it reaches a constant velocity, namely "Termiredb¥ity”. At this stage, the forces applied te th
body, including Buoyancy force, Resistance forceavizational force and Virtual mass force,
will be balanced, thus no acceleration will inflgerthe body. Fig. 1 indicates a schematic of the
present problem and the forces exerted on the galrticle. Note that the resistance force is
dependent on the drag coefficient (Eq. 4), and Genal force and Buoyancy force are related
to the characteristics of the body and the ligAidded mass force should be taken into account
as the fluid around the solid body has acceleration

There are a few simplifying assumptions that méleestudy easier:
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1) No mass transfer between the two phases, son#ss of the particle and the liquid are
constant during the falling process.

2) The wall confining effect is negligible.

3) Rectilinearly falling is assumed.

4) The drag force exerted on the solid particlsimsilar to that applied under constant velocity
movement.

5) The Basset force is negligible as the partElmuch denser than the liquid.

Under the above considerations, the equation ofnibigon is as follows [19]:

dU Iof 1 2 2 1 3 dU
m— = 1-—)-—=D°p,Cou” ——7D°p, —
at mg ( ps) 3 PiLo 12 P it (5)

where the left-side of the equation represents Newtdynamics rule and the right-side terms
are representing Buoyancy force, Drag force (Rascs force) and the added mass effect. The
last term (added mass effect) is due to the actederof the fluid around the solid body. The
nonlinear term related to the drag force causesrhia difficulty in the problem. Rearranging

the parameters, the following equation with theaated initial condition is achieved:
a1%+au+au2—a =0, u(0)=0;
dt 2 3 4 J , (6)

where the constants of Eq. 6 and the exact solofiéy. 6 are:

ai=(m+ifi>‘°’pf]

12
a, = 375Dy
67.280%(50%)
=g P K
Yo,
a, =mg(l--—")
Ps

I4 2
L + tanh%aGZ‘Jraz(t +C))\/4a,3, +a’

U(t) = E

a
LDM, which is applicable for a wide range of nomar ODE problems, is used to solve Eq. 6.

This method is described in the next section.

3.APPLICATION OF LDM



104  Consider the nonlinear equation of Eq. 6 with thec#fied initial conditions. First, LDM applies

105 the Laplace transformation to Eq. 6.
du )
¢ [ala]-'-g [a,u] + ¢ [auu”] -/ [a,] =0; (7)

106 where ¢ denotes the Laplace transformation operator. Apglythe property of Laplace

107  transformation and using the initial boundary ctiodimentioned in Eq. 6:

a, S [u]+a,/u] +a,/ [u*]-—==0; (8)

m|m
N

108 assumes the solution as an infinite series:

u=>u; ©)
n=0
109  where the ternu, is to be recursively computed. The nonlinear terslecomposed as:
fuy=u>=> A; (10)
n=0
110  where4,, = A, (uy, uq, Uy, ..., Uy,) are the so called Adomian polynomials [20] given a
1d" © (11)
= N "u)dl .- , nh=012,...
A= a [ (é‘,f? )y=o s

111  So we have:

A, = f(up) = ug
A =u, f'(uy) =2u,u,

Ay = Uy () + U () = 200, + 0

Ay =uy F(Ug) +uyu, £7(ug) +%u13 f"(uy) = 2uu; +2u,u, (12)

112 Substituting Egs. 9 to 12 into Eq. 8 results in:

_ %, N AT
alsf [;M, (13)

00

Y u,] :—%ﬁ [Z:;unh

n=0

a,
aS’

113 or
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0 (Uy+u +u,+..)= —%E(uo +U, +U, +.)+ a?éz —%K (A +A+A+..); (14)

Matching both sides of Eq. 14 and applying the isgelLaplace transformation yields the

following iterative algorithm:

a a
¢ (u,) = A= u, = At ;
(0) alsz 0 al
a a 1a,a,t? 1 a,aZt?
£ (u)=-—27¢ (uy)-—=7¢ (A))>u, = -—-—2"4 - —"3°4 .
(u,) a,S (ug) a,S (Aq) 1 2 az 3 a
a a 1 a,t’(5a’a’ +10a,a,a,a,t + 4a’a’t?
0(U,) = ——20 (u,)-—21 (A)= u, = —=4 (5a;a; 15234 3 %4 );
a,;S a,;S 30 a;
a a 1 a,t*(105aa’+ 462 a’a’a.a,t
Cu) =R -2 (A= = - (L (0520, * 462 3,3, 3,2,
a, a,;S 2520 a,
1 (476 aja,aja;t’ +136 aja;t’)
2520 a,

(15)
other terms ofl, Us ... can be obtained recursively in a similar fashAsu is the velocity of the
solid particle, we can integrate a combination led few terms generated by Eg. 15 to get a
relation for the displacement of the particle assgna zero value for its initial movement. Also,
differentiating those terms of Eq. 15 will resuita governing equation for the acceleration of the

particle, with an earth gravitation value (9.81) tioe initial acceleration.

4. RESULTSAND DISSCUSSION

The previous section described the solution metbothe purely non linear equation, Eq. 6. It is
clear that to get closer to the exact solutionighdér number of terms than generated in Eq. 15 is
desired. To examine the convergence and accuratyeahethod, consider a specific problem of
Eq. 6, where all coefficients are unity:

du 2 _a_ A
EHHU 1=0, u(@©)=0; (16)

Now using the 3 to 5 terms obtained in Eq. 15 suoistituting unity into all coefficients, the
results can be compared with each other in Fig.h2. comparison between the results reveals

" solution well, but to enhance

that the five term solution of LDM can predict tRenge-Kutta’
the accuracy and convergence of the solution weauss/en term solution of LDM for the rest
of results.

In Table 1, results obtained from other technigaled the Runge-Kutta solution are compared
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with the values obtained using LDM. The comparibetween the results reveals that the present
technique predicts the 4th Runge-Kutta solutiorhwiitgh accuracy and using higher orders of
the LDM technique leads to lower relative error.wWNave substitute real values for the
coefficients used in Eq. 6.

Table 2 shows the properties of the real conditibrere a solid particle is falling within three
highly viscous fluids including water, ethylene gdy and glycerin. A solid aluminum particle
has a density of 2702 Kg/m3. The velocity profitdsa particle falling within the mentioned
fluids are depicted for four sphericities in Fig.This figure shows the velocity magnitude vs.
time for different values of sphericity and liquids the initial stage of falling, the velocity
magnitude increases until it reaches the conspa@ds or "Terminal Velocity". Due to the higher
viscosity of glycerin, the falling solid reachesnénal velocity faster in glycerin with respect to
the other liquids. Also the acceleration durat®imcreased by the reduction of liquid viscosity.
The effect of spherecity of the solid on the velpgirofile is illustrated in Figs. 4 to 6. With the
increase of sphericity the value of the termindbeiy is enhanced. For high viscous liquids
such as glycerin, the effect of sphericity is nigingicant and can be neglected for particle
applications as depicted in Fig. 4. Acceleratioofipgs of the particle are shown in Figs. 7 to 9.
Results demonstrate that a particle with higheespity brings higher acceleration duration and
displacement. Furthermore, for lower liquid vistgsihe acceleration magnitude of the particle
is higher.

Using definite and indefinite integration for therms evaluated in Eq. 16, the displacement
governing equation can be found. Fig. 10 depiotssthematic of the displacement for a solid
particle in different conditions. With the increasé liquid viscosity, the falling velocity
magnitude of the solid particle is reduced consider and the particle transverses a smaller
height of the liquid column, also particle withaader sphericity moves faster than a smaller one.

5. CONCLUSION

In this study, the Laplace Decomposition Method )0Os employed to obtain the solution for a
nonlinear governing equation of a falling sphefimah spherical solid particle within highly
viscous liquids using data available in petroleungieeering and processing literature. Firstly,
the general equation is derived, then real condiigoassumed to obtain the related coefficients

of the purely nonlinear equation. Comparison o§ tiiethod and other techniques revealed a
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good agreement with the numerical solution, Rungéta¢™, and high accuracy of this method
even with fewer terms. Outcomes were reported mmgeof velocity, acceleration and
displacement profiles. The present work approvesd dimplicity and capability of LDM and
explained an exact expression, especially for niiteal stages, which is valuable for engineering
problems in the field of chemistry and powder testbgy. This technique could be employed in

a wide range of two-phase systems problems.

NOMENCLATURE

An Adomian Decomposition
&,3,33, General Equation Constants
c Integration Constant
Co Drag Coefficient [-]

D Particle Diameter [m]
Fs Buoyancy Force [N]
Fo Drag Force [N]

Fg Gravitation Force [N]
R Virtual Mass Force [N]
g Gravity [m/4]

m Mass of Particle [Kg]

t Time [s]

U Terminal Velocity [m/s]
u Velocity Function [m/s]
Re Reynolds Number [-]
Greek Letters

10) Sphericity[-]

u Viscosity [Pa.s]

p Density [Kg/m]
Subscripts

f Fluid

S Solid
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Fig. 1. Schematic of the forces excreted to the solid particle.
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242
243 Table 1. Comparison of the results obtained from different techniqueswith LDM termsfor Eq. 16
VIM . .
VIM HPM LDM : . HPM Relative LDM Relative
t [19] [21] (Sterms) Exact Solution Rgﬁ;t/gve Erv% Er%
0.1 0.0948517  0.0948619 0.0948619 0.0948619 0.0107 ~0 ~0
0.2 0.1791031  0.1791145 0.1791133 0.1791133 0.0057 0.0006 =0
0.3 0.2526879  0.2526896 0.2526907 0.2526907 0.0011 0.0004 =0
0.4 0.3160149  0.3160075 0.3160070 0.3160070 0.0025 0.0001 =0
0.5 0.3697895  0.3698068 0.3698062 0.3698063 0.0045 0.0001 =0
0.6 0.4150429  0.4150405 0.4150305 0.4150282 0.0035 0.0029 0.000054
0.7 0.4527300  0.4527300 0.4527298 0.4526970 0.0072 0.0072 0.000072
244
245
246
247 Table 2. Properties of fluids and related coefficients of Eq. 6

248

Density

Fluid (Kg/m?) Viscosity(Pa.s) a; a A3/EXP(-5.03¢) ay

Water 996.51 0.001 0.000010863706 0.000035341875 0.233®81 0.000023665598
E_tgrR/lICec;e 1111.40 0.0157 0.000011675791 0.000554867437 002643 0.000022071370
Glycerin  1259.90 0.799 0.000012725445  0.02823815812 0.228%19 0.000020010765




