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ABSTRACT  13 

 14 

Aims: To propose a new method of estimating the phase velocity of Rayleigh wave using 
one linear array based on the spatial auto-correlation (SPAC) method and complex 
coherence function (CCF) and confirm its availability and robustness using both the 
numerical simulation and a field test. 
Study design:  Cross-sectional study 
Place and Duration of Study: Department of Built Environment, Tokyo Institute of 
Technology and Zoorasia Yokohama Zoological Gardens (ZRS), between August 2013 and 
July 2014. 
Methodology: Numerical simulation was conducted to test the behavior of the proposed 
method using linear arrays with different directions in different kind of azimuth-dependent 
microtremor wavefield; Field test was carried out at the parking lot of ZRS, in which the 
proposed method was applied with 2 linear arrays with different direction and the estimation 
of phase velocity was compared with that from the SPAC method and theoretical one. 
Through the numerical simulation and field test, the SPAC method without taking azimuthal 
average (we call it  𝐽𝑂 method in the text) was also conducted for comparison. 
Results: In the numerical simulation, the estimations of phase velocity from linear arrays 
with different directions are accurate and coincide with each other except for some extreme 
case; In the field test, the estimations of the 2 linear arrays both match well with the 
theoretical one and that from SPAC method. On the other hand, the SPAC method without 
azimuthal average behaved badly and showed instability because of its intrinsic defect. 
Conclusion: By applying the proposed method, it is available to estimate the phase velocity 
of Rayleigh wave using just one linear array in a microtremor wavefield, which is not a 
strongly azimuth-dependent one. 
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1. INTRODUCTION  19 

 20 

In order to estimate earthquake ground motion, it is necessary to model the ground structure 21 
by geophysical exploration. In the field of geophysical exploration, the extensive use of array 22 
method has been proposed by employing microtremors because they provide an 23 
inexpensive means of inferring the phase velocity of surface waves. Among those methods, 24 
the frequency-wavenumber (f-k) spectral method [1][2] and the semblance analysis [3][4] 25 
both require a rather large number of sensors to be set two-dimensionally although their 26 
arrangement can be designed freely to some extent. 27 



 

In the spatial auto-correlation (SPAC) method [5][6][7], all the whole information on the 28 
wavefield is integrated into a single quantity, which is called the azimuthal average of the 29 
spatial autocorrelation function. Its theory is simple and it requires fewer sensors than the f-k 30 
method or a semblance analysis. Normally, we analyze records from a circular array of 31 
evenly spaced sensors on a circle and a central sensor. However, the strict arrangement of 32 
the sensors is difficult to realize especially in urban areas. Research has been carried out in 33 
order to reduce the restriction of the sensor arrangement [8][9][10][11].  34 

The validity of performing the SPAC method with a linear array has been discussed but the 35 
conclusion is empirical and is not clearly backed by physical and mathematical theory [9]. 36 
Another method, called the direct estimation method (DEM), has been proposed wherein the 37 
sensor arrangement is more flexible [10]. In DEM, a complex coherence function (CCF) has 38 
been used to constitute a new solution for estimating the phase velocity. However, DEM 39 
requires at least five sensors and they must be in a symmetrical arrangement. The possibility 40 
of performing ground survey using a linear array is also realized by using refraction 41 
microtremor (ReMi) method [12]. This method is proud for not using active sources and its 42 
robustness against the presence of noise and full-wave. However, ReMi method uses 43 
refraction recording equipment, whose lower frequency limit is confined, and it uses much 44 
more sensors (over 12) than normal microtremor survey method to obtain redundant 45 
statistics. The phase velocity of Rayleigh wave is decided by picking the lowest velocity 46 
envelope. Hence, although this method uses simple form of array, we still consider it 47 
improvable because of the large number of sensors and the deficiency in mathematical basis.    48 

On the other hand, we herein propose a technique based on the CCF for estimating the 49 
Rayleigh wave phase velocity. With the help of a genetic algorithm (GA) [13], the phase 50 
velocity of Rayleigh wave can be estimated from the CCFs among the sensors in a line 51 
(linear array). This makes the arrangement of the sensors easier. Besides, because this 52 
method is based on the concept of SPAC method, it has the potential to estimate deeper 53 
structure using just fewer sensors and with firmer theoretical basis than ReMi method.  54 

This technique is unavailable when the microtremor is uni-directional (all the wave power 55 
comes from only one direction from remote place) and perpendicular to the linear array. This 56 
is obvious because in this case the microtremor field cannot produce phase difference 57 
between any pair of sites in the linear array. However, in real cases, there is barely extreme 58 
case like that. In most cases, only one linear array is enough to estimate Rayleigh wave 59 
phase velocity regardless of the azimuth-dependence of the microtremor field. On the other 60 
hand, this technique, of course, works in the isotropic wavefield. For SPAC method without 61 
taking azimuthal average, using only 2 sites can also obtain acceptable accuracy in the 62 
isotropic wavefield [8][9][14] but it does not work in the case where the wavefield has some 63 
azimuth-dependent component. However, by using 3 sites on a line in the proposed method, 64 
phase velocity can be estimated well even in (moderately) azimuth-dependent wavefield. 65 
Hence, though the proposed method is not as perfect as the original SPAC method, it is 66 
expected to have more simple and convenient sensor arrangement and have robustness 67 
against azimuth-dependent wavefield to certain extent. 68 

We did necessary numerical simulations to demonstrate that (1) this technique works as 69 
long as the wavefield is not a strong azimuth-dependent one; (2) it works even in some 70 
cases of extremely azimuth-dependent wavefield. The availability of the SPAC method 71 
without taking average was also discussed as comparison. Furthermore, we confirmed the 72 
availability of this technique using data from a field test. 73 
 74 



 

2.  THEORETICAL BACKGROUND 75 

 76 

In this section, we firstly interpret the concept of the CCF first. Then, we demonstrate, in 77 
theory, how to estimate the phase velocity of Rayleigh waves from the records of linear 78 
arrays by applying CCFs among sensors on a line. 79 

 80 
 81 
Fig. 1. Geometry used in the formulation of complex coherence function (CCF) 82 
between two sites p and q. 83 
 84 
 85 

2.1 DISCRETE FORMULA OF CCF 86 

 87 
Under assumptions: (1) Only the fundamental mode of Rayleigh waves is dominated in 88 
microtremors, and (2) Different sources are not correlated, the real part of the discrete 89 
formula for CCF can be expressed as [10]: 90 

𝑅𝑒(𝛾𝑝𝑞) = 𝐽0(𝑘𝑟) + 2∑ {∞
𝑛=1 (−1)

𝑛𝐽2𝑛(𝑘𝑟)∑ 𝜆𝑙 cos 2𝑛𝜃𝑙
𝐿
𝑙=1 }                      (2.1) 91 

in which 𝑅𝑒 and 𝐽𝑛 denote the real part and the n-th order Bessel function with the 1st mode. 92 
pq is the CCF between sites p and q. r is the distance between sensors p and q. L is the 93 

number of wave sources. 𝜆𝑙 is the rate of the contribution of the 𝑙-th wave source to the 94 

power spectra at the observation point (∑ 𝜆𝑙
𝐿
𝑙=1  = 1). 𝑘 is the wave number and 𝜃𝑙  is the 95 

azimuth of the wave source 𝑙 (see figure 1). 96 

In the conventional SPAC method [6], 97 

𝜌(𝜔) =
1

3
∑

𝑅𝑒(𝑆0𝑦(𝜔))

√𝑆00(𝜔)𝑆𝑦𝑦(𝜔)

3
𝑦=1                                                             (2.2) 98 

 99 



 

is commonly used. 𝜌(𝜔) is the azimuthal average of the spatial autocorrelation coefficient. 100 

𝑆𝑦𝑦(𝜔) and 𝑆0𝑦(𝜔) are the power spectra of the vertical component of the microtremors at 101 

site y (y = 1, 2, 3, 4) and the cross spectra of the vertical records between site y and 0, 102 
respectively. Site 0 is the center of the array, and sites 1, 2, and 3 are located on the circle 103 

(see figure 2(a)). Here, 
𝑅𝑒(𝑆0𝑦(𝜔))

√𝑆00(𝜔)𝑆𝑦𝑦(𝜔)
 is actually equal to 𝑅𝑒(𝛾0𝑦). By taking the azimuthal 104 

average, the Bessel functions of orders 2 and 4 vanish and the Bessel functions of orders 105 
larger than 6 are negligibly smaller than 𝐽0(𝑘𝑟) in the range of 𝑘𝑟 < 𝜋  so that only one term: 106 

𝐽0(𝑘𝑟) remains. Then, the phase velocity 𝑣 (𝑣 =
𝜔

𝑘
) (can be obtained using certain inversion 107 

techniques. 108 

 109 

Fig. 2. Sensor arrangement of SPAC method and the new method (a) The equilateral 110 
array used by SPAC method (b) The linear array with 3 sites on it 111 

 112 

2.2 A PROPOSED METHOD USING A LINEAR ARRAY ON THE BASIS OF THE 113 

CCF 114 

 115 

In the range of  𝑘𝑟 < 𝜋 , the Bessel functions of orders larger than 6 can be ignored [10]. 116 
Hence, the real part of the CCF is expressed as: 117 

𝑅𝑒(𝛾𝑝𝑞) ≈ 𝐽0(𝑘𝑟) − 2𝐽2(𝑘𝑟)∑ 𝜆𝑙
𝐿
𝑙=1  cos 2𝜃𝑙 + 2𝐽4(𝑘𝑟)∑ 𝜆𝑙

𝐿
𝑙=1  cos 4𝜃𝑙     (2.3) 118 

In the SPAC method, as interpreted in the previous subsection, the second and third terms 119 
vanish when taking the azimuthal average so that the information on wave sources 120 
∑ 𝜆𝑙
𝐿
𝑙=1  cos 2𝜃𝑙  and  ∑ 𝜆𝑙

𝐿
𝑙=1  cos 4𝜃𝑙  do not need to be considered.  121 

On the other hand, we let ∑ 𝜆𝑙
𝐿
𝑙=1  cos 4𝜃𝑙   and ∑ 𝜆𝑙

𝐿
𝑙=1  cos 4𝜃𝑙 remain and regard them as the 122 

second and third unknown variables to be estimated in addition to the phase velocity. It is 123 
impossible to solve them using just one single CCF. Hence, we propose a linear array to 124 
solve this problem. Suppose there are 3 sites A, B and C in a line (see figure 2(b)), there are 125 

3 CCFs, namely, 𝛾𝐴𝐵, 𝛾𝐵𝐶  , and 𝛾𝐴𝐶 , respectively. The advantage of linear array is that the 126 

azimuth of the n-th source, 𝜃𝑙, is thought to be the same for each CCF so that the three 127 
CCFs share the same three unknown variables. 128 



 

{
 
 

 
 𝑅𝑒(𝛾𝐴𝐵) ≈ 𝐽0(𝑟𝐴𝐵

𝜔

𝑣
) − 2𝐽2(𝑟𝐴𝐵

𝜔

𝑣
)∑ 𝜆𝑙

𝐿
𝑙=1  cos 2𝜃𝑙 +2𝐽4(𝑟𝐴𝐵

𝜔

𝑣
)∑ 𝜆𝑙

𝐿
𝑙=1  cos 4𝜃𝑙.

𝑅𝑒(𝛾𝐴𝐶) ≈ 𝐽0(𝑟𝐴𝐶
𝜔

𝑣
) − 2𝐽2(𝑟𝐴𝐶

𝜔

𝑣
)∑ 𝜆1𝐿

𝑙=1  cos 2𝜃𝑙+2𝐽4(𝑟𝐴𝐶
𝜔

𝑣
)∑ 𝜆𝑙𝐿

𝑙=1  cos 4𝜃𝑙.

𝑅𝑒(𝛾𝐵𝐶) ≈ 𝐽0(𝑟𝐵𝐶
𝜔

𝑣
) − 2𝐽2(𝑟𝐵𝐶

𝜔

𝑣
)∑ 𝜆𝑙𝐿

𝑙=1  cos 2𝜃𝑙+2𝐽4(𝑟𝐵𝐶
𝜔

𝑣
)∑ 𝜆𝑙𝐿

𝑙=1  cos 4𝜃𝑙.

  129 

(2.4) 130 

According to Equation (2.4), we obtain 𝛾𝐴𝐵, 𝛾𝐴𝐶 and 𝛾𝐵𝐶 from the observation records as 131 

Knowns. Then we aim to estimate the 3 unknowns, namely, 𝑣, ∑ 𝜆𝑙
𝐿
𝑙=1  cos 2𝜃𝑙, and 132 

∑ 𝜆𝑙
𝐿
𝑙=1  cos 4𝜃𝑙. Under the assumption of 𝑘𝑟 < 𝜋, the CCF with the largest r determines the 133 

effective range for this method. For example, in the case shown in figure 2 (b), the effective 134 

scope is 𝑘 <
𝜋

𝑟𝐴𝐶
. 135 

  136 
To find out the optimum solution, we apply a GA [13] as the inversion technique to fit each 137 

CCF and to estimate the three unknowns 𝑣, ∑ 𝜆𝑙
𝐿
𝑙=1  cos 2𝜃𝑙, and ∑ 𝜆𝑙

𝐿
𝑙=1  cos 4𝜃𝑙. For 138 

convenience in applying the GA, we use a 30-bit long integer to indicate the 3 unknowns 139 
each of which is 10-bit long, namely, 140 
 141 

𝑥 = [

𝑥1
𝑥2
𝑥3
] = [

𝑘𝑟𝑚𝑎𝑥
∑ 𝜆𝑙
𝐿
𝑙=1  cos 2𝜃𝑙

∑ 𝜆𝑙
𝐿
𝑙=1  cos 4𝜃𝑙

]                                                                  (2.5) 142 

 143 
. Here, 𝑥1 is chosen to be 𝑘𝑟𝑚𝑎𝑥 in which 𝑟𝑚𝑎𝑥 is the largest array interval. Hence, we set 144 

0 < 𝑥1 < 𝜋 so that 𝑥1 has the resolution of  
𝜋

210
 . −1 < 𝑥2 < 1 so that 𝑥2 has the resolution of 145 

2

210
  and the same for 𝑥3. If we define: 146 

 147 

𝑔(𝑥, 𝑃𝑄) = 𝑅𝑒(𝛾𝑃𝑄) − 𝐽0(
𝑟𝑃𝑄

𝑟 max 
𝑥1) + 2𝐽2(

𝑟𝑃𝑄

𝑟 max 
𝑥1)𝑥2 − 2𝐽4(

𝑟𝑃𝑄

𝑟 max 
𝑥1)𝑥3      (2.6) 148 

 149 
where PQ indicates the 2 sites, namely, AB, AC, and BC, the fitness function is defined as: 150 
 151 

fitness =  exp (
−[𝑔(𝑥,𝐴𝐶)2+𝑔(𝑥,𝐴𝐵)2+𝑔(𝑥,𝐵𝐶)2]

2×0.052
)/(√2π× 0.05)                        (2.7) 152 

 153 

Good estimation is expected by setting the population to be 50 and the evolution times to be 154 
200. 155 

 156 



 

 157 
Fig. 3.  The fundamental mode of phase velocity of Rayleigh wave assumed for the 158 
numerical simulation  159 
 160 

3.  NUMERICAL SIMULATION 161 

 162 
In this section, we use a numerical simulation to create a simple wavefield composed of 163 
plane waves. We demonstrate the process of using a GA to estimate the phase velocity and 164 
to examine the accuracy of the estimation in different wavefields. 165 
 166 

3.1 METHODOLOGY 167 
 168 
In order to constitute required wavefield, firstly uni-directional plane waves is numerically 169 
simulated. We assume there is a linear array with 3 sensors, namely, A, B, and C. The 170 
intervals between adjacent sensors (r and 0.5r, r = 30m) are set to be different so that we 171 

can have 3 totally different CCFs (𝛾𝐴𝐵, 𝛾𝐴𝐶 and 𝛾𝐵𝐶) to solve out the optimum solution. The 172 
vertical record for site A is constituted by: 173 
 174 

𝑍(𝑡) = ∑ [𝑛
𝑖=1 𝑎(𝑖) cos (𝑖𝜔0𝑡) + 𝑏(𝑖) sin (𝑖𝜔0𝑡)]                                       (3.1) 175 

 176 

wherein 𝑎(𝑖) and 𝑏(𝑖) are given by realizations of independent Gaussian random numbers. 177 

The time step is set to be 512 and the time interval is 0.08s, so the 𝜔0 =
2𝜋

512×0.08𝑠
.  178 

. The fundamental mode of the phase velocity of Rayleigh waves is assumed (see figure 3). 179 
Hence, under the assumption of plane waves and given the direction of the unidirectional 180 
wave, records for the other two sites can be calculated. 181 
 182 
 183 
Using these records, the CCFs between each pair of sites can be obtained. The effective 184 

scope is  𝑘 <
𝜋

𝑟𝐴𝐶
=

𝜋

45𝑚
, namely, 

2𝑓

𝑣
<

1

45
. Given the assumed phase velocity (see figure 3), 185 

the effective scope is around 𝑓 < 4.5𝐻𝑧. Then, using the inversion technique introduced 186 
previously, the estimated phase velocity can be obtained for different cases of a synthetic 187 
wavefield. 188 
 189 
 190 
 191 



 

 192 

 193 

 194 

 195 

 196 

 197 
Fig. 4. Estimation of phase velocity, 𝒙𝟐 and 𝒙𝟑 in case of uni-directional plane wave 198 

with different direction. (a) 𝟎° (b) 𝟑𝟎° (c) 𝟒𝟓° (d) 𝟔𝟎° (e) 𝟖𝟎°. 199 



 

 200 

 201 
Fig. 5. Variation of CCF with respect to  𝒌𝒓 in case of different  𝒙𝟐 and  𝒙𝟑 (Equation 202 
2.3). 203 
 204 

 205 
 206 
Fig. 6.  The variation of bessel function (of order 0, 2, and 4) with respect to  . 207 
            It demonstrates the sensitivity of CCF with respect to 𝑥2 and 𝑥3 in equation (2.3). 208 
 209 
 210 
 211 
 212 



 

 213 
 214 
 215 

3.2 RESULTS AND DISCUSSION 216 

 217 
3.2.1 For an extremely azimuth-dependent wavefield 218 
 219 
For an extremely azimuth-dependent wavefield, the wave is just uni-directional. We see the 220 
estimation of the phase velocity in the case of uni-directional waves in different directions 221 
(figure 4). The middle part of the figure shows the estimation of the phase velocity (obtained 222 
from 𝑥1). The right part shows the estimations of 𝑥2 and 𝑥3, wherein the solid line shows the 223 

theoretical values for 𝑥2 and 𝑥3. In the case of 0°, 30° and 45° (figure 4 (a), (b), and (c)), the 224 
estimations matches the theoretical ones well in the frequency range of 2.0 to 4.0𝐻𝑧, or in 225 

the 𝑘𝑟𝑚𝑎𝑥 range of 0.5 to 2.0, wherein 𝑟𝑚𝑎𝑥 denotes the largest interval among the sites. The 226 

estimation is poor when the angle is larger than 45° (figure 4 (d), and (e)). To understand 227 
this, we see how the CCF varies with 𝑥1  in case of different 𝑥2  and 𝑥3  (figure 5). It 228 

demonstrates that the CCFs are more sensitive with respect to 𝑥1 when 𝑥2 is closer to 1 229 

and/or 𝑥3  is closer to −1. Hence, it is clear that in the case of 0° (𝑥2 = 0, 𝑥3 = −1), 30° 230 
(𝑥2 = 0.5, 𝑥3 = −0.5), and 45° (𝑥2 = 1, 𝑥3 = 1), the sensitivity with respect to 𝑥1  is higher 231 

than 60° (𝑥2 = −0.5, 𝑥3 = −0.5) and 80° (𝑥2 = −0.94, 𝑥3 = 0.77). Moreover, since 𝐽2(𝑘𝑟) is 232 

larger than 𝐽4(𝑘𝑟) when 𝑘𝑟 < 𝜋  (figure 6), the sensitivity of CCFs with respect to 𝑥2  is higher 233 

than that with respect to 𝑥3 . This explains that in the case of 0° (𝑥2 = 0 , 𝑥3 = −1), 30° 234 
(𝑥2 = 0.5, 𝑥3 = −0.5) and 45° (𝑥2 = 1, 𝑥3 = 1), the estimation of 𝑥3 is not accurate enough 235 
(figure 4 (a), (b), and (c)). From the numerical simulation above, we can draw a conclusion 236 
that in such an extremely azimuth-dependent wavefield, the linear array method works when 237 
the angle between the dominant wave and the linear array is at least smaller than 60°. 238 
 239 
Ch´avez-Garc´ıa et al. [8][9] have advocated that the SPAC method without taking azimuthal 240 
average could provide acceptable accuracy in certain kind of wavefields. This means that 241 
only 𝐽0 term of Equation (2.1) is enough to estimate the phase velocity of Rayleigh using a 242 
simultaneous observation at only two sites, thus, we call their concept “𝐽0 method”, hereafter. 243 
However, it is strictly available only under the condition of isotropic wavefield [7][14]. In the 244 
extremely azimuth-dependent wavefield as described above, the 𝐽0 method is applied using 245 
BC and the estimation is also shown in figure 4 (the brown dots). We can see that in case (d) 246 
and (e), it has quite bad match similar as that from the proposed method, as expected. 247 
However, for case (a) and (b), the estimations deviate from the theoretical one while 248 
estimation from the proposed method is quite good. This is because the 𝐽0 method does not 249 

consider the effect of the 𝐽2 and 𝐽4 terms. Considering the contribution of 𝐽4 term is relatively 250 

much smaller than 𝐽2 (figure 5), the absolute ratio between 𝐽2 term and 𝐽0 term: 251 
 252 

𝑅𝐽2/𝐽0 =
|2𝑥2𝐽2(𝑘𝑟)|

|𝐽0(𝑘𝑟)|
                                                                                    (3.2) 253 

 254 
is shown in figure 7. In the figure, we show the variation of the contribution with respect to 255 
the angle between linear array and the uni-directional wave. We can see that when the 256 
degree is 0°, namely, in case (a), the contribution of 𝐽2 term is very large. This explains the 257 

reason of the deviation of estimation from 𝐽0  method. Moreover, in case (c) (45° ), the 258 
contribution of 𝐽2  term is the smallest so the deviation is almost zero. It shows another 259 

possible case that 𝐽0 method can be well applied except for the isotropic wavefield.  260 
 261 



 

 262 
 263 

Fig. 7. Contribution of 𝑱𝟐 term to  𝑱𝟎 term defined in Equation (3.2) 264 
 265 
 266 
 267 
 268 
 269 
 270 
 271 
 272 



 

 273 
 274 
Fig. 8. Estimation from 4 linear arrays with different direction in an isotropic wavefield 275 
 276 
 277 
 278 
 279 
 280 
 281 
 282 
 283 
 284 
 285 
 286 
 287 



 

 288 
Fig. 9. Estimation from 4 linear arrays with different direction in a moderately azimuth-289 
dependent wavefield 290 
 291 
 292 
 293 
 294 
 295 
 296 
 297 
 298 
 299 
 300 
 301 
 302 
 303 
 304 
 305 
 306 
 307 
 308 



 

 309 
 310 
3.2.2 For a moderately azimuth-dependent wavefield 311 
 312 
In real cases, there is barely such extremely azimuth-dependent wavefield. Past research 313 
has shown that when in low-frequency range there is some azimuth-dependent component, 314 
in high-frequency range, the wavefield is almost isotropic or moderately azimuth-dependent 315 
[15]. We demonstrate that the proposed method works well in such wavefield. We use the 316 
same technique to constitute this kind of wavefield, for simplicity, in all-frequency range. As 317 
figure 8 shows, it is an isotropic wavefield where waves come from 36 directions evenly (one 318 
wave for every 10  degrees). As figure 9 shows, it is a moderately azimuth-dependent 319 
wavefield. The only difference with the isotropic one is that the wave from one particular 320 
direction has power 10 times larger than wave from other directions. For both wavefields, 321 
there are four linear arrays with different directions. The estimation from these linear arrays 322 
is shown in the same figures.  323 
 324 
We can see that for both wavefields, the estimations are accurate in the frequency range of 325 
2.5 to 4.5Hz, or in the 𝑘𝑟𝑚𝑎𝑥 range of 0.8 to 3.0. It confirms the availability of the proposed 326 
method in the isotropic wavefield and in the moderately azimuth-dependent wavefield. In 327 
these wavefields, the estimation from one linear array is stable regardless of azimuth. 328 
 329 
 330 

 331 
 332 
Fig. 10. Field tests. (a) Location of the field tests (b) Boring soil data (c) Arrangement 333 
of sensors. 334 
 335 
 336 
 337 



 

4.  A FIELD TEST 338 
 339 

4.1 OBSERVATION 340 

 341 
We have applied the proposed technique to field tests in order to confirm the availability of 342 
the method. A field test was conducted on 23 October 2013 in the parking lot of Zoorasia 343 
Yokohama Zoological Gardens (ZRS) in Yokohama City, Japan (figure 10 (a)). There is one 344 
KiK-net site just nearby and the soil profile is available as shown in figure 10 (b). We 345 
deployed 7 seismometers (KVS-300, moving-coil-type velocity sensors with a 2-Hz natural 346 
period) constituting two linear arrays (figure 10 (c)). The two linear arrays form an angle of 347 
60° so that the SPAC method could be applied for comparison. For both linear arrays, there 348 
are 4 sites with the intervals of 5m, 15m and 38m. For the SPAC method, observations with 349 
different array radii (5m, 20m and 58m) could be conducted.  350 
 351 
The array sizes are decided by considering both the need for SPAC method and proposed 352 
method. According to the theoretical dispersion curve shown in Figure 11 (red line), we set 353 
our interested frequency range as 1.0 to 8.0 Hz (700 to 40m in wavelengh), which is fit for 354 
microtremor observation. According to the effective wavelength range of SPAC method (2r 355 

to 10r, in which r is the array radius), we set the largest array size as 70m (
700

10
) and the 356 

smallest array size as 20m (
40

2
). However, the biggest size is limited by the real size of the 357 

parking lot so we set the largest size as 58m. However, if we conduct the proposed method 358 
using the intervals of 38m and 20m, the effective range would be limited by the largest 359 
interval of 58m, which is expected to be too narrow. Hence, we set another site C (E) 360 
between BD (DF). The intervals are set to be 5m and 15m, which have an appropriate 361 
difference because we want 3 CCF with different intervals. For the influence of the interval 362 
setting on the estimation accuracy, it is not the main point of this article. We consider it as 363 
another topic in the future.  364 
 365 
For the proposed method, for simplicity, we only choose BD as the linear array with intervals 366 
of BD, BC and CD. Correspondingly, we choose FD as the second linear array. For 𝐽0 367 
method, we chose BD and FD correspondingly. Measurements were conducted over a 368 
duration of 30minutes at a sampling rate of 200𝐻𝑧. 369 
 370 

4.2 RESULTS AND DISCUSSION 371 
 372 

We extracted a certain number of segments from the seismograms, worth 40.96𝑠, which 373 

have a filtered range of 0.2 to 10.0𝐻𝑧. By processing the records in this field test, we found 374 
the noise has large influence above 7𝐻𝑧 so the estimation of frequency range 0.2 to 7.0𝐻𝑧 375 
has good reliability. Then, we took the average of the cross-spectra and the power spectra 376 
and smoothed them with a Parzen window with a bandwidth of 0.2𝐻𝑧. The resulting cross 377 
spectra and power spectra are substituted into Equation (2.2) to apply the SPAC method 378 
and into Equation (2.6) and Equation (2.7) to apply the proposed method. The results are 379 
shown in figure 11 with analytical dispersion curve obtained from the soil profile (figure 10 380 
(b)). The results from 𝐽0 method using BD and FD, respectively, are shown in figure 12. 381 
Besides, in order to see the similarities between each estimation and the theoretical phase 382 
velocity, the absolute error for each estimation is shown in figure 13 and the mean of the 383 
error over all frequency range (0.5 𝑡𝑜 8.0𝐻𝑧) is calculated in Table 1. Also, we calculated the 384 
absolute difference between the estimation from BD and FD in both methods to show the 385 
robustness of each method. The result is shown in figure 14 and the corresponding mean 386 
over all frequency range is calculated in Table 2. 387 
 388 
 389 



 

 390 
 391 
Fig. 11. Comparison between estimation of phase velocity using SPAC method 392 
and estimation using the proposed method in the field test. 393 
 394 

 395 
 396 
Fig. 12. Comparison between estimation of phase velocity using SPAC method 397 
and estimation using the 𝑱𝟎 method in the field test. 398 
 399 
 400 
 401 
 402 
 403 
 404 
 405 
 406 
 407 
 408 



 

 409 
Fig. 13.  The absolute difference between the estimated phase velocity and the 410 
theoretical velocity in each estimation  411 

 412 
Table 1.  The mean over all frequency range of the absolute difference between the 413 
estimated phase velocity and the theoretical velocity in each estimation  414 

 BD(linear) FD(linear) BD (𝑱𝟎) FD( 𝑱𝟎) 
Absolute mean (m/s) 177.80 185.64 183.37 211.01 

 415 

 416 
Fig. 14.  The absolute difference between the estimated phase velocity from BD and 417 
FD in proposed method and   𝑱𝟎 method 418 
 419 
 420 



 

 421 
Table 2.  The mean over all frequency range of the absolute difference between the 422 

estimated phase velocity from BD and FD in proposed method and  𝑱𝟎 method 423 
 424 

 Proposed method 𝐽0 method 

Absolute mean (m/s) 43.17 146.41 

 425 

 426 

For the SPAC method, it is observed that the estimation matches the theoretical one well in 427 
the frequency range 0.6 to 5.0𝐻𝑧. For the proposed method, the estimation matches well in 428 

the frequency range of 1.0 to 5.0𝐻𝑧 for the linear array (figure 11). In the 𝑘𝑟𝑚𝑎𝑥 range, it is 0.5 429 

to 2.3, respectively. Let us go back to see the estimations in the numerical simulation in the 430 
last chapter (figure 8 and 9). We can see that in numerical simulation, the estimation has 431 
larger accurate range (𝑘𝑟𝑚𝑎𝑥 range of 0.8 to 3.0) especially in high frequency range. One 432 
reason to cause the difference is the difference of wavefield. In the field test, the wavefield 433 
cannot be perfectly stationary or as simple as that in the numerical simulation. The 434 
uncorrelated noise or the coherent noise (not caused by plane Rayleigh wave) in high 435 
frequency range also may have bad influence on the result. As shown in figure 11 and figure 436 
13, in high frequency range, there is quite large fluctuation. It may comes from the defect of 437 
the inversion technique. The influence caused by the uncorrelated noise and the defect of 438 
inversion technique would be discussed in the future more detailedly. 439 
 440 
However, we can see that the estimation from the two linear arrays coincides with each 441 
other, which demonstrates the robustness of the proposed method against the azimuth. On 442 
the other hand, the 𝐽0 method behaves quite differently according to the azimuth (figure 12). 443 
This difference between two methods is obvious by seeing figure 14 and table 2. The 444 
accuracy of 𝐽0 method is also worse than the proposed method (figure 13 and table 1). 445 
 446 
Though it seems that one of the two estimations using 𝐽0 method coincides with the 447 
theoretical one, the lack of robustness makes it difficult to be available in real cases. The 448 
proposed method is not available in any wavefield as discussed in the last section. However, 449 
because of taking 𝐽2 and 𝐽4 terms into consideration, it can be applied with more stability and 450 
reliability than 𝐽0 method in real cases. This is confirmed at least by this field test. 451 
 452 
 453 
 454 

5.  CONCLUSION 455 

 456 

In the present study, we have proposed a new method for estimating the phase velocity of 457 
Rayleigh waves. Using the discrete formula of CCF, we can use a linear array to do the 458 
estimation. This can be applied to many urban areas where the circular arrays are difficult to 459 
set. There are several conclusions drawn below. 460 
a In case of extremely azimuth-dependent wavefield (uni-directional wave), the proposed 461 
method is available when the angle between the wave and linear array is at least smaller 462 
than 60°. Compared to 𝐽0 method, the proposed method has wider applicable range. 463 
b In case of moderately azimuth-dependent wavefield, only one linear array is enough to 464 
obtain accurate simulation. Compared to 𝐽0 method, the proposed method has wider 465 
applicable range. 466 
c Through the field test, the proposed method can obtain the same accurate estimations as 467 
SPAC method and is stable regardless of azimuth while the 𝐽0 method does not work 468 
properly. 469 
 470 
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