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Original Research Article
Two Approaches for Solving Non-Linear Bi-level Programming

problem

ABSTRACT

In the recent years, the bi-level programming problem (BLPP) is interested by many researchers and it is known as an
appropriate tool to solve the real problems in several areas such as economic, traffic, finance, management, and so on. Also,
it has been proven that the general BLPP is an NP-hard problem. The literature shows a few attempts for using influence
methods. In this paper, we attempt to develop two effective approaches, one based on Taylor theorem and the other based
on the hybrid algorithm by combining the penalty function and the line search algorithm for solving thenon-linear BLPP. In
these approaches, by using the Karush-Kuhn-Tucker conditions the BLPP is converted to a non-smooth single problem, and
then it is smoothed by Fischer-Burmeister functions.Finally, the smoothed problem is solved using both of the proposed
approaches. The presented approaches achieve an efficient and feasible solution in an appropriate time which has been

evaluated by comparing to references and test problems.
Keywords: Linear bi-level programming problem, Taylor theorem, Karush-Kuhn-Tucker conditions, Line search method.

1. Introduction

It has been proven that the bi-level programming problem (BLPP) is an NP-Hard problem [1, 2].Several algorithms have
been proposed to solve BLPP [3, 4, 11, 12, 13, 21, 25]. These algorithms are divided into the following classes: global
techniques, enumeration methods, transformation methods, meta heuristic approaches, fuzzy methods, primal-dual interior

methods. In the following, these techniques are shortly introduced.

1.1. Global techniques

All optimization methods can be divided into two distinctive classes: local and global algorithms. Local ones depend on
initial point and characteristics such as continuity and differentiability of the objective function. These algorithms search
only a local solution, a point at which the objective function is smaller than at all other feasible points in vicinity. They do
not always find the best minima, that is, the global solution. On the other hand, global methods can achieve global optimal
solution. These methods are independent of initial point as well as continuity and differentiability of the objective function

[9, 10, 11, 12].

1.2. Enumeration methods

Branch and bound is an optimization algorithm that uses the basic enumeration. But in these methods we employ clever

techniques for calculating upper bounds and lower bounds on the objective function by reducing the number of search steps.
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In these methods, the main idea is that the vertex points of achievable domain for BLPP are basic feasible solutions of the

problem and the optimal solution is among them [14].

1.3. Transformation methods

An important class of methods for constrained optimization seeks the solution by replacing the original constrained problem
with a sequence of unconstrained sub-problems or a problem with simple constraints. These methods are interested by some
researchers for solving BLPP, so that they transform the follower problem by methods such as penalty functions, barrier
functions, Lagrangian relaxation method or KKT conditions. In fact, these techniques convert the BLPP into a single

problem and then it is solved by other methods [3, 4, 22, 23].

1.4. Meta heuristic approaches

Meta heuristic approaches are proposed by many researchers to solve complex combinatorial optimization. Whereas these
methodsare too fast and known as suitable techniques for solving optimization problems, however, they can only propose a
solution near to optimal. These approaches are generally appropriate to search global optimal solutions in very large space
whenever convex or non-convex feasible domain is allowed. In these approaches, BLPP is transformed to a single level
problem by using transformation methods and then meta heuristic methods are utilized to find out the optimal solution [15,

16, 17, 18, 19, 25].
1.5. Fuzzy methods

Sometimes assigning crisp values to the variables, constraints, and objective functions are not appropriate. Therefore, in
these cases,the fuzzy approach is an eligible tool to overcome their ambiguousness. In this category,membership functions
can be leader, follower or both of objective functions also it can be define with constraints and variables. There are so many

researchers using this method [5, 6, 7, 8, 24].

1.6. Interior pointmethods

The interior point methods formulate many large linear programs as nonlinear problems and solve them with various
modifications of nonlinear algorithms. These methods require all iterates to satisfy the inequality constraints in the problem
strictly. The primal-dual method is a class of these methods which is the most efficient practical approach. In interior point
methods can be strong competitors to the simplex method on large problems [13].

The remainder of the paper is structured as follows: in Section 2, basic concepts of the linear BLPP are introduced. We
provide a smooth method to BLPP in Section 3. The first presented algorithm is proposed in Section 4. We will present the
second proposed algorithm in Section 5 and computational results are presented for both approaches in Section 6.Finally,

the paper is finished in Section 7 by presenting the concluding remarks.

2.The Non-Linear BLPP and Smoothing Method

The BLPP is used frequently by problems with decentralized planning structure. It is defined as [20]:

min F(x,y)
X

(D
s.t myin flx,y)
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s.tg(x,y) <0,
x,y = 0.
Where

F: Rxm N Rl’f:RnXm N Rl,

g:R™™ - R9,x € R™,y € R™.

Also F and f are objective functions of the leader and follower respectively.
The feasible region of the non-linear BLP problem is
S={(xylgx,y) <0,x,y = 0} 2

Using KKT conditions problem (1) can be converted into the following problem:

min F (x, y, u)
Xyu

5.t VyL(x,y,u) =0,

pg(x,y) =0, (3)
g(x,y) <0,
u=0.

Where L is the Lagrange function and L(x,y,u) = f(x,y) + ug(x,y).
Because problem (3) has a complementary constraint, it is not convex and it is not differentiable. Fortunately
Facchinei et al, 1999 proposed smooth method for solving problem with complementary constraints and we use
this method to smooth problem (3).

In general the BLPP is a non-convex optimization problem therefore there is no general algorithm to solve it. This problem
can be non-convex even when all functions and constraints are bounded and continuous.
A summary of important properties for convex problem as follows, which f: S — R™ and S is a nonempty convex set in R".
(1) The convex function f is continuous on the interior of S.

(2) Every local optimal solution of fover a convex set X € S is the unique global optimal solution.

(3) If Vf(X) =0,thenX is unique global optimal solution of f over S.
Since in problem (3), most of the equality constraints are not linear then it concerns that the above problem is a non-convex
programming problem, which indicates there are local optimal solutions that are not global solutions. Therefore solving the

problem (3) will be complicated.
Definition 2.1:

Fischer — Burmeister is the following function,
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¢»:RZ->R,Pp(a,b)=a+b—+vaz+b2or$p:R* >R, ¢(a,b,€) =a+b—+va2+b2+E, where a=0, b=>0, then
ab =0 ¢(ab,€) =0.

Using Fischer — Burmeister functiond(a, b, €) = a+ b —+va% + b? + € in problem (3) we obtain the followingproblem:

min F(x,y, 1)

s.tVyL(x,y,u) =0,

4
ui — gi(x,y) — \/,ulz + g%, y)+e=0,i=12,..,m,

xy,u; =20,i=1,..,m

Which gi(x,y) = a'x+ b'y —r, and a', b" are i-th row of A, B respectively, anda = p; > 0,b = —g;(x,y) = 0.

Let:

w—gxy) —VrE+gixy) +€
G(x,y,u)=l Mz — g2(%y) — J W2+ g2(xy) + €

» Hxy, ) =V, Lx, y, . (5)

U — 8m (% y) —pk + 84 (xy) + €

Problem (4) can be written as follows,

min F (x,y, 1)
s.t Hix,y,u) =0,

G(x,y,1) =0,
x,y,u=0.

(6)

Where t = (x,y, L)
3. Hybrid algorithm (HA)

Penalty functions transform a constrained problem into a single unconstrained problem or into a sequence of
unconstrained problems. The constraints are appended into the objective function via a penalty parameter in a way that
penalizes any violation of the constraints. In general, a suitable function must incur a positive penalty for infeasible points
and no penalty for feasible points. Also, the penalty function method is a common approach to solve the bi-level
programming problems. In this kind of approach, the lower level problem is appended to the upper level objective function
with a penalty. We use a penalty function to convert problem (6) to an unconstraint problem.

Consider problem (6); we append all constraints to the upper level objective function with a penalty for each constraint.

Then, we obtain the following penalized problem.

min F(x, y, ) + mHX, y, 1) + X (G ()? )
whichG;(t) is ith row of matrix G (t).

Now we solve problem (7) using our line search method. The line search method is proposed as follows:

4
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Given a vector x, a suitable direction d is first determined, and then f is minimized from x in the direction d. Our method

searches along the directions (dq,d,, ...,d,_;) where d;,j = 1,2,...,n — 1 is a vector of zeros except at the jth position

which is 1 andd,, = (%%%% %ﬁ)

Clearly, all directions have a norm equal to 1 and they are linearly independent search directions. In fact, the proposed line

search method uses the following directions as the search directions:

d, = (1,0, ..,0),d, = (0,1, ...,0), ..,d_, = (0, ...,1,0),d,, = («%«% «/iﬁ) 8)

Therefore, along the search directiond;,j = 1,2,...,n — 1, the variable X; is changed while all other variables are kept

fixed. We summarize below the proposed line search method for minimizing a function of several variables. Then, we show

that, if the function is differentiable then the proposed method converges to a stationary point.

Step 1: Initial step

Choose a scalar € > Oto be used for terminating the algorithm, and let d;, d,, ..., d,,_; be the coordinate directions and d,,

1 e . .
be a vector of = Choose an initial point x; let x; = y;.k = j = 1, and go to the next step.

Step 2:Main step
Let p; be an optimal solution to the problem to minimize(y; + ud;) , and let y;.4 = y; + p;d;

If j <n replace jby j + 1, and repeat stepl. Otherwise, if j = n, go to the next step.

Step 3:Termination

Let Xg4q1 = Y1 if ||xXg41 — x¢|l < € then stop, otherwise, let y; = x;,,and j = 1, replace k by k + 1, and repeat step 2.

We now propose a theorem which establishes the convergence of algorithms for solving a problem of the form: minimize
f(x) subject to x € R™. We show that an algorithm that generates n linearly independent search directions, and obtains a
new point by sequentially minimizing f along these directions, converges to a stationary point. The theorem also establishes
the convergence of algorithms using linearly independent and orthogonal search directions.

same optimal solution according to the following theorem.

Theorem 3.1:

Consider the following problem:

min f(x)
X
s.tgi(x) €0, i=1,2,...,m, o
hi(x) =0, j=12,...1,
wheref, g4, .-, Ym, hi, ..., h; are continuous functions on R™ and X is a nonempty set in R™. Suppose that the problem

has a feasible solution, and « is a continuous function as follows:



l

@) = ) 0lgi0]+ ) 0[] (10)
i=1

i=1

129  where
6(y)=0ify<0, @@)>0if y>O0. (11)
Py)=0ify=0, @) >0if y+0. (12)
130 Then,

inf{f(x):g(x) <0, h(x) =0,x € X}

(13)
=inf{f(x) + pa(x): x € X}

131 where|l is a large positive constant (L — 00).

132 4. Taylor method (TA)

133 Definition4.1: A function fis a continuous function at x = a when

134 @) f(a) is defined,
135 (ii) 71(1_13‘11 f(x) exists,
136 (iii) ,lci_l,%f(x) = f(a).

137 Theorem 4.1: All polynomials are continuous everywhere. Additionally, x™ and , R/xare continuous for all x, when n is
138 odd and for x > 0, when n is even.

139  Proof:
140 Suppose that P(x) is a polynomial of degree n = 0,

P(x) = cpx™ + cpogx™ 1+ -+ ¢ xt + ¢
141 Then,

lim[P(x)] = lirr;[cnxn +Ccpo XL x| =
x—=a xX—

lim X" + Caoglim ™71 + oo+ o lim xt + lim ¢p =
Cnxl_)rr; xX—-a x—=a x—-a

142 c,a*+ cp_1a™ 1+ -+ cal + ¢o = P(a).

143 This finished the proof. The rest of the theorem follows in a similar way.

144 Theorem 4.2: Suppose that f and g are continuous at x = a. Then f + g and f — gare continuous at x = a.
145  Proof:
146 Since f and g are continuous at x = a, then:

lim|[f(x) £ 900 = lim £() £ limg(x) = @) £ 9(a) = (f £ 9)(@),

—-a

147  Thus,lim, ,[f(x) £ g(x)] =(f + g)(a).



148

149

150

151
152

153
154

155
156
157
158
159
160
161
162

163

164

165
166

167

168

169

170
171

172
173

174

175

This shows that f + gand f — g are continuous at x = a.

Theorem 4.3: Suppose that lim,_, g(x) = L and f is continuous at L. Then,

limf( g(x)) = f(limg(x)) = f(L)

x—-a x—-a
Proof:
By our continuity assumptions, we know that

Ve ds,s.tlx—LI <8 = |f(x) = f(LI <&
Ve, 35,5 tlx —al <8; = [g(x) —L| <&

So fore, choosee; = €, which gives a §; > 0Oso that
lx =Ll <& = If() = f(D)| <e
Next set &, = §, > 0.This gives a §, > 0 so that
Ix—al <8, » [gx) —L| <g,
Finally, let €, = 8,.Therefore we can write:
[x—a|<§ e |x—al <6,
- [g(x) —g@)| <e,
o [g(x) —L[ <8,
- |f(g(x)) — f(L)| <g
o [f(g(x)) —f(g@)| <&
Corollary 1: Suppose that g is continuous at a and f is continuous at g(a). Then, the compositionfog is continuous at a.
Proof:

From above theorem, we have:

Jl{i_r}}l(fog)(x) =limf( g(x)) = f(limg(x)) = f(g(a)) = (fog)(a).since g is continuous at a.

x—a

This finished the proof.

Because functions G, H in (6) is always continuous everywhere and it is possible to use above Theorems and corollary,

Taylor Theorem for them in (6) and F should be continuous too.

Theorem 4.4 (TaylorTheorem)[30]:Suppose that f has n + 1 continuous derivatives on an open interval containing a.

f(x) = [i
k=0

Then for eachx in the interval,

fk
@ x|+ Ra (0

where the error term R, ; (x), for some ¢ between a and x, satisfies

7
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f(n+1)
Ry () = (n+—S? (x—a)™*!

This form for the error R, (x)is called the Lagrange formula for the reminder.

The infinite Taylor series converge to f,

0 = [Z @ - a)k]
k=0

If and only iflim,,_,,, Ry4q(x) = 0.
Proof:

The proof of this theorem was given by [28].

In mathematics, an approximation of a k-times differentiablefunction near a point is given by Taylor’s theorem. Taylor’s
theorem is one of the fundamental tools in pure mathematics and it is the starting point of advanced asymptotic analysis,
also it is usually used in applied fields of mathematics. If a real-valued functionf is differentiable at the point a then it has a

linear approximation at the point a. This means that there exists a function g such that

fx) =f(a) +f'(@Q)(x—a) + gx)(x — a), Lllr; g(x) = 0.
Here

P (x) = f(a) + f'(a)(x — a)

is the linear approximation of f at the point a.

By applying Taylor theorem at a feasible point such as t* for function G, H, F and take only two linear part of them, the

following linear functions is constructed:

Gi(t%) + VGi(t*)(t—t¥) =0, i=12,..m.
Hi () + VH;(£9)(t—t%) =0, i=12,..m (14)

Fi(t%) + VFi()(t—t¥) =0, i=12,..m
Because the obtained problem by using Taylor theorem is linear programming, it can be solved using simplex methods.

The steps of the proposed algorithm are as follows:

Step 1: Initialization
The feasible point t! is created randomly, error € is given and suppose k=1.
€, is a small and appropriate given error and finishing the algorithm depends to €; such that it is finished whenever

difference between produced solutions by the algorithm in two consecutive iterations is less than €.
Step 2: finding solution.

According to the step 1, k=1 and feasible solutiont’ has been defined. Using these assumptions and Taylor theorem for

G(t), H(t)and F (t)at tX, we obtain following problem:



min  F;(t*) + VF;(t)(t — t¥)

s.tHy(t%) + VH;(t)(t—t¥) =0, i=12,..m
5)
Gi(t%) + VGi(t*)(t—t¥) =0, i=12,..m.
Xy, =01i=1,...,m
199 Solve the problem (15) using simplex method (by MATLAB 7.1). By solving this problem, an optimal solution such as
200  t**! s obtained.

201 Step 3: Keeping the present best solution.
202 Because (15) is an approximation for (6) by Taylor theorem, therefore optimal solution for (15) is an approximation of
203 optimal solution for (6). Thus t*** can be a good approximation of problem (6) optimal solution. Therefore let t* = tk*1

204 and go to next step.

205 Step 4: Termination

206 If |F(tk+1) - F(tk)| < €; then the algorithm is finished andt® is the best solution by the proposed algorithm. Otherwise,
207  let k=k+1 and go to the step 2.

208 5. Computational results
209 Example 1[30] (solving by hybrid algorithm (HA)):

210  Consider the following linear bi-level programming problem:

min x° +(y—10)>

211
st min (x+2y-30)°
vz
212 st x—y> >0,
20—x—y> >0
213 0<x<15.
214

215 Using KKT conditions the following problem is obtained:

216
. 2 2
217 min x +(y—10)
st 4(x+2y-30)=0,
218 2y(4, +4,) =0,
A(y*—x)=0,
219 lz(y2+x_20)20,
A, (x=15)=0
220 yz—xSO,
y2 +x-20<0,
221 x—lSSO,

A Ay Ay 20,
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Using theFischer — Burmeister function, the above problem as follows:

min x* +(y—10)*
st 4(x+2y-30)=0,

Ay +4) =2y —[(4 + )% +(2y)* +£ =0,
A= =)= B+ —x) +e=0,

A=’ +x—20)—\//1§ +(x+y° =20 +& =0,
Ay = (x=15) =/ +(x—15)* +& =0,

Using (7) we obtain an unconstraint problem as follows:

min x° +(y—10)* + 4, (x+2y —30)* + 4, (A, + 4, —2y—\/(/1l +A4,)°+2y) +e) +

(A = (3 =)= B+ (3 =) + ) 4, (A — (3 +x=20) = | 22 + (x+ y* —=20)> +¢)°

+ 1y (A — (x=15) = + (x—15)* + &)’

We solve this problem using the proposed line search algorithm and we present the optimal solution in the Table 2.

Example 2[30] (solving by hybrid algorithm (HA)):

Consider the following linear bi-level programming problem.
min —x} —2x, +x; —2x, +y. +y;

st min y. —2x,y, +y; —2X,,
st 25— (y, -D* =0,
25-(y, -1)*=0.
After applying KKT conditions and smoothing method, and then proposed penalty function above problem will be

transformed to the following problem:

mxin —x; =2x, x5 =2x, +y. + i + 4, 2y, —2x, +2y, —2x,)

1 (A = (= D2 +.25 = B +((y, D> +.25)> +¢ )’

+ 1Ay +.25— (3, =1)> =B +((y, = D)> +.25)7 +& )’

The optimal solution is obtained using our line search method according to the Table 3.

More problems with deferent sizes have been solved by our approach and computation results have been proposed in Table

4. References of the examples in Table 4 as follows:

Example 3 [30], Example 4 [32], Example 5 [31], Example 6 [33] which both of them are minimization problems .

10



243
244

245

246
247

248

249

250
251

252

253

254

255
256
257

258
259

260
261
262

263

264

265
266

267

268

According to the Table 4, the best solutions by our algorithm are better than the best solution by the references. The
algorithm is feasible and efficient according to the Tables.

Example 1 [4] (solving by Taylor algorithm (TA)):
Consider the following non-linear bi-level programming problem:
mxin x* +(y-10)*
s.t II;IZIgI (x+2y-30)°
st x— y2 >0,
20—x—y> >0
0<x<I15.
Using KKT conditions and the Fischer — Burmeister function, the following problem is obtained:
min x* +(y—10)°
st 4(x+2y-30)=0,

(A +A) =2y —[(h + 4,)* +(2y)* +£ =0,

A= =)= B+ -0 +e=0,

A= (y? +x=20) [ +(x+y> —20)* +£ =0,

Ay = (x=15) = [ B +(x—15) +€ =0,

We solve this problem using the proposed line search algorithm and we present the optimal solution in Table 1. By solving
this problem the best solutions are found according to Table 1. It declares that the best solutions by the proposed algorithm
are better than the best solution by the references in less time.

Behavior of the variables in Example 1 has been show in figure 1 that variables x and y will be stable after 5000 and 4850
iterations respectively.

Example 2[4] (solving by Taylor algorithm (TA)):

Consider the following linear bi-level programming problem.

min —x; —2x,+x; —2x, + y. +y;
X

st min y; —2x,y, +y; —2x,y,
s.t .25—(y1 _1)2 20,
25-(y, -D* 20.

After applying KKT conditions and smoothing method, and then proposed penalty function above problem will be
transformed to the following problem:

mxin —x] =2x,+x 2%, + Yy, +y;

st +p 2y, —2x,+2y, —2x,)
+ 1, (A =3, =1+ 25— B +((y, = 1)* +.25 +€ )’
(A +25= (3, =)’ =B + (3, =) +.29) +£ )?
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The optimal solution is obtained using our method according to Table 2.

Behavior of the variables in Example 2 has been show in figure 2 that variableswill be stable after 6thousand iterations
respectively.

More problems with deferent sizes have been solved by our approach and computation results have been proposed in Table
3. According to this Table, the best solutions by our algorithm are better than the best solution by the references. The
algorithm is feasible and efficient according to the Tables.

We make program with MATLAB 7.1 and use a personal computer (CPU: Intel (R) Celeron(R) 1000 M @ 1.8 GHz,
RAM:4 GB) to execute the program.References of the examples in Table 3 as follows:
Example 7 [31], Example 8 [4], Example 9 [32], Example 10 [33] . Example 3 is minimization and examples 4, 5, 6 are

maximization problems.

7. Conclusion and future work

In this paper, we used the KKT conditions to convert the problem into a single level problem. Then,usingthe Fischer-
Burmeister function, the problem was made simpler and converted to a smooth programming problem. The smoothed
problem was been solved,utilizing the first proposed algorithm based on Taylor theorem. Also, it was solved using the
second proposed hybrid algorithm by combining the penalty function and the line search algorithm.Comparing with the
results of previous methods, both algorithms have better numerical results and present better solutions in much less times.
The bestsolutions produced by proposed algorithms are feasible unlike the previous best solutions by other researchers.

In the future works, the following should be researched:

(1) Examples in larger sizes can be supplied to illustrate the efficiency of the proposed algorithms.

(2) Showing the efficiency of the proposed algorithms for solving other kinds of BLP.

Best solution by our method Best solution according to reference [30] Optimal solution
£=0.001
(X*,y*) Z* (X*ay*) Z (X*ay*) Z*
(2.601,1.611) -77.14 (2.600,1.613) -77.10 (2.600,1.612) -77.11

Table 1 comparison optimal solutions in HA- Example 1

12
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299
300

301

302

303

304

305

Best solution by our method

£=0.001

Best solution according to reference [4]

Optimal solution

x", v, y,) z

x", v, y,) z

(X, y,55) z

(0.51,0.51,0.49,0.50) -1.590

(0.5,0.5,0.5,0.5) -1.5

(0.51,0.51,0.51,0.51) | -1.598

Table 2 comparison optimal solution in HA Example 2

Best solution by our
method

Best solution according to reference
[30-33]

Optimal solution

Example 3 (1.887,0.889,0.001) (1.883,0.891,0.003) 17/ 8
174.85.0)
Example 4 (0,0) (0,0) (0,0)
Example 5 (1,0) (1,0) (1,0)
Example 6 (0.001,0.73.0.0.54.0) 0.0.75.0.0.5.0) 0.0.75.0.0.5.0)

Table 3 comparison optimal solutions with deferent Examples 3-6by HA

Best solution by our method

Best solution according to reference [30]

Optimal solution

(% y")

(x%y") z

(x%y") z

(2.600,1.612) 7711

(2.600,1.613) -77.10

(2.600,1.612) 7711

Table 4 comparison optimal solutions in TA - Example 1

13
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Best solution by our method

Best solution according to reference [32]

Optimal solution

x", v, y,)

(x,91,5)

(x,91,5)

(0.51,0.51,0.51,0.51)

-1.598

(0.5,0.5,0.5,0.5)

-1.5

(0.51,0.51,0.51,0.51)

-1.598

Table 5 comparison optimal solution in TA Example2

Best solution by our | Best solution according to reference | Optimal solution
method ¢ =0.001 [4,31-33]
Example 7 (1.889,0.888,0) (1.883,0.891,0.003) 17/ 8
474.85.0)
Example 8 (0,0) (0,0) (0,0)
Example 9 (1,0) (1,0) (1,0)
Example 10 (0,0.75,0,0.5,0) (0,0.75,0,0.5,0) (0,0.75,0,0.5,0)
Table 6 comparison optimal solutions with deferent Examples 3-6 by TA
Example 1 Example 2
Gap of Optimal Iteration Gap of Optimal Iteration
Solution Solution
TA 0 4000 0.006 2000
HA 0.1 7000 0.04 7000

Table 7- Comparison of TA and HA
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Figure 1 — The transient behavior of the variables using TA in Example 1.
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Figure 2 — The transient behavior of the variables using HA in Example 1.
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Figure 3 — The transient behavior of the variables using TA in Example 2.
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Figure 4 — The transient behavior of the variables using HA in Example 2.
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